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WELL-POSEDNESS AND NUMERICAL APPROXIMATION OF
A FRACTIONAL DIFFUSION EQUATION
WITH A NONLINEAR VARIABLE ORDER*

BuvanG Li!, HoONG WANG? AND JILU WANG?

Abstract. We prove well-posedness and regularity of solutions to a fractional diffusion
porous media equation with a variable fractional order that may depend on the unknown
solution. We present a linearly implicit time-stepping method to linearize and discretize the
equation in time, and present rigorous analysis for the convergence of numerical solutions
based on proved regularity results.
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1. INTRODUCTION

Fractional diffusion partial differential equations (PDEs) were shown to model anomalously dif-
fusive transport (e.g., of solutes through heterogeneous aquifers) more accurately than integer-order
Fickian diffusion PDEs do [39,40]. The fundamental reason is that the latter, which were obtained if
the underlying particle jumps have (i) a mean free path and (ii) a mean waiting time [39,40], are char-
acterized by solutions with Gaussian type symmetric and exponentially decaying tails. Assumptions
(i) and (ii) hold for diffusive transport of solutes in homogeneous aquifers when the solute plumes were
observed to exhibit the same tail behavior [5]. However, field tests showed that the diffusive transport
of solutes in heterogeneous aquifers often exhibits highly skewed power-law decaying tails [7, 38, 39].
A traditional practice to model diffusive transport of solutes in heterogeneous aquifers is to tweak the
variable parameters that multiply the pre-set integer-order diffusion PDEs to fit the training data,
which tends to recover a rapidly varying diffusivity and may overfit the training data but yield less
accurate prediction on testing data [48].

The time-fractional PDE (tFPDE)

ofu(x,t) — Au(z,t) = f(z,t), with 0 <a <1, (1)

was derived via the continuous time random walk to model the subdiffusive transport of solutes [38,39]
assuming that the mean waiting time has a power-law decaying tail [38,39]. Consequently, (1) more
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accurately models the subdiffusive transport of solutes in heterogeneous aquifers. However, (1) was
derived as the diffusion limit of a continuous time random walk in the phase space as the number
of particle jumps tends to infinity and hence holds for large time ¢ > 0 instead of all the way up to
the time ¢ = 0 as often assumed in the literature for simplicity [38,39]. To resolve this problem, a
mobile-immobile tFPDE model

Opu(x,t) + b(x,t) O u(x,t) — Au(z,t) = f(x,t), with 0 <a <1, (2)

was derived in [48,57] to model subdiffusive transport of solutes in heterogeneous aquifers. In this
model, a b/(1+ b) portion of total solute mass in the aqueous phase may get absorbed to the aquifers
and forms an immobile phase, and then gets released at a much later time. The significantly increased
waiting time leads to a power-law decaying tail of the solute and thus undergoes subdiffusive transport.
The subdiffusive transport of the adsorbed particles is modeled by the time-fractional derivative b u.
The remaining 1/(1 4+ b) portion of the solute mass in the bulk fluid phase forms a mobile phase that
undergoes a Brownian motion, and hence is modeled by the d;u term.

In nonconventional gas and oil recovery, the reservoirs often have insufficient permeability due to
the existence of micropores, resulting in a large amount of adsorbed gas or oil mass and significantly
decreased flow rate to the wellbore. Hydraulic fracturing is often used to increase the permeability
of the porous media [16,23]. The change of structure of porous media results in change of fractal
dimension of media [14,38] via the Hurst index, which in turn leads to change of order in tFPDEs [38].
This can be modeled by variable-order tFPDEs with « depending on x and ¢; see [26,30,50,51]. In
another application, the clogging of pore space in soil by microbial biomass, their body and their
byproducts, i.e., bioclogging, reduceds the rate of infiltration of water remarkably and has significant
impact on water, solute, and energy exchanges between stream water and groundwater as well as the
environment [4,56]. In this case, the fractional order a also depends on the unknown solution wu.
Motivated by these discussions, we consider the following tFPDE:

Ayu(x,t) + b(w, oL Dy 1) — Au(z,t) = f(a,t) (2,t) € Qx (0,T),
u(z,t) =0 (z,t) € 9Q x (0,77, (3)
u(z,0) = ug(x) xz €,

where §2 is a bounded convex domain, f and ug are given source term and initial value, respectively,
and 9} (m’t’u(m’t))u(x, t) denotes the Caputo fractional-order partial derivative in time, defined by

1

aoz(:r,t,u(:v,t)) £ =
t u(, ) (1 —a(z,t,u

(2,1))) /ol(t — s)m @ bulet) g u(z, s)ds, (4)

with a variable order «(x,t, u(z,t)) which may depend on the unknown solution w, with T'(s) :=
fooo t*“le~*dt denoting the Euler gamma function. Such fractional-order time derivatives in PDE
models often present mathematical bottlenecks that were not encountered in the context of standard
diffusion PDEs in analysis of regularity of solutions and convergence of numerical solutions. Corre-
spondingly, many efforts have been made in developing efficient numerical methods and error analysis
for such tFPDEs.

One popular approach is to discretize fractional-order derivatives by using the convolution quad-
rature (CQ) introduced in [31]. This approach has been used to solve (1) and related problems
in [2,12,18-20,33]. An advantage of this approach is the existence of a unified framework [32] for
constructing and analyzing high-order methods for tFPDEs with constant coefficients, with possible
weak singularities at ¢ = 0, including CQ generated by the Crank—Nicolson method [20], BDF [19]
and Runge-Kutta methods [3]. As explained in [19, Appendix A], error analysis of CQ for tF-
PDEs with constant coefficients can be equivalently viewed as error analysis of CQ for discretizing
an operator-valued convolution integral. Other popular approaches for discretizing time-fractional
PDEs include finite difference methods [13,29,36,53] and discontinuous Galerkin methods [37,41,44],
which approximate the fractional derivative at grid points and in a weak form, respectively, based
on piecewise polynomial approximation of the solution. These approaches are flexible for variable
stepsizes to improve the accuracy of numerical solutions; see [24,28, 43, 45,46,49]. More recently,
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numerical approximation of fractional derivatives based on deconvolution was proposed in [27], which
has application in discretizing fractional stochastic differential equations and fractional gradient flows.

For all approaches mentioned above, numerical analysis in the literature mainly focuses on tFPDEs
with a constant fractional order. When the fractional order a depends only on z, independent of
t, convolution quadrature and Laplace transform techniques can still be used similarly as for the
fractional substantial derivative in [22,52]. When the fractional order o depends only on ¢, independent
of z, well-posedness of variable-order tFPDEs was proved in [54] based on eigenfunction decomposition,
which reduces the problem to decoupled fractional ordinary differential equations. However, when the
fractional order depends on both z and ¢, or the unknown solution u, many existing techniques are
not directly applicable, including the Laplace transform techniques and separation of variables. In
this case, analysis of regularity of solutions and convergence of numerical methods is still challenging.
This is similar to tFPDEs with time-dependent diffusion coefficients, for which the Laplace transform
techniques and separation of variables cannot be applied directly either. For tFPDEs with time-
dependent diffusion coefficients, convergence of a semidiscrete finite element method was proved in [42]
based on a novel technique which extends the argument for standard parabolic problems in [35] to
the fractional case. Existence, uniqueness and regularity of solutions, as well as convergence of a fully
discrete numerical method were proved in [21] based on a perturbation argument; also see [25] for new
regularity results.

The objective of this paper is to develop techniques to analyze well-posedness and accuracy of
numerical solutions for such complicated nonlinear fractional evolution problems as (3) under a more
general setting such that the variable order «(z,t,u) can depend on both = and ¢ as well as the
unknown solution u, and is possibly discontinuous in x. In addition to the time-dependency of
the variable order, the nonlinearity brings in new difficulties for regularity and numerical analysis.
In particular, the boundedness of solution in L% (0,T; L°°(2)) becomes essential in proving well-
posedness and regularity of the solutions, as well as convergence of numerical solutions, while the
Laplace transform techniques cannot be used directly in establishing the regularity of solutions. We
present new techniques, based on maximal LP-regularity of parabolic equations and Schaefer’s fixed
point theorem in the Banach space L>°(0,T; L>(£2)), to prove the existence and uniqueness of solutions
to the nonlinear problem (3) under condition (5). This condition allows discontinuity of a(z,t,u) in
x to fit practical applications in which different physical subdomains of the porous media may have
different structures and properties that lead to different fractional orders in the model. Under a
slightly stronger condition (31), we prove some regularity results for further numerical approximation
and error analysis.

We propose a linearly implicit CQ time-stepping method to linearize and discretize the nonlinear
problem (3), and prove convergence of the proposed method based on the natural regularity of solutions
proved in this paper for a given source term f € W11(0, T; L?(Q)) and initial value uy € H? (©2). Again,
the Laplace transform technique cannot be directly used for error analysis due to the nonlinearity of
the problem. To overcome the difficulty caused by the time-dependent and nonlinear variable order,
we present error analysis by using a perturbation technique which freezes the nonlinear variable order
at a fixed time level and estimates the defect based on the natural regularity proved for the solution
and a generalized discrete Gronwall’s inequality introduced in this paper (see Appendix D). Numerical
results are provided to support the theoretical analysis on the convergence of the numerical solutions.

The techniques developed in this paper could also be applicable to other related nonlinear fractional-
order equations possibly with time-dependent and nonlinear variable order, and time-dependent dif-
fusion coefficients.

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this section, we prove existence and uniqueness of solutions to (3) under the following conditions:

a:Qx[0,T] x R — [0, ] is Lipschitz continuous in the third argument,

be L>(0,T; L>(Q)), (5)
4

up € H*(Q), f € LP(0,T;L*()) for some p > Yk



where a, € (0,1) is a fixed constant and d € {1,2,3} is the dimension of space.

2.1. Notation

For simplicity of notation, we define H2(Q) = H2(Q)NHA () and denote by H*(Q) = (L*(Q2), H? (2)1s/2)
the complex interpolation space between L?(2) and H?(Q) for s € [0,2]; see [8]. Thus H°(Q) = L?(Q)
and H'(Q) = H}(2). For 0 < v < 1, we denote by C7(2) the conventional space of Holder continuous
functions on  with exponent 7. For a Banach space X (for example, X = L?(Q)), we denote by

C7([0,T); X) the space of Hélder continuous functions from [0,7] to X. Furthermore, we define the
following function spaces:

X ={w e W"P(0,T; L*(Q)) : w(0) = 0},
Y = {we W"(0,T; L*(Q)) N LF(0,T; H*(Q)) : w(0) = 0}, (6)
Z = L=(0,T; L=(9)).
We denote by (-,+) and || - || 12(q) the inner product and norm of L?(€2), and denote by || - || the
operator norm from L?(f2) to L?(Q).

It is well known that the Dirichlet Laplacian A : H?2(Q) — L2(Q) generates a bounded analytic

semigroup on BOTH L?(Q2) and Cy(Q) with angle Z; see [47]. Equivalently, z — A is invertible for

z € C such that |arg(z)| < 7, and the following resolvent estimate holds:

I(z = A) 7Y < Col2 ™", V2 e X\{0}, VO € (5,m) (7)
Iz = D)z @) r=(0) < Colz ™', V2 € Bp\{0}, VO € (5,m), (8)

where 3y = {z € C: |arg(z)| < 6} is a sector on the complex plane.
We denote by 6 € (7, 7) a fixed number and denote by I'y a contour on the complex plane (contained

in the sector Yy), defined by
I'g={2€C:larg(z)| =0,|z| > 1/T}U{z € C: |arg(z)| <0, |z| =1/T}. 9)
as shown in Figure 1. Then 2! € % for (2,t) € Q x [0,T] and z € ¥y D T'y.

A

Iy

0

¢

FIGURE 1. The contour I'y on the complex plane.

Let e. be a fixed number satisfying 0 < e, < min(1 — au,1 — d/4), where d € {1,2,3} is the
dimension of space. Related to the number ¢, , we define a function

n(t) =7, (10)

which is integrable in time and has the following property:

t
ot =Dy < © / 0t — 5)|9pv(s)|ds =: % |9,0](1),
0
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where C' is some constant and 7 % |0;v| denotes convolution in time between the two functions. This
property is a direct consequence of definition (4).

The Laplace transform of a function f(x,t) is denoted by Lf(x, z) = fooo f(x,t)e**dt. For functions
of several temporal variables, we denote by L;[f(x, s,t)] the Laplace transform in the s-variable and

denote by L ![f(z,2,t)] the inverse Laplace transform of f in the z-variable. The definition of

fractional-order derivative in (4) is related to the Laplace transform through the following identity
(cf. [31]):

afc(av,t,u(w,t))U(m7 t)
_ Ez_l [Za(w,t,u(z,t))ﬂt [ﬂ(gj7 t) — U($7 0)}(2)] (t) (11)
1

=5 zo@tu(@)) £ e t) — v(z,0)](2)e*dz Vo € WHP(0,T; L2 (Q)),
T T

where 7 € WHP(R,; L?(Q)) denotes an extension of v with compact support in ¢, and this identity

is independent of the choice of extension. The following inequalities are often used in literature in
analysis of tFPDEs (for example, see [19,31,33]):

/ |Z‘771|et2| |dz\ < C’thv and H/ Z'Y(z— A)fletz dz
Ty Ty

<Ot Vte(0,7],  (12)

where |dz| denotes the arc length element on the contour I'y, and C, is some constant depending on
the parameter 7. These two inequalities will be often used in this paper, in analyzing both regularity
of solutions to (3) and convergence of numerical solutions.

Throughout this paper, we use the abbreviation v(t) = v(-,t) for any function v defined on 2x (0, T],
and we denote by «a(t,v(t)) or a(t,v) the spatial function «(-,t,v(-,t)). We denote by C a generic
positive constant (independent of 7, n and N) that could be different at different occurrences.

2.2. The linear problem
Before studying the nonlinear problem (3), we first consider the following linear problem with a
given variable order «(z,t):
duu(z, t) + b(a, )37 " u(x, t) — Au(z,t) = f(z,t) (z,t) € 2 x (0,T),
u(z,t) =0 (z,t) € 09 x (0,T], (13)
u(z,0) = up(x) x €,
where a(x,t) and b(z,t) are assumed to satisfy the following conditions:
0<a(r,t) <a.<1 for (z,t) € Qx[0,T],
be L=(0,T; 1=(Q)), (14)
ug € H*(Q), f e LP(0,T;L*()) for some p > 1.

In this section, we prove well-posedness of the linear problem (13) by utilizing the following three
technical tools.

Lemma 2.1 (Maximal LP-regularity, cf. [55, Corollary d] or [1, Lemma 8.3]) For any given 1 < p < 0o
and f € LP(0,T; L*()), the heat equation

Opu(z,t) — Au(x,t) = f(z,t) (x,t) € Qx (0,7,
u(z,t) =0 (z,t) € 09 x (0,7, (15)
u(z,0) =0 x €,

has a unique solution u € W?(0,T; L?(Q)) N LP(0,T; H?(Q)), which satisfies the following estimate:

[ullwrro,miz2) + [l ooz < Clflleromze@) ¥ f € LP(0,T; L)), (16)
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where the constant C is independent of f and T, but may depend on p.

Lemma 2.2 (Young’s convolution inequality, cf. [9, Theorem 3.9.4]) Let gxv(t) := fot g(t—s)v(s)ds
denote the convolution of g € L'(0,T) with v € L?(0,7T). Then

lg *vllzeco,e) < Nlgllzr,enllvlizeco,e.), Yie € (0,T], V1 <p < oo. (17)

The following result can be proved by using Lemma 2.2.

Lemma 2.3 (A weighted LP estimate for fractional-order derivatives) For v € W1P(0,T; L?*(Q))
and A\ > 1, the following estimate holds:

||e_)\tata(Z)t)'UHLp(O,t*;L2(g2)) < C)\O‘*_lHe_)‘tatvﬂLp(o’t*;Lz(Q)) Vt, € (O,T}, (18)

where the constants C' is independent of A and ¢, (but may depend on T').

Proof. Based on the definition (4), we have

- t — )@Y u(z, s)ds
I‘(l—a(x,t))/o(t ) 0su(, )

t t_s —oa(x,t)
< CT—a(z,t)/ (T) |0sv(z, s)|ds
0

t
< Cmin(T,1)” T / (t—s)™
0

07D, 1) =

Osv(z,s)lds Vit e (0,77,

where we have used the inequality (1=*) @) < (&2)7" and T~*@H < min(T, 1)~*. Multiplying
the above inequality by e~**, we obtain

¢
e_)‘tata(x’t)v(x,t) < Cmin(T,1)” T / e M (4 — 5) T e 0,0(, 5)|ds.
0

For t, € (0,T], the inequality above implies

||€7/\t8ta(z’t) (e*Att*a*) ” (ef)\tatv) HLP(O,t*;L2(Q))

e—ktt—a*

v||Lp(07t*;L2(Q)) = Cmin(T, 1)7Q*Ta*
< Cmin(T,1)" T

Izt 0, lle™ 0wl e (0,622

where we have used Lemma 2.2 in the last inequality. Then we note that

Hef)\ttfa*

Ty [e']
Li(04.) = / e M dt < )\O‘*fl/ e 55 % ds < CAY L,
0 0

with a constant C independent of A > 1. Combining the two estimates above, we obtain the desired
result in Lemma 2.3. O

By using Lemma 2.3, we can prove well-posedness of the linear problem (13).

Theorem 2.1 (Existence and uniqueness of solutions to the linear problem) Under assumption (14),
problem (13) has a unique solution

w€ WHP(0,T; L*(Q)) 1 LP(0, T; H()) = C((0, T); L*(Q)), (19)
and the solution satisfies the following estimate:
lullwieo,t.:29) + Ul oo . ir2 ) < CUIFIIEr0,:22(0)) + luoll 2(q)) Vi € (0,7, (20)

where the constant C' is independent of «(z,t) and ¢, € (0,7] (but may depend on «a, and T').
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Proof. By considering the equation of u—ug, we can reduce problem (13) to the case with zero initial
value (with f replaced by f + Aug). Hence, we focus on the case ug = 0.
First, we denote by X the function space X defined in (6), equipped with the equivalent norm

wlx, == ||67)\tatw||LF(0,T;L2(Q))7

where A > 1 is a parameter to be chosen later. We define a map M : X, — X in the following way:
for any v € X, we define w = Mwv to be the solution of

dw(z,t) — Aw(a,t) = f(z,t) — b(z, )P "oz, t)  (2,t) € Q x (0,T),
w(z,t) =0 (z,t) € O x (0,T], (21)
w(z,0) =0 x €.

Since v € X implies b@?(m’t)v € LP(0,T; L*(Q)) (this was proved in Lemma 2.3), it follows from
Lemma 2.1 that (21) has a unique solution w € Y < X, where Y is defined in (6). Hence the map
M : X\ — X, is well defined, and any fixed point of M is a solution of (13) in Y. We shall prove
existence and uniqueness of a fixed point of M by using the Banach fixed point theorem.

Second, we denote f(x,t) = f(z,t)—b(z, t)af(m’t)v(m, t) and consider the Laplace transform of (21)
in time. Then we obtain (z—A)Lw(z) = Lf(z), which furthermore implies zLw(z) = Z(Z—A)_lﬁf(z).
Since the Laplace transform maps e 0w to (z + A)Lw(z + A) and e > f to Lf(z + ), respectively,
it follows that

e Mow =Lz 4+ NLw(z+N)] =L+ AN z+ A=A Lf(z+ )]
LHE+NE+A= AT LM f)(2)]

Setting z = ¢ in the equality above and using the relation between Laplace and Fourier transforms
(after extending f to be zero for ¢ < 0), we obtain

e MOpw = F (i€ + A€+ A = 8) T Fe M (&)
Since the operators
m(€) = i€+ N+ —A)"Y and  &m'(€) = i€(i€ + X — A) 1 +ig(iE + N (i€ + A — A) 72

are bounded on L?(Q) for all £ € R and A > 0, it follows that m(¢) is a Hérmander—Mihlin multiplier
on LP(0,T; L*(Q)) for all 1 < p < oo (cf. [17, Theorem 5.2.7]). This means that

le™M0uw]| e (o,t.522(0)) < C||€_’\tj?||Lp(o,t*;L2(Q))
< Cle™ fllor oty + Clle™ 87 0] oo 1. 220y
< Cle™ fllr(o,tsz2(@) + CA* e 0| o (0,012 (22)
where we have used Lemma 2.3 in the last inequality, with a constant C' independent of A > 0 and
t. € (0,T).

Third, if v1,v9 € X\ and w; = Mv; and wy = Mws, then w = w; — wy is the solution of the
equation

dyw(z,t) — Aw(z, t) = b(z, ) 0" (va(z, 1) — vi(z, 1)) (x,t) € Q x (0,T],
w(z,t) =0 (z,t) € 99 x (0,77, (23)
w(z,t) =0 x €.

By applying (22) to (23) with ¢, = T, we have

lwr = walx, < CX*Hlor = vallx,-
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Choosing a sufficiently large A guarantees that the map M : X, — X is a contraction. According to
the Banach fixed point theorem, M has a unique fixed point w € X (thus w = Mw € Y), i.e., (13)
has a unique solution in Y when ug = 0.

Finally, by setting v = w in (22) and choosing a sufficiently large A (the largeness is independent
of t. € (0,T]), we obtain the desired estimate (20). This completes the proof of Theorem 2.1. O

Remark 2.1 In Theorem 2.1 we have proved existence and uniqueness by using the Banach fixed
point theorem with exponentially weighted norms in time. This trick is already known in the analysis
of weakly singular Volterra integral equations — a class of problems that is closely related to the
problem studied here; see [6,10].

2.3. The nonlinear problem

In this section, we prove well-posedness of the nonlinear problem (3) by utilizing Theorem 2.1 and
the following Schaefer’s fixed point theorem.

Lemma 2.4 (Schaefer’s fixed point theorem [15, Chapter 9.2, Theorem 4]) For a Banach space Z,
suppose that M : Z — Z is a continuous and compact map. If the set

U {veZ: v=0Mv} (24)
0€[0,1]

is bounded in Z, then the map M has at least one fixed point.
The main result of this section is the following theorem.

Theorem 2.2 (Existence and uniqueness of solutions) Under the assumption (5), problem (3) has
a unique solution

u € Whr(0, T3 LX) N LP(0, T; H2()) < C([0, T); L*(92)). (25)

Proof.  Similarly as the linear problem, by considering the equation of u — ug we can reduce the
problem to zero initial value (replacing f by f + Aup and modifying the definition of «/). Therefore,
we only need to focus on the case ug = 0.

To prove existence of solutions for the nonlinear problem (3), we define a nonlinear map M : Z — Z
by setting w = Mwv to be the solution of

Oyw + b)Y — Aw = f (26)

with zero boundary and initial conditions. Theorem 2.1 guarantees that the map M : Z — Y is well
defined.

To prove continuity of the map M : Z — Y, we consider vi,vo € Z and denote w; = My,
wo = Mwvy. Then w = wy — ws is the solution of the equation

Opw — Aw + b1 w = —b(t) (87w — 9D apy) (27)

with zero boundary and initial conditions. By applying estimate (20) to equation (27), we obtain

a(t,v1) a(t,vz)
t wy — 0,

10ewllLeo,t.522(0)) + Wil Lo 0,0, 5520 < ClIB(E)(D wa)ll e (0,0.:L2(2))

< COllvr = val|poo (0,8, ;000 () [10cw2 || e 0,1, ;22 (02)) (28)
where the last inequality follows from Lemma 2.5 (to be proved below).

Since the regularity estimate (20) implies [|O;w2||Lr(0,1;12(0)) < C, with a constant C' independent
of v1 and vq, choosing t, = T in (28) yields

[w]ly < Cllor — vz 2.

This proves the continuity of M : Z — Y. Since Y is embedded into Z compactly when p > ﬁ and

d € {1,2,3} (see Appendix A), it follows that the map M : Z — Z is compact.
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It is easy to see that any fixed point of M is a solution of (3) in Y. We now prove existence of a
fixed point by using Schaefer’s fixed point theorem (Lemma 2.4). If v = §Mv for some 6 € [0, 1] then
we denote w = Mwv with v = w. Then w is the solution of the equation

Ayw + b(H)0r "y — Aw = f (29)

with zero boundary and initial conditions. Applying the estimate (20) of Theorem 2.1, we immediately
obtain

lwllwrreo,rs2@) + 10l oo, m200)) < CU e ©0,m52200)) + lluoll g2(a)) (30)

where the right-hand side is independent of 8 € [0, 1]. Therefore, by Schaefer’s fixed point theorem,
the map M has at least one fixed point u, which is a solution of the nonlinear problem (13), and this
solution has regularity (25) because M maps Z into Y.

It remains to prove uniqueness of the solution. In fact, if w; and wy are two solutions of (13), then
w = wy — wy is the solution of (27) with v;1 = wy and vy = wy therein. Then estimate (28) implies

0wl Lo 0,.;22(0)) + ||wHL:D(0,t*;[—'I2(Q))
< Cllwllze(0,t.5229))

< Cellwlipro.iez@) + 10wl e o.esz2() + 10l Lo 0,22 ()

where we have used Lemma B.1 (see Appendix B) in deriving the last inequality, in which e can be
arbitrarily small at the expense of enlarging the constant C.. By choosing a sufficiently small € and
using inequality

lw(t)llz2 @) < 10wl o222y < T F (10wl Loo,1. 22 () + 1wl Lo 0,4, 72 (02)))
we obtain
w2 < Cllwllio.t,r2) Vi € (0,77
Then Gronwall’s inequality yields w = 0. This proves uniqueness of the solution. O
In the proof of Theorem 2.2 we have used the following result.

Lemma 2.5 For vi,vs € Z and v € X, the following estimates hold:

[CA 5?@’“2)7)”Lp(o,t*;Lz(Q)) < Cllvr = vallpee (0,200 @) 10V Lr 0,6, 22()) Vi € (0,77,

where the constant C' is independent of ¢, € (0,7] (but may depend on T).
Proof. We use the following mean value result:

(t— s)*a(t,m(t)) (t — 5)*a(t,v2(t))
Ml —a(ton) ~ T —alt o)

Lt — gy he® In(t — g
:_[a(t,vl(t»—Ot(t»vz(ﬂ)}/0 : F)lﬂwl(t()t) Fa

1 — s — K, (8) TV — Ky,
+ [a(t,v1(t)) — O‘(tavz(t))]/o (t )F(l - :w((lt))Q (t))dw,

where Kk, (t) = (1 — w)a(t,v1(t)) + wa(t, v2(t)). Using definition (4) and the identity above, we have

t
071y (1) — 97D y(1)] < Cladt, v (1)) — alt, va(t))] / (t — 5) % [B50(s)|ds.
0
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By taking the LP(0,t,; L?(Q2)) norm of this inequality, we obtain

Haf‘(t,vl)v _ 8?(t’v2)'l}|‘LP(07t*%L2(Q))

ta
< Cllor — val L 0,520 () (/ faﬂ*df) 10¢0ll e (0.1.:L2(2)
0

where we have used Lipschitz continuity of o with respect to v. This proves the desired result. O

3. REGULARITY OF SOLUTIONS

In this section, we present some regularity results for solutions of the nonlinear problem (3). These
results will be used in Section 4 in analyzing convergence of numerical solutions. In addition to (5),
we assume that the following conditions hold:
a:Qx[0,T] x R — [0, ] is Lipschitz continuous in both ¢ and w,
be Wh>(0,T; L®(Q)), (31)
up € H*() and fe WhH(0,T;L3(Q)),

where a, € (0,1) is a fixed constant and d € {1,2,3} is the dimension of space.

When the function «(x,t,u) is Lipschitz continuous in both ¢ and u, as assumed in condition (31),
we have the following result as an extension of Lemma 2.5.

Lemma 3.1 For v1,v3 € Z and v € X, the following estimate holds:

9251 D u(s) — g2 Du(s)| < C/ (Is =t + [vi(s) = va(B)]) (s — o)~ |05 0(0)|do
0

Proof. We use the following mean value result:

(S _ U)—a(s,m(s)) (s — U)—a(t,vg(t))

Il —a(s,vi(s) T —a(tva(t))

1g—g)ru(st) n(s — o

dw

1 S—o — K (8,0) TV — (s,
#lats o)~ ()] [ Ot D,

where k,(s,t) = (1 — w)a(s,v1(s)) + wa(t,va(t)). Then, using definition (4) and the identity above,
we obtain the desired inequality by using the Lipschitz continuity

s, v1(s)) — at, v2(t)] < C(ls — 1] + [v1(s) — va(t)])-

O
The main result of this section is the following theorem.

Theorem 3.1 Let 1 <p < %, 0<y<1l-— % and a, < 8 < 1. Then, under condition (31), the
solution of the nonlinear problem (3) satisfies

dyu € LP(0,T; L®()) N C7 ([0, T); L®(2)), (32)
u e Whe°(0,T; L3(Q)) N L>®(0,T; H*(Q)), (33)
Rl o,u e L0, T; L*(Q)), (34)

where Raf Oyu denotes the Riemann-Liouville fractional derivative of O;u, defined in terms of the
Laplace transform by %07 8,u = £71[28 L[0,u](2)].
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Proof. 'To prove the regularity results in (32)—(34), we denote w(t) = u(t) — up and rewrite (3) as

duw(t) — Aw(t) = (Aug + (1)) — b)) in Q for ¢ € (0,7,
w(t) = on 9Q for t e (0,7, (35)
w(0) = in Q.

The solution of (35) can be expressed by

w(t) = /0 E(t— 8)(Aug + £(s))ds — /O Bt — 8)b()00C 4 (s)ds = I(t) — J(t),  (36)

where E(t) = e*®, with t > 0, is the semigroup of operators generated by the Dirichlet Laplacian,
given by

1

Eit)y:=—
Ov=54 ),

ez — A)"lvdz Ve e LY(Q), (37)

where Ty is the contour defined in (9). It is well known that the semigroup generated by the Dirichlet
Laplacian is bounded and analytic in the sector ¥y (see [47]), equivalently the following estimate
holds:

IE) | r@)—rr@) + HE () Lr@)=rr@) F HIAE®)]| Lr )= Lr@) < C,

Vi>0, V1l <p< 0. (38)

Identity (37) implies that E(t) is the inverse Laplace transform of the operator (z — A)~!. Therefore,
RPE(t) is the inverse Laplace transform of 2%(z — A)~L, (39)

This result is used in the subsequent analysis, which is divided into three parts.

3.1. Part I: proof of (32)

Note that f € W1(0,T; L*(Q)) — LPo(0,T; L*(2)) for all 1 < py < co. For any py > ;= (or
equivalently 1—%—1%0 > 0), Theorem 2.2 implies that the solution has regularity u € WP (0,T; L?(Q))N
LPo(0,T; H?(R2)), which is embedded into C7([0, T]; L=(Q)) for 0 <y < 1 — 4 p%; see Appendix A.
Since pg can be arbitrarily large, it follows that

u e CV([0,T}; L=(Q)) forany 0 <y <1-—4. (40)

To prove dyu = dw € LP(0,T; L>(Q)) for 1 < p < 4, we estimate 9;I(t) and 0,J(t) separately,
which are defined in (36).
First, we see that

0,I(t) = 0, /0 E(s)(Auo + f(t — ))ds = B(#)(Auo + £(0)) + /O Bt — 5)0, f(s)ds.

for d € {1, 2,3}, it follows from (37) that

. 1—4 d
Since [[vllz<(0) < Cllol gy 0] 2 g

|E(®)0] gy < C / 162[1(2 — A) 0] oy |d2]
]

1—4

d
<c / €11z = A) ol 1 = 8) el g ]
0

. _ _d 4 .
<C g e 1(121 " loll ) T ol 2 o 1] (here (7) is used)
6
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—(1—4
<C [ 10 Dol pagoy
Ty
< Ct 4ol 2y Vv e L3(Q), (here (12) is used)
it follows that

t
18I (t)|| e 0y < CE 5| Aug + £(0)] L2y + C / (t — 8) 5|0 f(5)]| 2 () ds,
0

which furthermore implies, for 1 < p < %,

1

T P
10 (E)|| e (0,7: 15 (2)) < C’(/ tpidt) (I[Aug + f(0)|| 2() + 105 fll 2 (0,522(02)))
0
< C(”AUO + f(0)[|z2(0) + Hf”lel(O,T;Lz(Q)))- (41)

Second, we consider
t
o J(t) = 0y / E(t — 5)b(s5)02 1 Ney(s)ds
0
t
_ / B/ (t — 5)b(s)02 4 (s)ds + E(0)b(£)0> D (1)
0
t
= / E'(t — 5)[b(s)0% =Dy (s) — b(£)2 )y (s)]ds
0
t
+ / E'(t — s)b(t)0* Oy (s)ds + b(£) 0" w(t)
0

= /t E'(t — 5)[b(s)05 " Dw(s) — b(t)97 D (s)]ds
0

+b(t) [(% /Ot E(t— s)ag(t*’“(t*))w(s)ds]
to=t
=: J1(t) + Ja(2). (42)
By using estimate (38), we have
[J1(8)] o= (0
< C/Ot(t — )M Ib(s) = b(8) Loe ) 195D (s) | Lo () ds
#C [ =97 100 @08~ 0 0y

¢
< C/ [0 Dy (s)|| oo () ds (here Lemma 3.1 is used)
0

+C / (t =) (s — t] + Ju(s) — ult)]| =) / (5 — o)

SC/Ot/OS(so)“*

t s
Ce*([O’T];LOO(Q)))/O (t— s)_(l_e*)/o (s = o)~ 0w ()| Lo (ydods

Dyw(0)|| Lo ()dods

Oow(0)|| o (ydods

+ C(1+ ||ul

t
<c / (t = 0) 0, w(0) | =0y do, (43)
0

where we have used the Holder regularity u € C([0,T]; L>°(£2)) shown in (40) in deriving the second
to last inequality, and changed in the order of integration in the last inequality. Multiplying the above



13

At

inequality by e~*", we obtain

t
e J1 ()| Loy < C / e M= (4 — 5) 7 e 0,w(0) || L (0o
0
Then, by considering the LP(0,7) norm of the above inequality and using Lemma 2.2, we obtain

HefAtJl HL;D((LT;LOC(Q)) < o =1 ||67/\t8tw||Lp([)7T;Loc(Q)). (44)

Third, we note that Jy(t) = b(t)@th(t,t*)’t _, with
t
J3(t,t.) = / E(t — 5)92twt Dy (s)ds. (45)
0

Let ¢(s,t) = 8§(t*’u(t*))w(s). Then for a fixed t. € (0,T] we can express 0;J3(t, t,) by using inverse
Laplace transform, i.e.,

i
1

_ zt —A —1 uten Jl—au—ex 7 Ly d
5 Fge (z )z z d(z,t.) dz

t
_ / F(t — 5)0M~<g(s, £.)ds,
0

1 ~
atJ?)(tat*) = T/ €Zt(Z — A)_IZ (b(Z,t*)dZ
To

where
1

F(t) = — zt —A_la*+6*d
()= 5 [ = B) e

which satisfies the following estimate (using (12) again):

1
IE ()| Lo ()= Lo () = —/ ez — A) "1z Fe dy < Op(ontes),
2mi Jr, Lo (Q)— L ()

Therefore,

t
e M (t) = e Mb(t)d, J5(t,t) = b(t)/ e—/\(t—s)F(t — s)[e M AL e (s, t)]ds. (46)

0

Since

e MYOi T T B (5, 1) | Loy = €[ DF T T (95T w(8)] | L ()
= e Mot men = gy (s)|| Lo @)
= ¢ M| K * 05w(s)|| L= ()
= (e K(s)) * (e **|8sw(s) )| o= (0
< (MK (s) | oo () * (67 [|w(s) || Lo ()
< (e s s (e |w(s) | L (), (47)

where we have used the following estimate:

K Sa*+e*—a(t,u(t))—l o a )
= < —U—es
) = T T e —atam) = ©° ’

substituting (47) into (46) yields

t
e M) J2 ()] poe () < ||b(t)||L°°(Q)/O e M F(t — 8)|| oo () ooy O T b (s, 1) oo () ds
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t
< C/ ef)\(tfs) (t o S)*(a*+e*)[(67/\587(176*)) * (67)\5”atw(s)”Loc(Q))]ds'
0

Therefore, by using Lemma 2.2,

le™ Jall Lo o7z ) < CA™ 7 H|(e7 s 7)) (€72 |0 (s) | Lo ()| o 0.7)
< C)\O‘*Jrﬁ*fl||(ef’\887(176*))HLI(O,T)||67/\tatw“LP(0,T;L°°(Q))

< OX* e 0wl Lo 0,1:Lo () (48)
Substituting estimates (44) and (48) into (42), we obtain
le™ 0T || oo, () < CA*~Hle™ 0w Lo 0,10 () (49)
Then substituting (41) and (49) into (36) yields

lle™ M 0pwl| Lo o,75250 (02))

< le M0 || Lo (o, 75220 (2)) + lle™ 0 || Lo 0,130 (2)

<N || Lo (o752 @) + e 0T | Lo (0,731 (2

< C(|Auo + f(O)|l 2y + Iflwraorr2e)) + C)\a*_l||€_/\t3tw||LP(0,T;Loo(Q))~

By choosing a sufficiently large A, the last term on the right-hand side can be absorbed by the left-hand
side. As a result, we obtain

[0swll Lo 0,752 () < C (1 AuollL2) + | fllwrio,mse2(9))-
This proves (32) in view of dyu = dyw.

3.2. Part II: proof of (33)
By using expressions (36) and (42), we have

drw(t) = B I() — Ji(t) - Jat). (50)

We use this expression to prove (33).
First, by using the semigroup estimate (38),

10 I()]| 2y = HE(t)(Auo + £(0) + /0 E(s),f(t — s)ds

L2(Q)
¢
< [[E@®II[Auo + f(0)l|L2(e) + /O IE(S)[I|0cf (£ = 5)l[L2(2)ds
< Cllluoll gy + I fllwrao,mir2(0)))- (51)
Second, similarly as (43), by using Lemma 3.1 we have
t
[ (@)]z2 ) < C/O (t = )7HIb(s) = b(B)[ Lo (@ 195w (s) [ 12y ds

t
+ 0/ (t = 5) 7 b0 | Lo (0102w (s) — 82w (s)]| 12y ds
0

+ O/O (t =)' (1t = s| + lu(t) - U(S)HLOO(Q))/O (s — o) ¢

Oow(0)| p2(0ydods  (Lemma 3.1 is used)

Osw(0)||L2(qydods
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Oow(0)||L2(0)dods  (Holder regularity (40) is used)

SC/Ot/OS(sa)a*
+C/Ot(t—s)_(l_e*)/os(s—a)_“*—f*

< O/Ot@ —a)

where we have changed the order of integration in the deriving the last inequality.
Third, by using expression Jy(t) = b(t)d;Js(t,t.)|, _, in (45) and estimates (46)—(47) with A =0,
we have

Osw ()| 2(0ydods

Opw(a)|| L2 (0)da, (52)

t
19202y < 1Oy [ 17 = )05 b ) 2oy
t s
< [t=s) ) [0 0 o,0(0) 1aaydods
0 0

< C/Ot(t )

where we have changed the order of integration in deriving the last inequality.
Finally, substituting estimates (51)—(53) into (50), we have

Iow(0)]|L2(0)do, (53)

t
10w(®) |20y < Clluoll oy + I lwis o.2:22¢0) + C / (t—o) o

as’u)(s) HLZ(Q)ds.

By applying Gronwall’s inequality with weakly singular kernels (see [11, Lemma 1]), we can remove
the last term on the right-hand side of the above inequality. This yields d;w € L®(0,T; L?(2)) and
therefore

t
[0 P (t) 20y < © / (t = )~ |0rw(s)] 2 ds < C.

Since both dyw and 8?(t’u(t))w are in L>(0,7T; L*(Q)), from equation (35) we obtain Aw = dyw +
baf(t’“(t”w — f € L>(0,T; L*(2)), which implies w € L(0,T; H?()). This proves (33).

3.3. Part III: proof of (34)

By using expression (36), we have
Bobo,w(t) = Bolo,I(t) — Rola,J(t), (54)

with

Ropo,1(t) = 0] E(t)(Aug + £(0)) + "0 / t E(s)d, f(t — s)ds,
0

t
RoPonI(t) = Rolo, / Bt — 8)b()02C 4y (s)ds
0

_ ! / AP (2 — AL, [b(s)@?(s’“(s))w(s)] (2)dz,
Ty

2mi

where we have used (39) in the two identities above.
The two terms in the expression of F979,1(t) can be estimated by using (39) and (12) directly:

1 R0F B(t) (Ao + FO)]| () = ‘

S /F 28 (2 — A) M (Aug + £(0)) dz

2mi

L*(Q)

< C [ 1e*][z177 dz]| Aug + £(0)] 2o
Ty
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< Ot || Aug + f(0)l 22 (),

and

t
Raf E(s)0:f(t — s)ds
/0 ()0 (t — )

1 2Pz — A)7! z)dz
[ et a e a

2mi

L2(Q) a ‘

t

<c / (t = 8) P10 f ()] 12 (0 ds
0

=Ct 7 % |0 f ()| 20,

L2(Q)

/t RoPE(s)0,f(t — s)ds

0

L2()

where we have used the following estimate, as a result of (12):

1 zs — —
| RoP E(s)|| = H27T1/r Pz —A)7ldz|| < Cs7P.

Since t~# is integrable in time, it follows that

[t=7 )| Auo + FO 2 ollzro.my < CllAuo + £(0)|| 220,
[ 5 10cf |l L2 |22 0,7) < ClOf |l 10,7512 (2))-

This implies
IR0 0 (1)1 (0.7322(0)) < Cllluoll g2 (o) + 1w 0,7522(0)))-

To estimate Raf Ot J(t), we decompose it in the following way:
- 2mi

ROPOLI(t) = —— / 210 (2 — A) L [b()a () — b()D D u(s)] (2)dz
Ty

+— [ P A)TIL, [b(t)@so‘(t’“(t))w(s)} (2)dz

Fa(t) = f/r Pz A)letdz, with [|Fa(t)]| <Ot and |FL(0)| < Ct 1P,
.
then
30 =00 [ Bt =)o) uts) o3l
_ 9, /0 "Byt — 8)(b(s) — b(£)X 1N ()
#0 [ Bt = D uts) — D ()
-/ Rt~ 8)(bls) — B(0)O D u(s)ds
— 9,b(t) /O t Byt — 5)02EHv M)y (s)ds

t
+b(t) / Byt — $)[0°01() g 5) — 9ou) g (5)]ds
0
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—b(t) / t Fy(t — 5)8,0°"p(s)ds
0
Jo(t) = = / 2P (2 — A) o) 2O L [w(s)] (2)dz
=— €128 (2 — A)71p(t) ) £, [0sw(s)](z)dz

t
= b(t) / Fy(t — 5) Boo®u®) g ap(s)ds,
0

where we have used the identity £,[F¢"™ 9w (s)] = z2Eu®) £ [0,w(s)].
By using Lemma 3.1, we have

Hjl(t)HL?(Q)

< C/() (t — 5)717[3”1)(8) — b(t)||L2(Q) /0 (S _ J),a*,e*

+ C/Ot(t g /Os(s _g) o

0 [P = sl ul) - uOlzz) [ (50

0

8Gw(0)||Loo(Q)dO'dS

Osw(0)|| Lo (ydods

Oow(0)| oo (ydods

t S
+c/ (t—s)_’B(1+||5tu||L2(Q))/ (5 — o)~ |9y w(0) | 1= (e dords
0 0

t
<c / (t — o) 8 < |0 w(0) | 1 (0o
0

where we have used the regularity d;u € C([0,T]; L?(£2)) proved in Part II of the proof, and changed
the order of integration in deriving the last inequality. Since 1 — 8 — a, — €, > —1, it follows that
t!=BA—a«—¢ s integrable in time. Therefore,

||leL1(O,T;L2(SZ)) < Clt P | pago. ) l10swl| £ 0,1 1 () < C (56)

where we have used the regularity (32) proved in Part I of the proof.
Since 8 > a, it follows that a(t,u(t)) — 8 < a, — 8 < 0 and therefore

Ol = [ Pt — 5) RORHD 0, 10(5)ds
<c (£ — )2 PO 80,0y (5) (e s
< C/Ot(t —s)7" /Os(s — o)D) B9l 0w (0) || p2(oydods
<cf (b — o) | F80,0(0)] (e o,

where we have changed the order of integration in deriving the last inequality.
Since 297 0,J(t) = J1(t) + Ja(t), substituting the estimate of Jo(t) into (54) yields

1 2070w (t)|| 2y < I RO OT ()| 2 () + || 0L 0T (1) 12 ()
< ROPOI(t)]| L2y + T2 (8) ] L2y

+ C/Ot(t — )

B080,w(0)| 12 (0 do.
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Multiplying the inequality above by e~*! and considering the L!(0,T") norm, we obtain
le™11%07 0wl L2 121 0.17)
<N B8] 0T || 11 0.7:220)) + | T1l| 22 0,722 ()

t
+C ‘/ e NN (t — g) e A ROL0,w(0) | 2(ydo
0

L1(0,T)

T T

<C+ C(/ e_)‘tt_o‘*dt) / e 7080, w(0)||p2(q)do
0 0

< C+ X e ™R vwl| 120yl 1 0.1

where we have used (55) and (56), and Lemma 2.2, in deriving the second to last inequality. By
choosing a sufficiently large A, the second term on the right-hand side can be absorbed by the left-
hand side. Then we obtain (34).

The proof of Theorem 3.1 is complete. O

4. NUMERICAL APPROXIMATION

In this section, we propose a linearly implicit time-stepping method for discretizing (3) in time,
and present an error estimate based on the regularity results proved in Theorem 3.1.
4.1. A linearly implicit method

Let t, = nT, n = 0,1,...,N, be a uniform partition of the time interval [0,7] with stepsize
7 = T/N. We consider the following time-stepping method: for given functions u; € H?(Q), j =
0,1,...,n —1, find u, € H?(Q) satisfying the equation

é‘run(x) + b(x7 tn)ég(w’tn7u’L71)(un(x) - UO(x)) - Aun(x) = fn(x)v (57)

where f,,(z) = f(2,tn), Orun(z) = (up(z) — un_1(x))/7, and gf(z’t"’u"’l)(un(x) —up(z)) denotes the
CQ generated by the backward Euler method, i.e.,

n

et (uy () —uo(2)) = Y (@, b, 1) (un—; (&) —uo()), (58)
§=0

with x;(, tn, un—1) being the coefficients in the power series expansion

(T tn,un—1) oo

1-— )

( C) = E K (@, tn, un—1)¢? for ¢ € C such that |¢| < 1. (59)

-
Jj=0

We have used an explicit scheme in the nonlinear fractional order to linearize the equation. For
abbreviation, we denote

a(tnyun—l) = CY(',tn,Un_l) and ’Qj(tna un—l) = Hj('atnaun—l)

in the following error analysis.
By using Cauchy’s integral formula, the coefficients in the power series expansion (59) can be
expressed as

a(tn,Un—1)
1 1-— .
Kj(tn, Un—1) = / < C) ¢
I¢l=1

21 T

T 1— e—Tz Oé(t'ruun—l)
=5 /7,5 () eli*dz (change of variable ( = e~ %)
m JE=E T
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—TZz a(tn;unfl)
T 1—e t;2
_ e'7*dz,

“omi o \ 7
where we have deformed the contour of integration in the last equality to

g ={z€Ty:|Im(z)| <w/T}, (60)
which is a finite part of the contour I’y defined in (9). This technique (of deforming the contour to the

left half of the complex plane) is often used in analysis of CQ in the literature; see [31,33]. Similarly
as (12), contour integrals on the finite part I'} satisfy the following estimates:

/|Z|V*1|et2\|dz|g0(7+t)*v and H/ D(z—A)Tredz|| <C(r+t)77. (61)
; ;

I3

The extra 7 in (7+1)~7 can be obtained by using the property |e*?*| < Cle(™™")?|, which holds because
T|z| < m/sin(f) on the contour I'j. We shall frequently use these estimates in the subsequent error
analysis.

4.2. Consistency of CQ

The consistency error of CQ has been studied in the literature for sufficiently smooth function.
Here we present analysis for the consistency error based on the regularity results proved in Theorem
3.1.

Lemma 4.1 Under condition (31), if v(0) = 0 and 2879,0 € L'(0,T; L2(R)) for some a, < 8 < 1,
then

N
r Z Hafé(tn,u(tn))v(tn) _ 53“"’““””%%)||L2(Q) < CTHRatﬁatUHLl(o,T;LZ(Q)),
n=1

where u(t) is the solution of the continuous problem (3).

Proof.  First, we define K (t) = Z;'io Kj(tn, u(tn))or, +e(t) with 0 < € < 7, where 6;,1(t) is the
delta function concentrated at the point ¢; 4+ €. Then

Opltn D (t,) = O Dot )1,

and

02ttt y(t) = K (tn, u(tn))v(tm—j) = lim K (8)v(ty — s)ds
j=0

= lim (K7, * 1) * Op(ty,) for m > 1,

e—0

where we have used the Newton—Leibnitz formula v(t) = v(0) + fg Owv(s)ds = (1 * Opv)(t) (when
v(0) = 0). The Laplace transform of the kernel lim o K7, * 1 is

Elli K7+ 1)(2) = £l KL = (3w (tnvutt))e )

e—0 ’ e—0 ’
1—e 7% a(tn,u(tn))
- () (62)
T

where we have used the definition of x; in (59).
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Second, we note that

tm

(’“)?(t"’u(t"))v(tm) = E™(ty, — 8)0iv(s)ds = E™ % Opv(tp,),
0
with
Bht) = — 1 gattaut) - L / Laltulta)—1 otz
(1 — a(u(t,))) 27 Jr, ’
ROIPEN(t) = L7 PLE(2)] = — / b)) =Btz gz,
27 Jr,
Therefore,
Goltnultn)) (g, ) — gttty q 1y = (lim K7 51— E") % Opv(t)
= £ [£lim K7 5 1= B")(2) £100](2)] (tm)
=71 [z_ﬁE[Kﬁe x1— E"|(2) zﬁﬁ[&gu](z)} (tm)
= Fx (%9]0,0)(tm),
with

F(t) = L2 [fﬂqmﬁe ¥1— E”](z)} (t)

Tz a(tnyu(tn))
1 1-
[(e) _ Za(tn,u(tn)):|zﬁletzdz7

2mi Jp, T

(63)

(64)

where we have used (62). In estimating F'(¢), we consider the two cases t > 7 and t € (0, 7) separately.

If ¢t > 7 then

|F(t)| S/ CT‘z|a(tn,u(tn))—BetRe(Z)|dz|+/ C7 |z (nu(tn)) =B g(t—anm)Re(z)| 5|
r; r

o\I'g
S C,rtﬂ*a(tmu(tn))fl .

If t € (0,7) then

|F()| = "o (K7 + 1) - Tor P "
_ ’ L altaut))ys _ 1
T(1+5) T(1+ B — alt, ul(ty))

S CTB*a(tnv“(tn))

tﬁ—a(tn,u(tn))

<Cr(r+ t)ﬁ—a(th(tn)).
Overall, combining the two cases t > 7 and t € (0, 7), we have
|F(t)] < Cr(r + )P melnult) =t < O (7 4 )71,
Using this estimate in (64), we have
gt ettn Dty — 0 Dot 2@y = IIF * (707 00) (k) 220

t'll
< / 1E (b — )| 2ot | 0P ()| 2 e

tn
< / Crltnsr — )7 F0Pu(s) | 2 e
0
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Summing up the inequality above for n =1,..., N, we obtain

N
7Y oette ety () — ot Dy ()| 2y
n=1

N
<Cr {T Z til?*_l] HRatBU(S)HLl(O,T;LQ(Q)) < CT”Ran(S)||L1(0,T;L2(Q))~
n=0

This proves the desired estimate in Lemma 4.1. O

4.3. Convergence of numerical solutions

In Theorem 3.1, we have proved the regularity 9/ du € L*(0,T; L*(Q)) for oo, < # < 1, which
together with Lemma 4.1 imply

<Cr. (65)

N
- Z Haff(t",u(tn))u(tn) _ 6g(tn,u(tn))(u(tn) _ UO)HL"’(Q) <
n=1

This result is used to prove convergence of numerical solutions in this subsection.

Theorem 4.1 (Error estimate) Under assumptions (31), there exists a positive constant 7, such
that when 7 < 79, the discrete solution given by (57) satisfies the following error estimate:

1£nna§XN ||u(tn) - un||L2(Q) S Cr.

Proof. Let w, = u, —up and rewrite (57) as
Drwy, — Awy, = (Aug 4 fn) — b(t, )02 Entn=1)yp,, (66)

Then the solution of (66) can be expressed as

Wi =73 B (Bt + fa) = 7> Eryb(t) 020D, =2 Iy — Ty, (67)
n=1 n=1
where
_ -1
1 1 _ TZ
E, = — (e - A) er*dz, (68)
27 ry T

which satisfies the following standard estimate (as a result of (61)):
[EnllLz@)—r20) <C Vn=12,... (69)

Similarly, let w(t) = u(t) — up and rewrite (3) as (35). The exact solution of (35) can be expressed
as (36). The difference between (67) and (36) yields

Uy — W(t) = W — W(tm) = (I — I(tm)) — (T — J(tm))- (70)

In the following, we estimate the two part of the error separately. The proof is divided into two parts.

Part I Estimation for [[u, — u(ty)||r2(o) in terms of 7377, 102 (u; — u(t))) | z2(0)-
We consider the L? norm of the error in (70):

[tm = w(tm)l[L2) < 1Em = L(Em)llL20) + [ Tm = T (tm)l| 22 )- (71)
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Since I, — I(t,,) corresponds to the error of discretizing the heat equation, we have the following
standard estimate (cf. Lemma C.1 in Appendix C with 8 = 0):

[ Lm — I(tm)ll2@) < CT([luoll g + [1fllwrao,m522(0)))- (72)

To estimate ||.J, — J(tm)| £2(0), we denote

Gn = b(t)0 D, and  g(t) = b(£)O " ().

Then
Im — J(tm)
=73 Bealon  9lta)) + |7 Y- Bucngltn) = [ " Bltm - Hg(0)t
et Ems - (73)

Since &, 2 can be viewed as the error of discretizing a heat equation with the source term g¢(t), the
following standard error estimate holds similarly as (72):

1Em2ll2) < CTllgllwrao,m;n2 )
Since ||g]lwr (0.2 < CllO:08 " D w(t)]| 110220y and

0,07 Dau(t)
(1 — a(t,u))

= (da(t,u) + atuauoz(t,u))r(l — a(t,u(t)))

¢
2/ sTEuM) gap(t — s)ds
0

B Ora(t, u) + pudy
I'(1— alt,u))

t,u) [* a(t.u
(t, u) / s_a(t’“(t))ln(s)atw(t — 5)ds +7% (¢, (t))atw@)’
0

by the regularity results in Theorem 3.1 we see that 8t8f(t’u(t))w(t) € LY(0,T; L*(9)), and therefore
g € WHY(0,T; L (Q)), (74)
which furthermore implies
[Em 2llL2() < CT. (75)
Substituting (72)—(75) into (71), we have
[um — utm)llLz(@) < CT + [|Em1llL2(0)- (76)

It remains to estimate ||Ey,,1]|22(). To this end, we consider the decomposition

Emi1=T Z En—n(gn — g-(tn)) + 7 Z Em—n(gr(tn) — g-(tn))

n=1

+7 Z Emfn(gr(tn) - g:(tn)) +7 Z Emfn(gi(tn) - g(tn))
n=1 n=1
= &m,3 + 5m,4 + 5m,5 + gm,67 (77)

where

gr(tn) = b(ta)0 U= Dw(t,),  Gr(tn) = bltn) 03 Da(t,,),
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G5 (tn) = b(tn) vt (L), g(tn) = b(tn)OT (1),

First, Lemma 4.1 implies TZnN:1 g7 (tn) — g(tn)llz2() < CT, which together with (69) imply the
following result:

1Em.6llz() < C'TZ gz (tn) — 9(tn)llz2(0) < CT. (78)

n=1

Second, for any bounded sequence v,, we associate it with a function v(¢) := Y.~ ; v,,¢™, which is

analytic in the unit disk |[¢] < 1 and is called the generating function of the sequence. The sequence
v, can be determinedThe generatlng function of the sequence §otnv)y, g simply §(¢)*(tv1)5(().
By expressing §etnvn) w(ty,) and a2t ’“vz)w(tn) in terms of the Cauchy integral formula, with the
notation §(¢) = 174 we have

5‘?(1‘/” v1) w(tn) — ég(t" ’v2)w(tn)
1

= 1) a(tn,v2)\ —n—1
%Zm1®@ (o) —§(Q) )Y w(()¢ " 1d¢

s ~
= [a(tn, v1) — A(tn, v2) / o /< B (1— O)a(tn,v1)+9a(tn7v2)—1lné(C)](CQLJFEOdCde
- [a(tnvvl) tn;'UQ / Zdﬁ ja U) n— ] (79)

with

L/ (1 0)a(tn,v1)+0a(tn,v2)— llnd(C)]C j— ldc‘
[¢]=1

d, =
| 0]| 27

2L/ 5 e—zr (1-0)a(tn,v1)+0c(ty,v2)— 11n(5( ‘r)]eztjdz
FT

SCT/ (|Z|(1—9)a(tn,v1)+9a(tn,v2)—1 IH‘Z|6_C|ZItj|dZ|

< Crt 7™, (here we have used (61)) (80)

which implies that

330Dty = B )2

< Clla(tn, ultn-1)) = altn, u(tn))ll L2 Zﬁjff “N0rw(tn—j)ll= (o) (81)

< Ollu(tn_1) — u(ty |L2(Q)Z7't]f1* 1 0rw(tn—i)|l o=

<CTZTt]f; “0rw(tn—i)ll o= )

where we have used d;u € L>°(0,T; L*(Q)) (proved in Theorem 3.1) in deriving the last inequality.
Therefore,

TZHQT n) = g ()l 2@ <CTZTtEi‘I*E*TZH8 w(tn)l =

n=0

N
=0T Z Tt 0wl o, ()
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<Cr,

where we have used dyw = dyu € LP(0,T; L>°(2)), which is proved in Theorem 3.1. Hence,

N
1€m.sllz20) < CT Y G+ (tn) = g5 (ta)ll12() < Cr. (82)

n=1

Third, similar as the estimation for Héf(t"’u(t"’l))w(tn) . 5$(t”’u(t”'))w(tn)HL2(Q) in (81), by using
estimates (79)—(80) we obtain

ettt D(t,) — Gl Dt | 2y

n

< Clltn—1 = ultn-1)llz2) D 7507 10rw(tn—5) | L (0)- (83)
j=0
For 1 <p< %, we denote by 1 < p’ < co the number satisfying 1 = % + ﬁ. Then, by using Holder’s

inequality, we have

m

Ty [|opttntn D (t,) — o tn D (t,)| 120y
n=1

< COf(un-1 — U(tn—l))T=1”Lp’(L2(Q))

(3t 18wt ) o)
§=0

n=1 p

< Of(un-1 — U(tnfl))gﬂnm’(w(n))ngw(tn)gﬂum(po(g))
< Ol (un—1 = ultn—1))ne o (22 ) 19wl Lo 0,12 (2))
(Opw = Oyu € LP(0,T; L°(Q)) is proved in Theorem 3.1)
< COll(un—1 = ultn-1))n=ill Lo (12 (0)
< Cell(un—1 = ultn—1))n=1llzrz2(9) + €ll(un—1 — w(tn—1))n=ill e z2(0)

m

=Cer Y lun—1 — u(tn-1)llz2@) + € max [lun—1 = w(ta-1)llzz),

n=1

where we have used Holder’s and Young’s inequalities in deriving the last inequality (with a constant
€ which can be arbitrarily small at the expense of enlarging the constant C.). The estimate above
furthermore implies

m
||gm74HL2(Q) <Cr Z ||g7'(tn) - gr(tn)HL?(Q)

n=1

< Cr Y ||ogtnentuw(t,) — Ot Duw(t,)|| 120
n=1

<Cer Y Nun-1 = ultn-1)llz2() + € max fun1 = ultn-)lrz0). (84)

n=1
Last, we note that
1Em.sll2 (@) < C7 Z:l lgn = g-(ta)llL2(@) < C7 Z:l [0 ) gy = ()| gy (85)

Collecting the above estimates of ||(Em,j)neyllz2(0), J = 3,4, 5,6, we have

1Em.1llz2@) < I€mslle) + [[Emallzz@) + 1EmsllL2@) + 1€m.6ll2 (o)
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<Cr+Cr Z Héf(t"’“"*l)(un —u(ty))

n=1

20

m

+Cer 3 funa = ultn1) 2o + € max flun = ultn1)llzze).  (86)

Substituting (75) and (86) into (73), and then substituting the result into (71), we obtain

12ntm I = i)z < Cr+ G Zjl |9t ten =) (u, — U(tn))HLZ(sz)

m
+ Cet Z [un—1 — u(tn-1)llL2() + € pmax [un —u(tn)llL2(a)

By choosing a sufficiently small €, the last term on the right-hand side can be absorbed by the left-hand
side. Then, using Gronwall’s inequality, we obtain

max Hun (tn)HLz(Q) <Cr+Cr Z Hé‘?(tn,un*l)(un _ u(tn))

1<n<m ||L2(Q)

n=1
< Cr+Cr Y102 (uj — u(t;)) L2 (o), (87)
j=1
where we have used Lemma 4.2 (to be proved below) in deriving the last inequality. It remains to
estimate 7 Y7 (|08 (uj — u(t;))|| L2 ()
Part II: Estimation for 77" | [|02 (u; — u(t;))| £2(q)-

Let 3 be a number satisfying o, < 8 < 1. Then, applying the operator 9% on (70) and summing
up the L?(Q)-errors on different time levels, we obtain

TZHaﬁ —u(tn))lz2(e)

<7 Z 102 (Ln = T(ta) 220y + 7 D 102 (Jn = T ()| 202
n=1

n=1
<Y N2 (I = Tt ) lp2i) +7 D 107 Enalliz(e) + 7 Y 107En 2 220, (88)
_ n=1 n=1

where we have used the decomposition J,, — J(tm) = En1 + En 2 in (73).

Since I, — I(t,) and &, 2 correspond to the error of discretizing a heat equation with the source
term Aug + f and g, respectively, the following error estimates hold (cf. Appendix C, choosing p =1
in Lemma C.1):

7> 020 = Itz < Cr(lluoll g2 + L fllwra 0150209 < O, (89)

TZ ||8 n,2 ||L2 Q) < CT||g||W1 1(0,T:L2(Q)) < C7, (90)

where we have used g € W1(0,T; L%(€)), as shown in (74).
By using decomposition (77) and the stability of the backward Euler method (cf. Lemma C.2 in
Appendix C), we have

6 m
TZH@[; w)meillzze) <D 7Y 102(En )@
7j=3 =1

n=1



26
<073 (lge =gl + () = (b))
- m
Z (HgT n g:(tn)”[?(ﬂ) + ||g:(tn) - g(tn)”LQ(Q))

Cet Z ltn—1 —u(tn-1)llz2()

+61£nax ||un 1= u(tn-1)|l2 ()

0 [ )

n=1

(here we have used (78), (82), (84) and (85))

Iz @)

<Cr+Cr Z H(@””’“”*”(un —u(t,)) (here we have used (87))

20

n=1
SCT+CTZ Ztiﬁ*;waﬁ —u(t;))l 2@ (91)
n=1 j=1

where we have used Lemma 4.2 (to be shown below) in the last inequality. Then, substituting (91)
into (88) and using (89)—(90), we obtain

TZHaﬁ i lz2) <CT+CTZ Zt§+‘f*;1||8ﬂ —u(t;))ll 20
n=1 j=1

By applying a generalized Gronwall’s inequality (cf. Lemma D.1 in Appendix D), we can remove the
second term on the right-hand side and therefore obtain the following estimate (when 7 is sufficiently
small):

TZHaﬁ ti)llz2 < CT.

Substituting this into (87) yields the desired error estimate in Theorem 4.1. O

In the proof of Theorem 4.1, in particular (87) and (91), we have used the following result.
Lemma 4.2 If 8> a. > a(ty,u,—1) and v, € L?(), n=1,..., N, with vg = 0, then

m n

m
T Z Hég(t"’u"_l)vnum(n) <Cr Z T tfw_r‘llij_‘lnéij”L?(Q)

n=1 ;=0

Proof. We use the identity 92"y, = 53“”’“”’1)_555@“ =20 dn—j0%v;, where the coeffi-
cients d; can be expressed by using Cauchy’s integral formula:

a(tn,un—1)—p —r2\ a(tn,un—1)—pB
1 1-— 1-—
2 / ( C) < " ldC‘ / ( e > cde
T Jig|=1 T 2mi T

SCT/ ‘Z|a(tn,un71)fﬁefcl‘/g‘|2||dz‘

|d;| =

B a*—l
<SCOttigy ",

where we have used (61) in the last inequality, which furthermore implies the following estimate:

m m

TZHW“ || ey SCTY T Ztﬁﬁiglnéfvjnm(m

n=1 j=0
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This proves the desired result. O

5. NUMERICAL RESULTS

Example 5.1 We consider (3) in a two-dimensional rectangular domain 2 = (0, 1) x (0, 1) with both
linear and nonlinear fractional orders:

(i) afx,t) =0.5=+0.1*cos(t),
(ii) a(z,u) = 0.5 £+ 0.2 * cos(u),

with the following source term and initial value:
f(z,t) = cos(t) cos(mx) cos(my) and wup(z) = z(1 —2)y(1 —y). (92)

We solve the problem by the proposed time-stepping method (57), with piecewise linear finite
element method in space using a sufficiently small mesh size h = 276 so that the spatial discretization
error is negligible in observing the order of convergence in time. The reference solution for computing
the errors of numerical solutions is obtained by using a much smaller time stepsize 7 = 27°. The
errors of numerical solutions at time 7" = 1 for the linear and nonlinear fractional orders are presented
in Figure 2, which shows that the numerical solutions have first-order convergence, consistent with
the theoretical result proved in Theorem 4.1.

104 -8-=0.5+0.1*cos(t) 10" —8-=0.5+0.2*cos(u)
—*==0.5-0.1*cos(t) —*==0.5-0.2*cos(u)

10° [

10 10

[lu(tn) = wnllz2()
[u(tn) = unllz2)

1T 1/7
FI1GURE 2. Errors of numerical solutions in Example 5.1

Example 5.2 Convergence of numerical solutions in Theorem 4.1 is based on condition (31), which

allows the fractional order «(z,t,u) to be discontinuous in z. Here we consider the fractional PDE

problem (3) in a two-dimensional rectangular domain £ = (0, 1) x (0, 1) with a discontinuous nonlinear
fractional order:

0.5 —0.1*xcos(u) for z+y>1,

a(z,u) = (93)

0.5—0.2xcos(u) for x4y <1,

with the same source term and initial value in (92).

The problem is discretized by using the proposed time-stepping method (57) and the linear finite
element method in space with a sufficiently small mesh size h = 278 so that the spatial discretization
error is relatively negligible. Similarly, a surrogate for the exact solution u(z,¢,) is determined by
using a much smaller time step 7 = 278, The errors of numerical solutions at time T" = 1 are presented
in Figure 3, which shows that the numerical solutions have first-order convergence, consistent with
the theoretical analysis.
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10”

10° t

1

lu(tn) = unll (0

2

10 10

1/7
FI1GURE 3. Errors of numerical solutions in Example 5.2
6. CONCLUSION

We have proved well-posedness of the nonlinear problem (3) under condition (5), which requires the
fractional order a(z,t,u) and proportion b(z,t) to be measurable in 2 and ¢, and Lipschitz continuous
in the unknown solution u. We have proposed a linearly implicit method for discretizing problem
(3). The proposed method only requires solving a linear equation at every time level, using the
convolution quadrature for approximating the variable-order fractional derivative. By requiring the
functions a(z,t,u) and b(z,t) to be Lipschitz continuous in both ¢ and u, and measurable in z, we
managed to prove first-order convergence of the proposed method under proved regularity results. The
numerical results in Examples 5.1 and 5.2 illustrate the convergence rates of numerical solutions with
several different choices of a(x, t, u), with continuous and discontinuous dependence on z, respectively.

Extension of the error analysis to full discretizations still remains challenging. For full discretization
with finite element method in space, the error can be decomposed into two parts: the error between
the continuous solution and the semidiscrete finite element solution (spatial error), and the error
between the semidiscrete finite element solution and the fully discrete solution (temporal error). The
first part of the error requires more delicate estimates on the spatial regularity of the solution, while
the current paper mainly focuses on proving temporal regularity estimates. The second part of the
error may be estimated similarly as the current paper, but needs to be estimated in the framework of
finite element spaces in which the discrete H2 norm should replace the H? norm used in the current
paper.

APPENDIX A. AN INHOMOGENEOUS SOBOLEV EMBEDDING RESULT

In this appendix, we prove the following inhomogeneous Sobolev embedding result, which is used
in Part I of the proof for Theorem 3.1.

Lemma A.1 For pg > Alf—d (or equivalently 1 — % — p% > 0), there holds

WPo(0,T; L2 () N LP (0,75 HA(Q)) < C7([0,T]; L>(%))

where 7 can be any number satisfying 0 < v <1 — % — pio.

L

Proof.  First, the Sobolev embedding in time implies W0 (0, T; L2(Q)) — C'~#a ([0, T]; L2(R)),
which implies

_L
lu(t) = u(s)ll2) < CIt = s|" ™7 [[ullwrro o.1;22(c2) - (A1)
Second, the inhomogeneous Sobolev embedding in [34, Proposition 1.2.10] says that

Whre (0,75 L2(12)) N LP(0,T; H2(12)) — C([0,T); (L*(£2), H?(£2))

1
1=55P0 ) )
which implies

[Ju(t) — U(S)||(L2((z),1'1r2(9))1_L . < C(llullwrvo 0,712 (0)) + ||u||LP0(0’T;H2(Q)))' (A2)
po P
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The real interpolation between (A.1) and (A.2) yields

1--1)(1-0
lu(t) = U(S)H(L%Q)HQ(Q))U, <Clt - 5|( o)l )(HUHWLPO(O,T;L%Q)) + l[ull Lro 0,752 (2)))

L 6,2
Po
(A.3)
which holds for all § € (0,1). Note that
(L2(92), H2(2)) -1 ypn = H*730°(2) 5 L=(02) it (1 - pl)e > %. (A.4)
po’ "’ 0

If pg > fd then 1 — p%; > % and therefore, there exists 6 € (0,1) satisfying (1 — p%)@ > %. For any
such 6, (A.3)-(A.4) imply
(1-55)(1-0)
[u(t) — u(s)llL= (o) < Clt —s[* 7o (lllw.ro 0,7 22(0)) + Ul Lo (0,1 2(2)) )- (A.5)
This proves that u € C7([0,T1; L*°(£2)) with
1 1 1

1= -6 =1 (1=

Since (1 — 1%0)9 can be arbitrarily close to (but larger than) %, it follows that v can arbitrarily close

to (but smaller than) 1 — L — 4. O
Po

APPENDIX B. AN INTERPOLATION INEQUALITY

In this section we prove the following lemma, which is used in the proof of Theorem 2.2.

Lemma B.1 For p > 2 and w € Y, the following estimate holds for ¢, € (0,77 :

[wll Lo (0,1 () < Cellwllr(o,e.;02(0)) + elOcwllLeo,t.522(0)) + Wil Lo 0.1, 72(0))

where € can be arbitrarily small at expense of enlarging the constant C., which is independent of
t. € (0,T] (but may depend on T).

Proof. For any function w € Wl’.p(O,t*; L2(Q)) N LP(0, t,; H2(Q)) with w(0) = 0, we can extend w
to WLP(0,2T; L2(2)) N LP(0,2T; H?(Q)) by setting

w(t) for ¢ € [0,t.],
w(t) = w2t —t) for t € [t,,2t,],
0 for t € [2t.,2T].

Then
[0sw[ e (0,27;22(9) + Wl Lo 27 fr2 () < CUIOwILr (0,6, 22(2)) + Wl Lo0,0. . 172(0)))-

Since W1P(0,2T; L2(2)) N LP(0,2T; H%(Q)) is compactly embedded into L>°(0,27T; L°°(Q)) when
P> ﬁ (see Appendix A), it follows from Lemma B.2 that

[w| oo 0,275 150 () < Cellwll L0202 + C e((|0ew] o 0,27:2(02)) + lwll Lo (0,27 fr2(02)))»

where the constant C' depends only on T (independent of ¢, € (0,7]). The above two estimates
together imply the desired result of Lemma B.1. d

Lemma B.2 (Lemma 9.1 of [1]) Let Y,Z and W be Banach spaces such that Y is compactly
embedded into Z and Z is continuously embedded into W. Then

lyllz < Cellyllw +ellylly,

where e can be arbitrarily small at the expense of enlarging the constant C..
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APPENDIX C. ERROR AND STABILITY ESTIMATES FOR THE HEAT EQUATION

In this appendix, we present an error estimate and a stability estimate of the backward Euler
method for the heat equation. These estimates are used in the proof of Theorem 4.1.
Let

vn =7 Euej(Bug + f(t;)) and v(t) = / Bt — 8)(Auo + f(s))ds, 1)

Jj=1

where the discrete and continuous heat semigroup F,, and E(t) are defined in (68) and (37), respec-
tively. The functions v, and v(t) defined above are the numerical solution (with backward Euler
method) and exact solution of the heat equation, respectively, with source term f and initial value
Uug.

It is well known that the backward Euler method has first-order convergence in time. In the
following lemma, we show that the discrete fractional-order derivative of the error also has first-order
convergence in a temporal LP norm.

Lemma C.1 If ug € H2(Q) and f € WH(0,T; L?()), then the following error estimate holds for
0<p<:

1070 = 0 v(tn) | 20y < OT 8,7 (l[uoll g2y + 1F O 22(62)

tﬂ,
4 CT/ (tn — ) 1100 () | 2y ds. (C.2)
0
In particular, if 0 < 8 <1 <p < 1/ then
N 1
(T P [EC atﬁv(tn)||L2(Q)> < C7(lluoll g2 (q) + 1w o,ri2(0))- (C.3)
n=1

Proof. 'We decompose the error in the following way:
D2 (vn = v(tn)) = (820, — O v(tn)) + (O v(t) — D0(t)). (C.4)

The second part on the right-hand side has already been estimated in Lemma 4.1, which implies
that

3 N
|| (8@8@(%) - 8fv(tn))n:1||Lp(L2(Q)) S C’T||RafﬁthLp(o,T;p(Q)) S CT, (05)

where we have used the regularity result 2979,0 € LP(0,T; L2(2)), as shown in Theorem 3.1 (the
case b = 0 reduces to the heat equation).

The first part on the right-hand side of (C.4) can be estimated in the following way. We split the
source term into two parts:

Aug + f(t) = [Aug + f(0)] + 1% O f (1),

and estimate the error corresponding to each part, separately.
In the first case, when the source term is w = Aug + f(0) (independent of time), we have

107 v — 07 v(tn) | 120

_ B—1 _ -1
1 1— TZ 1— TZ
= ‘ 7/ <e> (6 - A) we'"*dz
27 r; T T

1
- — 2Pz = A)"wel*dz
2mi Jr, L2(Q)
_ B—1 _ —1
1 _ TZ 1 _ TZ
< C ( e > < € - A) _ Zﬁfl(z _ A)1H||w||L2(Q)€Ctn|z||dz|
F"G— T T




+C 12177 HI(z = A) 7Y [lwl g2 @ye” | dz|
To\I']

< CT‘z|6_1e—Ctn‘Z‘||’LUHL2(Q)|dZ| +C/ \Z|5—1e—0tn|z\||wHL2(Q)‘dZ|
ry Lo\I'g

< Ot llwllza @) = Crt, | Aug + £(0)] L2(0)-

where the second to last inequality follows from (61).
In the second case, when the source term is 1% d; f(t), we denote

00 _ B _ —1
_ . _ T 1—e77% 1—6”_ t;2
Tn.e(t) = ; Jidee(t), with Jj = o— . ( - ) ( - A) eh*dz,
1
- B _ —1 _tz
J(t) 5 /Fg 2P(z — A)"e"?dz.
and express the error as
_ n tn
v, — 0Pu(ty,) = Z Jn—j[1 %0 f(t5)] — J(tn — 8)[1 % 9 f](s)ds
j=1 0
= [lm(Jpe* 1) = (J *1)] % 0 f(tn).
e—0

Then, the same as the estimate in (C.6) (without w this time), we can obtain

| i (% 1) (t) — (7 % D))

_ -1 _ -1
1 1 _ TZ 1 _ TZ 1
= i / € ¢ —A) eFdr— — 2Pz — A)letnFdz
27t Jpr T T 2mi Jp,
6

<Crt ).

Meanwhile, the estimates

i (e % 1) (t) = i (Joex DON < C7t, 8y and - [|[(Jx D) (tn) = (J* DO < OTt,

e—0
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can be done similarly to [20, p. 536] (using the Taylor expansion of the functions J, . * 1 and J * 1).

To summarize, we have
i (Jn,e % 1)() = (J+ ()] < Crt™" Vte (0,7,
e—>
and therefore

1820, = 0 v(tn)ll @) = [T (e 1) = (T 5 D] % S (b

tn
<cr / (tn — 8)2110F ()| 2y ds.
0

(C.7)

Combining the two inequalities (C.6) and (C.7) yields the desired error estimate (C.3). Since
1 < p < 1/B, it follows that ¢tP” is integrable in time. As a result, taking the discrete temporal L?

norm of (C.2) yields (C.3). This completes the proof of Lemma C.1.

O

In Part II of the proof for Theorem 4.1, we have used the following stability result of the backward

Euler method.

Lemma C.2 If f, € L?(Q),n=1,2,..., and 0 < 3 < 1, then the function

n
vn =7 B jf;
Jj=1
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satisfies
TZ“gfvj‘lLZ(Sl) SCTZHfjHLQ(Q) Vn= 1,...,N, (CS)
j=1 j=1
where the constant C' is independent of 7, n and N, but may depend on T

Proof. Applying 0? to the expression of v,, yields 0%v, = 7 2?21 5§En,j fj, with

— B — -1
1_ TZ 1_ TZ
SO () e
27 r; T T

< CT/ |z|5_1e_0t"‘z‘|dz| < CTt;fl,
r

.
6

12 B = \

where the last inequality follows from (61). Thus
m _ m n m
Y N0fvnllza@) < CTY_Cr > 6.7 Slfillez@) < Cm Y fille@),
n=1 n=1  j=1 j=1
where we have interchanged the order of summation and used the property
m+1

m t
-5 o 1-5
Ty th_ng/O t=fdt < oT' P,
=

This proves the stability estimate (C.8). 0

APPENDIX D. A GENERALIZED GRONWALL'S INEQUALITY

We have used the following version of Gronwall’s inequality in the proof of Theorem 4.1.

Lemma D.1 Let A, B and 0 <« < 1 be positive constants, and let ¢, = n7, n =0,1,..., N, be a
1
partition of the time interval [0, T] with a stepsize 7 < %(1_7) = Ify, €R, n=1,..., N, satisfy

2B
TY g SA+BTY Ty .0y (D-1)
n=1 n=1 j=1
then
N
T Z Yn < CBA; (DQ)
n=1

where the constant Cp is independent of 7 and N, but may depend on B, T" and ~.
Proof. Let 0=Tog < Ty <--- < Ty =T, with T} = N;7, be a partition of the interval [0, T] such that

T, . 1—~\T7
ST T, <T., hT,=(—2L) .
p ST st W ( 2B )
Let
Ni={n:N_1<n<N} forl=1,...,L,
and denote Y; = 73 - yn. Then setting m = Nj in (D.1) yields the following inequality for
k=1,...,L:

k Ny n
ZYZ < A—l—BTZTZt;zlijj
=1 j=1

n=1
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k—1 n n
:A+BZT Z thﬂl,jyj + BT Z th;zl—jyj

=1 neN; j=1 neN, j=1
Np_1

—A+BZ 2.7 Zth Wi BT YTyt
=1 neN; j=1 neENy ji=1

+BTZT Z tog1—jYi

neNy,  j=Ni_1+1
= A+ G+ G+ Gsp,
with

Ny

i BT}
Gu=pr 3w ihow< Ty,
j=Nio1+1 n=j 7

where we have changed the order of summation and used the following property: if Ny_1+1 < j < N
then

Ny, Ni=Ni—1 Te—Tk—1 Tl_'Y
T ST D>t < / tdt <
n=j n=0 0 v
We also note that
Ni_1 1—~ k—1
BT,
G2k—BT Z Z tn-l—l jy] S 1— ZYYZ’
j=1 n=Ng_1+1 7 =1

Ni—1 Ng_1

BT1i— k=1
le—BTZ Ztn+1_7y]_ = ZYZ
=1

Therefore,
k o k=1 1
2BT' BT, ™"
g V<A E Y
=1 l ’ =7 = ol ’

L 17
Our choice of Ty, = (T;Y) l = %, then we obtain

k 1
Zm<m+%#;zn

=1 =1

By iterating this inequality for k = 1,..., L (a bounded number of times, with L < 2T'/T,), we obtain
the desired estimate Zle Y, < CA. O
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