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Abstract. This article is concerned with the question of whether it is possible to con-
struct a time discretization for the one-dimensional cubic nonlinear Schrödinger equa-
tion with second-order convergence for initial data with regularity strictly below H2.
We address this question with a positive answer by constructing a new second-order
low-regularity integrator for the one-dimensional cubic nonlinear Schrödinger equation.
The proposed method can have second-order convergence in L2 for initial data in H

5
3 ,

and first-order convergence up to a logarithmic factor for initial data in H1. This signif-
icantly relaxes the regularity requirement for second-order approximations to the cubic
nonlinear Schrödinger equation, while retaining the by far best convergence order for
initial data in H1. Numerical experiments are presented to support the theoretical
analysis and to illustrate the performance of the proposed method in approximating
nonsmooth solutions of the nonlinear Schrödinger equation. The numerical results show
that, among the many time discretizations, the proposed method is the only one which
has second-order convergence in L2 for initial data strictly below H2.

1. Introduction

In this article we consider the numerical approximation of the cubic nonlinear Schrödinger
(NLS) equation{

i∂tu(t, x) + ∂2xu(t, x) = λ|u(t, x)|2u(t, x) for x ∈ T and t ∈ (0, T ],

u(0, x) = u0(x) for x ∈ T,
(1.1)

on the one-dimensional torus T = [−π, π] with initial value u0 ∈ Hr(T) for 1 ≤ r ≤ 2, where
λ = −1 or 1 is a given parameter corresponding to the focusing and defocusing cases of the NLS
equation, respectively. It is known that problem (1.1) is locally well-posed in Hr(T) for r ≥ 0,
i.e., for u0 ∈ Hr(T) problem (1.1) has a unique solution in some subspace of C([0, T ];Hr(T))
satisfying the following relation:

u(t, ·) = eit∂
2
xu0 − iλ

∫ t

0
ei(t−s)∂

2
x
[∣∣u(s, ·)

∣∣2u(s, ·)
]
ds for t ∈ [0, T ],

see [6, 27].
The numerical approximation to the solutions of the NLS equation has been studied in many

articles with different numerical schemes, including the Lie splitting schemes [18,37], the Strang
splitting [13, 24], the Crank-Nicolson methods [2, 15, 35] and exponential integrators [5, 9, 16].
It is well understood that optimal-order convergence of the numerical approximation can be
established for each of these methods if the solution of (1.1) is sufficiently smooth. For instance,
the first-order Lie splitting method can be written as

un+1/2 = eiτ∂
2
xun,

un+1 = e−iλτ
∣∣un+1/2

∣∣2
un+1/2.

(1.2)

where τ denotes the temporal stepsize. If we denote T (u) = i∂2xu and V (u) = −iλ|u|2u, then
the local error of the Lie splitting scheme contains a principle term of type τ2[T, V ](u), where
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the Lie commutator [T, V ] can be expressed as follows (see [24])

1

2λ
[T, V ](u) = (∂xu · ∂xū)u+ (∂xuū) · ∂xu+ (u∂xū) · ∂xu+ (u∂2xu)u.

Due to the presence of ∂2xu in the local error, the first-order convergence of the Lie splitting
method requires the exact solution of the NLS equation to be in C([0, T ];H2(T)); see the frac-
tional error estimates of splitting schemes in [13]. For the second-order Strang splitting method,
the second-order convergence in L2(T) requires the solution to be in C([0, T ];H4(T)); see the
foundational analysis of splitting methods in [24]. The regularity conditions are also required
by the classical exponential integrators and finite difference methods; see [16,35,39]. In general,
kth-order convergence in L2(T) of the classical numerical methods, including splitting methods,
finite difference methods and exponential integrators, require at least u ∈ C([0, T ];H2k(T)) and
therefore requires u0 ∈ H2k(T).

In various real-world applications, the initial data can be nonsmooth and therefore may
not satisfy the smoothness conditions above. For example, in the field of nonlinear optics, the
propagation of light in optical fibers can be modeled by the NLS equation. The roughness of
the initial data is one of the causes of the formation of rare, large amplitude waves known as
rogue waves [1,38]. Therefore, accurate simulation of the NLS equation for rough initial data is
crucial for studying the formation and propagation of these phenomena. Since the Schrödinger

group eit∂
2
x does not have the smoothing property as the heat semigroup et∂

2
x , the convergence

order of the classical numerical methods is generally reduced when the initial values are not
sufficiently smooth.

To overcome this difficulty, Ostermann & Schratz [28] introduced a low-regularity integrator

for the NLS by utilizing the twisted variable v(t) = e−it∂
2
xu(t) and the equivalent formulation

i∂tv(t) = λe−it∂
2
x

[∣∣eit∂2xv(t)
∣∣2eit∂2xv(t)

]
, v(0) = u0. (1.3)

The solution of this equation can be written as follows by using the variation-of-constants
formula:

v(tn + τ) = v(tn)− iλ
∫ τ

0
e−i(tn+s)∂

2
x

[∣∣ei(tn+s)∂2xv(tn + s)
∣∣2ei(tn+s)∂2xv(tn + s)

]
ds, (1.4)

where tn = nτ . By using the Fourier series expansion, Ostermann & Schratz extracted the
main oscillation terms from the right-hand side of (1.4), which are computed explicitly such
that the remainders only require the boundedness of one additional spatial derivative of the
exact solution. Correspondingly, the method can have first-order convergence in Hr(T) for
initial value u0 ∈ Hr+1(T) when r > 1

2 . More recently, Wu and Yao [41] proposed a new low-
regularity integrator for the one-dimensional NLS equation with different harmonic analysis
techniques, with first-order convergence in Hr(T) for initial value u0 ∈ Hr(T) when r > 3

2 .
The combination of twisted variable and harmonic analysis was also used in the development

of low-regularity time discretizations for other nonlinear dispersive equations, such as the KdV
equation, the Dirac equation, the Klein-Gordon equation, and the Boussinesq equation. We
refer to [17,25,29,33,36,40,42,43] and the references therein.

By introducing and utilizing the discrete Bourgain space, Ostermann, Rousset & Schratz
[26,27] proved that some filtered Fourier based integrator methods can have convergence order
θ(s) in L2(T) for initial value u0 ∈ Hs(Td), where θ(s) is a piecewise function ranging from 0 to
7
8 − ε when s ∈ (0, 1]. This proves the existence of certain convergence order for some numerical
methods under minimal regularity conditions. A fully discrete low-regularity integrator for the
NLS equation was constructed in [22] based on harmonic analysis techniques, with almost first-
order convergence in L2(T) for initial value u0 ∈ H1(T), which is by far the minimal regularity
condition for first-order convergence in L2(T). Ostermann & Yao [31] proposed a different fully
discrete low-regularity integrator with convergence order 3

2s −
1
2 − ε in L2(T) for initial value

u0 ∈ Hs(Td) with s ∈ (12 , 1], relaxing the regularity condition of [22] to u0 ∈ Hs(Td) with

s ∈ (12 , 1) without affecting the convergence order in the case s = 1. For the NLS equation
under the Neumann boundary condition, when the Fourier transform based frequency analysis
cannot be used, the Littlewood-Paley decomposition technique was used in [3] to construct a
low-regularity integrator with first-order convergence for H1 initial data.
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Based on the high-order resonance analysis, several second-order low-regularity integrators
for the NLS equation were developed in [8,19,30]. The best result so far is to have second-order
convergence in L2(T) for initial value in H2(T). A natural question is whether it is possible
to construct low-regularity integrators for the NLS equation with second-order convergence in
L2(T) for solutions with regularity strictly below H2(T).

The objective of this paper is to address this question by constructing a new time discretiza-
tion for the NLS equation which can have second-order convergence in L2(T) for initial value

u0 ∈ H
5
3 (T), while keeping to have first-order convergence in L2(T) under the weaker regularity

condition u0 ∈ H1(T) as in [22,31]. Our methodology is based on two main techniques:

(1) Substituting v(tn + s) ≈ v(tn) + Φn
1 (v(tn), s) into the right-hand side of (1.4), where

v(tn) + Φn
1 (v(tn), s) denotes the first-order low-regularity integrator constructed by Os-

termann & Schratz [28].
(2) With the aid of harmonic analysis techniques and a temporal averaging technique de-

veloped in [8, 23, 30], we construct the low-regularity integrator by carefully selecting
the tractable terms from the exponential integral such that the spatial derivatives are
almost uniformly distributed to the product terms in the remainder.

As a result, we manage to prove second-order convergence in L2(T) for the proposed method

under the by far minimal regularity condition, i.e., u ∈ C([0, T ];H
5
3 (T)). The numerical ex-

periments in this article indicate that, among the many existing time-stepping methods, the
proposed low-regularity integrator is the only method which can have second-order convergence
in L2(T) for initial data belowH2(T). Beyond the numerical analysis, the numerical experiments
also indicate that the proposed new time discretization, combined with the Fourier spectral dis-
cretization with the number of degrees of freedom N = O(τ−1), has convergence order s for
initial data in Hs(T) with s ∈ (0, 1). The rigorous analysis for the stability and convergence of
the proposed time discretization in combination with filtered spatial discretizations for initial
data in Hs(T) with s ∈ (0, 1) is more challenging and will be investigated in the future.

The rest of this article is organized as follows. In section 2, we present the numerical
algorithm and the main theoretical result on the convergence of the algorithm. In section 3,
we present the construction of the second-order low-regularity integrator based on the analysis
of the consistency errors. The error bounds of the proposed method are proved in section 4.
Finally, numerical experiments are presented in section 5 to illustrate the convergence of the
proposed method for both smooth and nonsmooth initial data.

2. Notations and main result

In this section we introduce the notations which will be frequently used in this article.
Then we present the new low-regularity integrator and the main convergence result.

2.1. Some notations

We denote by A . B or A & B the statement “A ≤ CB for some constant C > 0 which is
independent of τ or n”. The inner product and norm on L2(T) are denoted by

(f, g) =

∫
T
f(x)g(x)dx and ‖f‖L2 =

√
(f, f), respectively.

The Fourier transform of a function f ∈ L2(T) is defined as Fk[f ] = 1
2π

∫
T e
−ikxf(x)dx.

For the simplicity of notations, we denote

f(x) =
∑
k∈Z

eikxf̂k with f̂k = Fk[f ].

It is well known that

‖f‖2L2 = 2π
∑
k∈Z
|f̂k|2 (Plancherel identity),

(̂fg)(k) =
∑
k1∈Z

f̂k−k1 ĝk1 (Fourier transform of a product).
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For any function ϕ : Z → C such that |ϕ(k)| ≤ Cϕ(1 + |k|)m for some constants Cϕ and
m > 0, we define the operator ϕ(i−1∂x) as follows

ϕ(i−1∂x)f =
∑
k∈Z

ϕ(k)f̂ke
ikx.

We denote

〈k〉 = (1 + k2)
1
2 and Js = 〈i−1∂x〉s.

Then, the equivalent norm on the Sobolev space Hs is denoted by

‖f‖2Hs := ‖Jsf‖2L2 = 2π
∑
k∈Z

(1 + k2)s|f̂k|2.

By using the Fourier expansion, the free Schrödinger group eit∂
2
x for t ∈ R can be written by

eit∂
2
xf(x) =

∑
k∈Z

e−itk
2
f̂ke

ikx.

Since |e−itk2 | = 1, it follows that eit∂
2
x is a linear isomerty on Hs(T).

Furthermore, for any integer m ≥ 1 we define a regularization of ∂−mx : Hs → Hs+m by

Fk[∂−mx f ] =

{
(ik)−mf̂k, when k 6= 0,

0, when k = 0.

The following functions will be used in the definition of the numerical scheme:

ϕ1(z) =


ez − 1

z
, for z 6= 0,

1, for z = 0,
(2.1)

and

ψ1(z) =


1− ez + zez

z2
, for z 6= 0,

1

2
, for z = 0,

ψ2(z) =


ez − 1− z

z2
, for z 6= 0,

1

2
, for z = 0.

(2.2)

It is straightforward to verify that, ϕ1, ψ1 and ψ2 are bounded on the imaginary axis of the
complex plane. Therefore, ϕ1(it∂

2
x), ψ1(it∂

2
x) and ψ2(it∂

2
x) are all bounded operators on Hs(T),

s ≥ 0, uniformly with respect to t ∈ R.

2.2. The low-regularity integrator and main result

Let tn = nτ , n = 0, 1, . . . , L, be a uniform partition of the time interval [0, T ] with stepsize
τ = T/L, where L is any given positive integer. The low-regularity integrator proposed in this
paper can be written as

un+1 = Ψ̃τ (un), n = 0, 1, · · · , L− 1, (2.3)

with

Ψ̃τ (f) :=
{

1− 2iλτΠ0(f∂xf̄)∂−1x − 2iλτΠ0

(
|f |2

)}
eiτ∂

2
xf

+
λ

2
Π0

{
f̄ · e−iτ∂2x

(
eiτ∂

2
x∂−1x f

)2 − f̄(∂−1x f
)2}

+ iλτ
∣∣Π0(f)

∣∣2Π0(f)

+ λ∂−1x

{
eiτ∂

2
xf · ∂−1x

(
|eiτ∂2xf |2

)
− eiτ∂2x

[
f · ∂−1x

(
|f |2

)]}
− λ

2
∂−2x

{
e−iτ∂

2
x f̄ · eiτ∂2x

(
f
)2 − eiτ∂2x(f · |f |2)}

− λ

2
eiτ∂

2
x∂−1x

{
∂xf̄ · e−iτ∂

2
x

(
eiτ∂

2
x∂−1x f

)2
− ∂xf̄ ·

(
∂−1x f

)2}
− iλτeiτ∂2x∂−1x

(
∂xf̄ · f2

)
+ 2iλτΠ0(f) · eiτ∂2x∂−1x

(
∂xf̄ · f

)
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− iλτ
(
Π0(f)

)2
Π 6=0

(
eiτ∂

2
x f̄
)

(2.4)

+
iλ

4τ
∂−3x

{
e−iτ∂

2
x∂−1x f̄ ·

(
eiτ∂

2
xf
)2 − e−iτ∂2x∂−1x f̄ · eiτ∂2xf2

}
− iλ

4τ
eiτ∂

2
x∂−3x

{
∂−1x f̄ · e−iτ∂2x

(
eiτ∂

2
xf
)2 − ∂−1x f̄ · f2

}
− λ

2
∂−2x

{
Π 6=0

(
e−iτ∂

2
x f̄
)
·
(
eiτ∂

2
xf
)2 −Π 6=0

(
e−iτ∂

2
x f̄
)
· eiτ∂2xf2

}
− iλτ

2
eiτ∂

2
x∂−1x

{
∂xf̄ · e−iτ∂

2
x
(
eiτ∂

2
xf
)2 − ∂xf̄ · f2}

+ λ2τ2eiτ∂
2
x

{
ψ1(−2iτ∂2x)

(
f̄ · |f |2

)
· f2 +

[
ψ2(−2iτ∂2x)− ψ1(−2iτ∂2x)

]
f · |f |4

}
− 2λ2τ2eiτ∂

2
x

{
ψ1(−2iτ∂2x)f̄ · f2 · |f |2 + f2 · |f |2 ·

[
ψ2(−2iτ∂2x)− 1

2

]
f̄
}
,

where
Π0f = f̂0 and Π6=0f =

∑
k∈Z,k 6=0

eikxf̂k.

Remark 2.1. Although the definition of the algorithm in (2.4) seems complicated, it consists
of only O(1) simple terms which can be computed by the fast Fourier transform (FFT) with
only O(N lnN) computational cost at every time level, where N is the degrees of freedom in a
spatial discretization; see [11,22,31] for more details of the spatial discretization by the Fourier
spectral method. For the simplicity of presentation, we focus on semi-discretization in time for
the construction of the time-stepping method in this paper.

The main theoretical result in this paper is the following theorem.

Theorem 2.2. Let un be the numerical solution of the NLS equation given by (2.3)–(2.4).

Then, under the regularity condition u0 ∈ H
5
3 (T), there exist positive constants τ0 and C0 such

that for any τ ∈ (0, τ0] there holds

max
1≤n≤L

‖u(tn, ·)− un‖L2 ≤ C0τ
2, (2.5)

where C0 and τ0 depend only on the final time T and ‖u0‖
H

5
3

.

In addition, under the weaker regularity condition u0 ∈ H1(T), the following error estimate
holds:

max
1≤n≤L

‖u(tn, ·)− un‖L2 ≤ C1τ
√

ln τ−1, (2.6)

for any τ ∈ (0, τ1], where C1 and τ1 depend only on T and ‖u0‖H1.

The construction of the algorithm in (2.3)–(2.4) and the proof of Theorem 2.2 are presented
in the rest of this paper.

Remark 2.3. The proposed method presented in the next section has the potential to be
extended to seek a new scheme similar to (2.3) in higher space dimensions. Compared to the

second-order schemes in [8, 19, 30], which require u0 ∈ H
d
2
+2(Td) for d = 2, 3, the proposed

method has a lower regularity requirement for the initial data for the numerical solutions to
have second-order convergence. If the spatial derivatives are almost uniformly distributed in
the consistency error of the new scheme, then the regularity requirement of the initial data

might be improved to H
d
3
+ 4

3 (Td) for second-order convergence in L2(Td). However, it should be
noted that one of the main difficulties in extending the proposed method to higher dimensions is
the problem of resonance, which becomes more complicated in higher dimensions, as discussed
in [19]. Therefore, further research is needed to address this issue and develop efficient and
accurate low-regularity integrators for higher-dimensional problems.

Remark 2.4. The spatial discretization of (3.1) can be handled using trigonometric interpo-
lation, and a fully discrete error estimate can be established by combining the current proof
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for semi-discretization in time and the approach of [22] for full discretizations, albeit with some
additional technical details. Specifically, assuming that the initial data u0 satisfies the regularity

condition u0 ∈ H
5
3 (T), there exist positive constants τ0, N0, and C0 such that for any time step

size τ ∈ (0, τ0] and any number of spatial grid points N ≥ N0, the error between the numerical
solution unN obtained by the fully discrete scheme and the exact solution u(tn, ·) at each time
step tn = nτ satisfies

max
1≤n≤L

‖u(tn, ·)− unN‖L2 ≤ C0

(
τ2 +N−

5
3
)
,

where τ0, N0, and C0 depend only on the final time T and ‖u0‖
H

5
3
.

3. The construction of the method

For simplicity, we only consider the case λ = 1; the case λ = −1 can be treated in the same
way. We will frequently use the following version of the Kato–Ponce inequalities, which were
originally proved in [20] and further improved in [7, 21].

Lemma 3.1. (The Kato–Ponce inequalities).
(i) If γ > 1

2 and f, g ∈ Hγ(T) then

‖fg‖Hγ . ‖f‖Hγ‖g‖Hγ .

(ii) If γ ≥ 0, γ1 >
1
2 , f ∈ Hγ+γ1(T) and g ∈ Hγ(T), then

‖fg‖Hγ . ‖f‖Hγ+γ1‖g‖Hγ .

From the previous articles (for example, see [22, 28, 31, 41]) it is known that the twisted

function v(t) = e−it∂
2
xu(t), with u(t) being the solution of the NLS equation (1.1), can be

expressed as follows:

v(tn + τ) = v(tn)− i
∫ τ

0
e−i(tn+s)∂

2
x

[∣∣ei(tn+s)∂2xv(tn + s)
∣∣2ei(tn+s)∂2xv(tn + s)

]
ds. (3.1)

The objective of this section is to construct a fully explicit approximation of (3.1) with
local error O(τ3). To this end, we first reformulate v(tn + s) as

v(tn + s) = v(tn) + Φn
1 (v(tn), s) +Rs(tn), (3.2)

where

v(tn) + Φn
1 (v(tn), s) = v(tn)− ise−itn∂2x

[
ϕ1(−2is∂2x)e−itn∂

2
x v̄(tn)

(
eitn∂

2
xv(tn)

)2]
, (3.3)

is the first-order low-regularity integrator constructed in [28]. For the remainder term Rs(tn),
Ostermann & Schratz [28] have proved the following estimate for any r > 3

2 :

‖Rs(tn)‖Hr−1(T) ≤ s2 · C
(
‖v‖C([0,T ];Hr)

)
, (3.4)

where C
(
‖v‖C([0,T ];Hr)

)
denotes a constant which depends only on ‖v‖C([0,T ];Hr).

By inserting (3.2) into the right-hand side of (3.1) we derive that

v(tn + τ) = v(tn)− i
∫ τ

0
e−i(tn+s)∂

2
x

{
ei(tn+s)∂2x

(
v(tn) + Φn

1 (v(tn), s) +Rs(tn)
)

·
[
ei(tn+s)∂

2
x
(
v(tn) + Φn

1 (v(tn), s) +Rs(tn)
)]2}

ds.
(3.5)

Then direct calculation yields the following expression:

v(tn + τ) = v(tn)− i
∫ τ

0
e−i(tn+s)∂

2
x

[
e−i(tn+s)∂

2
x v̄(tn)

(
ei(tn+s)∂

2
xv(tn)

)2]
ds

−i
∫ τ

0
e−i(tn+s)∂

2
x

[
e−i(tn+s)∂

2
xΦn

1 (v(tn), s)
(
ei(tn+s)∂

2
xv(tn)

)2]
ds

−2i

∫ τ

0
e−i(tn+s)∂

2
x

[∣∣∣ei(tn+s)∂2xv(tn)
∣∣∣2(ei(tn+s)∂2xΦn

1 (v(tn), s)
)]
ds

+Rτ1(tn)

=: v(tn) + Iτ (tn) + Jτ1 (tn) + Jτ2 (tn) +Rτ1(tn).

(3.6)



7

The remainder Rτ1(tn) is estimated below.

Lemma 3.2. Let r > 3
2 and τ ∈ (0, 1]. Then the following estimate holds:

‖Rτ1(tn)‖Hr−1 ≤ Cτ3, (3.7)

where C is some constant which only depends on ‖v‖C([0,T ];Hr).

Proof. By comparing (3.5) and (3.6) we see that the remainder Rτ1(tn) is a sum of following
terms:

−i
∫ τ

0
e−i(tn+s)∂

2
x

[
e−i(tn+s)∂

2
xWj(tn) · ei(tn+s)∂2xWk(tn) · ei(tn+s)∂2xWl(tn)

]
ds (3.8)

for j + k + l ≥ 2, where

W0(tn) = v(tn), W1(tn) = Φn
1 (v(tn), s), W2(tn) = Rs(tn). (3.9)

Note that ϕ1 is bounded on the imaginary axis, by applying (i) of Lemma 3.1 we get

‖W1(tn)‖Hr−1 ≤ ‖W1(tn)‖Hr = ‖Φn
1 (v(tn), s)‖Hr . s · ‖v‖3C([0,T ];Hr), (3.10)

where we have used the equality ‖eit∂2xf‖Hr = ‖f‖Hr for all t ∈ R and r ≥ 0. Then (3.7) is an
easy consequence of (3.4), (3.8), (3.10) and the Kato–Ponce inequality. �

The main objective is to find some computable second-order approximations of Iτ (tn),
Jτ1 (tn) and Jτ2 (tn) in the expression (3.6).

3.1. Approximation of Iτ (tn)

We begin with decomposing Iτ (tn) into two parts based on its Fourier series expansion,
i.e.,

Iτ (tn) = −i
∫ τ

0
e−i(tn+s)∂

2
x

[
e−i(tn+s)∂

2
x v̄(tn)

(
ei(tn+s)∂

2
xv(tn)

)2]
ds

= −i
∑
k∈Z

∑
k1,k2,k3∈Z
k=k1+k2+k3

∫ τ

0
ei(tn+s)[k

2+k21−k22−k23 ]dsˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx

= −i
∑

k1,k2,k3∈Z
0=k1+k2+k3

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn) ·
∫ τ

0
eisφ3ds

−i
∑
k∈Z
k 6=0

∑
k1,k2,k3∈Z
k=k1+k2+k3

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx ·
∫ τ

0
eisφ3ds

:= Iτ1 (tn) + Iτ2 (tn),

(3.11)

where φ3 = φ3(k; k1, k2, k3) denotes the following expression:

φ3(k; k1, k2, k3) = k2 + k21 − k22 − k23. (3.12)

Since k = k1 + k2 + k3, it follows that φ3(k; k1, k2, k3) = 2(kk1 + k2k3). In the case k = 0
and k2k3 6= 0 we have ∫ τ

0
eisφ3ds =

1

2ik2k3

(
e2iτk2k3 − 1

)
.

By using the expression above, Iτ1 (tn) can be decomposed into three parts corresponding to the
following four cases (the second and third cases can be combined): k2 6= 0 and k3 6= 0, k2 6= 0
and k3 = 0, k2 = 0 and k3 6= 0, and k2 = k3 = 0, i.e.,

Iτ1 (tn) = −i
∑

0=k1+k2+k3
k2 6=0,k3 6=0

eitn[k
2
1−k22−k23 ] ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)

( 1

2ik2k3

(
e2iτk2k3 − 1

))
−2iτ

∑
k1+k2=0

eitn(k
2
1−k22) ˆ̄vk1(tn)v̂k2(tn)v̂0(tn) + iτ ˆ̄v0(tn)v̂0(tn)v̂0(tn).
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By using the relation 2k2k3 = (k2 + k3)
2 − k22 − k23, we note that Iτ1 (tn) can be expressed in the

physical space as

Iτ1 (tn) =
1

2
Π0

(
e−itn∂

2
x v̄(tn) · e−iτ∂2x

(
eitn+1∂2x∂−1x v(tn)

)2)
−1

2
Π0

(
e−itn∂

2
x v̄(tn) ·

(
eitn∂

2
x∂−1x v(tn)

)2)
−2iτΠ0

(
|v(tn)|2

)
·Π0(v(tn)) + iτ

∣∣Π0

(
v(tn)

)∣∣2Π0

(
v(tn)

)
.

(3.13)

In order to approximate the integral Iτ2 (tn), we divide eisφ3 into the following three parts:

(k1 + k2)

k
eisφ3 +

(k1 + k3)

k
eisφ3 − k1

k
eisφ3 . (3.14)

By the symmetry between k2 and k3, we can collect the first two parts and obtain the following
expression:

Iτ2 (tn) = −2i
∑
k∈Z
k 6=0

∑
k1,k2,k3∈Z
k=k1+k2+k3

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx ·
∫ τ

0

(k1 + k2)

k
eisφ3ds

+i
∑
k∈Z
k 6=0

∑
k1,k2,k3∈Z
k=k1+k2+k3

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx ·
∫ τ

0

k1
k
eisφ3ds

:= Iτ2,1(tn) + Iτ2,2(tn).

(3.15)

From Section 4 in [22], we see that Iτ2,1(tn) can be calculated explicitly as follows

Iτ2,1(tn) =
∑
k∈Z
k 6=0

∑
k=k1+k2+k3
k1+k3 6=0

eitn+1φ3 − eitnφ3
ik · i(k1 + k3)

ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx

−2iτ
∑
k∈Z
k 6=0

∑
k1+k3=0

(k1
k

+ 1
)

ˆ̄vk1(tn)v̂k(tn)v̂k3(tn)eikx

= e−itn+1∂2x∂−1x

[(
eitn+1∂2xv(tn)

)
· ∂−1x

(∣∣∣eitn+1∂2xv(tn)
∣∣∣2)]

−e−itn∂2x∂−1x
[(
eitn∂

2
xv(tn)

)
· ∂−1x

(∣∣∣eitn∂2xv(tn)
∣∣∣2)]

−2iτΠ0

(
v(tn)∂xv̄(tn)

)
∂−1x v(tn)

−2iτΠ0

(
|v(tn)|2

)
v(tn) + 2iτΠ0

(
|v(tn)|2

)
Π0(v(tn)).

(3.16)

However, Iτ2,2(tn) can not be integrated in the physical space explicitly. We need to find a

“sufficiently good” approximation of Iτ2,2(tn) with desired consistency error.

Firstly, since φ3 = 2kk1+2k2k3, the integrand
k1
k
eisφ3 can be decomposed into the following

three parts:

k1
k
e2iskk1 +

k1
k

(
e2isk2k3 − 1

)
+
k1
k

(
e2iskk1 − 1

)(
e2isk2k3 − 1

)
. (3.17)

Next, inspired by Ostermann, Yao & Wu [30], we furthermore split the third term of (3.17)
into two parts, i.e.,

k1
k

(
e2iskk1 − 1

)(
e2isk2k3 − 1

)
= 2i

k1k2k3
k

e2isk2k3Mτ (kk1) +Rs(k; k1, k2, k3),

where

Mτ (α) =
1

τ

∫ τ

0
σ
(
e2iσα − 1

)
dσ (3.18)

is a temporal average of s(e2isα − 1), and

Rs(k; k1, k2, k3) =
k1
k

(
e2iskk1 − 1

)(
e2isk2k3 − 1

)
− 2i

k1k2k3
k

e2isk2k3Mτ (kk1). (3.19)
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Therefore, Iτ2,2(tn) can be decomposed into the following four terms:

Iτ2,2(tn)

= i
∑
k∈Z
k 6=0

∑
k1,k2,k3∈Z
k=k1+k2+k3

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx ·
∫ τ

0

k1
k
e2iskk1ds

+i
∑
k∈Z
k 6=0

∑
k1,k2,k3∈Z
k=k1+k2+k3

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx ·
∫ τ

0

k1
k

(
e2isk2k3 − 1

)
ds

+i
∑
k∈Z
k 6=0

∑
k1,k2,k3∈Z
k=k1+k2+k3

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx ·
∫ τ

0
2i
k1k2k3
k

e2isk2k3Mτ (kk1)ds

+Rτ2(tn)

:= Iτ2,2,1(tn) + Iτ2,2,2(tn) + Iτ2,2,3(tn) +Rτ2(tn),

(3.20)

where

Rτ2(tn) = i
∑
k∈Z
k 6=0

∑
k1,k2,k3∈Z
k=k1+k2+k3

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx ·
∫ τ

0
Rs(k; k1, k2, k3)ds. (3.21)

We note that Iτ2,2,1(tn), Iτ2,2,2(tn) and Iτ2,2,3(tn) are tractable. For the remainder term Rτ2(tn),
we shall prove the following estimates in subsection 3.3,:

‖Rτ2(tn)‖L2 ≤ τ3C(‖v‖C([0,T ];Hr)) and ‖Rτ2(tn)‖Hr ≤ τ2C(‖v‖C([0,T ];Hr)) for r ≥ 5
3 .
(3.22)

We can evaluate the integral in Iτ2,2,1(tn) by using the relation 2kk1 = k2 + k21 − (k2 + k3)
2,

i.e.,

∫ τ

0

k1
k
e2iskk1ds =

1

2ik2

(
eiτ [k

2+k21−(k2+k3)2] − 1
)
. (3.23)

Then, by using this expression, we can write Iτ2,2,1(tn) in the physical space as follows:

Iτ2,2,1(tn) = −1

2
e−itn+1∂2x∂−2x

[(
e−itn+1∂2x v̄(tn)

)
· eiτ∂2x

(
eitn∂

2
xv(tn)

)2]
+

1

2
e−itn∂

2
x∂−2x

[∣∣∣eitn∂2xv(tn)
∣∣∣2eitn∂2xv(tn)

]
.

(3.24)

As for Iτ2,2,2(tn), we note that its integrand satisfies e2isk2k3 − 1 = 0 when k2 = 0 or k3 = 0.

Therefore, Iτ2,2,2(tn) can be written as

Iτ2,2,2(tn) = i
∑
k∈Z
k 6=0

∑
k=k1+k2+k3
k2 6=0,k3 6=0

eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx ·
∫ τ

0

k1
k

(
e2isk2k3 − 1

)
ds

= −
∑
k∈Z
k 6=0

∑
k=k1+k2+k3
k2 6=0,k3 6=0

ik1
2ik · ik2 · ik3

eitnφ3
(
e2iτk2k3 − 1

)
ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx

−iτ
∑
k∈Z
k 6=0

∑
k=k1+k2+k3

ik1
ik
eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx

+2iτ
∑
k∈Z
k 6=0

∑
k=k1+k2

ik1
ik
eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂0(tn)eikx − iτ

∑
k∈Z
k 6=0

eitnφ3 ˆ̄vk(tn)
(
v̂0(tn)

)2
eikx.
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By using the identity 2k2k3 = (k2 + k3)
2 − k22 − k23, we have

Iτ2,2,2(tn) = −1

2
e−itn∂

2
x∂−1x

[(
e−itn∂

2
x∂xv̄(tn)

)
· e−iτ∂2x

(
eitn+1∂2x∂−1x v(tn)

)2]
+

1

2
e−itn∂

2
x∂−1x

[(
e−itn∂

2
x∂xv̄(tn)

)
·
(
eitn∂

2
x∂−1x v(tn)

)2]
−iτe−itn∂2x∂−1x

(
e−itn∂

2
x∂xv̄(tn)(eitn∂

2
xv(tn))2

)
+2iτΠ0v(tn)e−itn∂

2
x∂−1x

(
e−itn∂

2
x∂xv̄(tn)eitn∂

2
xv(tn)

)
−iτ(Π0v(tn))2e−itn∂

2
xΠ 6=0

(
e−itn∂

2
x v̄(tn)

)
.

(3.25)

As for Iτ2,2,3(tn), we know from (3.18) that Mτ (kk1) = 0 when k1 = 0. This implies that

Iτ2,2,3(tn) = i
∑
k∈Z
k 6=0

∑
k=k1+k2+k3

k1 6=0

k1
k
Mτ (kk1)

(
e2iτk2k3 − 1

)
eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx.

From the definition of Mτ (α) in (3.18) we can calculate that

k1
k
Mτ (kk1) =

k1
kτ

∫ τ

0
σ
(
e2iσkk1 − 1

)
dσ =

e2iτkk1 − 1

4τk3k1
− ie2iτkk1

2k2
− k1τ

2k
.

Then, Iτ2,2,3(tn) can be decomposed into the following three terms

i
∑
k∈Z
k 6=0

∑
k=k1+k2+k3

k1 6=0

e2iτkk1 − 1

4τk3k1

(
e2iτk2k3 − 1

)
eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx (3.26a)

+
∑
k∈Z
k 6=0

∑
k=k1+k2+k3

k1 6=0

e2iτkk1

2k2

(
e2iτk2k3 − 1

)
eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx (3.26b)

−i
∑
k∈Z
k 6=0

∑
k=k1+k2+k3

k1 6=0

k1τ

2k

(
e2iτk2k3 − 1

)
eitnφ3 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)eikx. (3.26c)

By using the two relations 2kk1 = k2 + k21 − (k2 + k3)
2 and 2k2k3 = (k2 + k3)

2 − k22 − k23, we
can find the following explicit expression of Iτ2,2,3(tn) in the physical space:

Iτ2,2,3(tn) =
i

4τ
e−itn+1∂2x∂−3x

[(
e−itn+1∂2x∂−1x v̄(tn)

)
·
(
eitn+1∂2xv(tn)

)2]
− i

4τ
e−itn+1∂2x∂−3x

[(
e−itn+1∂2x∂−1x v̄(tn)

)
· eiτ∂2x

(
eitn∂

2
xv(tn)

)2]
− i

4τ
e−itn∂

2
x∂−3x

[(
e−itn∂

2
x∂−1x v̄(tn)

)
· e−iτ∂2x

(
eitn+1∂2xv(tn)

)2]
+
i

4τ
e−itn∂

2
x∂−3x

[(
e−itn∂

2
x∂−1x v̄(tn)

)
·
(
eitn∂

2
xv(tn)

)2]


(3.26a)

−1

2
e−itn+1∂2x∂−2x

[
Π 6=0

(
e−itn+1∂2x v̄(tn)

)
·
(
eitn+1∂2xv(tn)

)2]
+

1

2
e−itn+1∂2x∂−2x

[
Π 6=0

(
e−itn+1∂2x v̄(tn)

)
· eiτ∂2x

(
eitn∂

2
xv(tn)

)2]
 (3.26b)

− iτ
2
e−itn∂

2
x∂−1x

[(
e−itn∂

2
x∂xv̄(tn)

)
· e−iτ∂2x

(
eitn+1∂2xv(tn)

)2]
+
iτ

2
e−itn∂

2
x∂−1x

[(
e−itn∂

2
x∂xv̄(tn)

)
·
(
eitn∂

2
xv(tn)

)2]
.

 (3.26c)
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We see that the explicit expressions of Iτ2,2,1(tn), Iτ2,2,2(tn) and Iτ2,2,3(tn) in the physical

space can be found. Then, by combining (3.11) and (3.20), we obtain the following result:

Iτ (tn) = Ψn
1 (v(tn), τ) +Rτ2(tn), (3.27)

where

Ψn
1 (v(tn), τ) = Iτ1 (tn) + Iτ2,1(tn) + Iτ2,2,1(tn) + Iτ2,2,2(tn) + Iτ2,2,3(tn)

has an explicit expression in the physical space and therefore can be effectively computed.

3.2. Approximations of Jτ1 (tn) and Jτ2 (tn)

It remains to find computable approximations of Jτ1 (tn) and Jτ2 (tn) defined in (3.6), which
have the following expressions:

Jτ1 (tn) = −i
∫ τ

0
e−i(tn+s)∂

2
x

[
e−i(tn+s)∂

2
xΦn

1 (v(tn), s) ·
(
ei(tn+s)∂

2
xv(tn)

)2]
ds,

Jτ2 (tn) = −2i

∫ τ

0
e−i(tn+s)∂

2
x

[∣∣∣ei(tn+s)∂2xv(tn)
∣∣∣2 · (ei(tn+s)∂2xΦn

1 (v(tn), s)
)]
ds,

(3.28)

where

Φn
1 (v(tn), s) = −ise−itn∂2x

[
ϕ1(−2is∂2x)e−itn∂

2
x v̄(tn) ·

(
eitn∂

2
xv(tn)

)2]
, (3.29)

and

Φn
1 (v(tn), s) = iseitn∂

2
x

[
ϕ1(2is∂

2
x)eitn∂

2
xv(tn) ·

(
e−itn∂

2
x v̄(tn)

)2]
. (3.30)

By substituting (3.30) into (3.28) we obtain the following updated expression of Jτ1 (tn):

Jτ1 (tn) =

∫ τ

0
s · e−i(tn+s)∂2x

{
e−is∂

2
x

[
ϕ1(2is∂

2
x)eitn∂

2
xv(tn) ·

(
e−itn∂

2
x v̄(tn)

)2]
·
(
ei(tn+s)∂

2
xv(tn)

)2}
ds.

(3.31)

The Fourier series expansion of (3.31) can be written as

Jτ1 (tn) =
∑
k∈Z

∑
k=k1+···+k5

Kτ
1 · eitnφ5 v̂k1(tn)ˆ̄vk2(tn)ˆ̄vk3(tn)v̂k4(tn)v̂k5(tn)eikx, (3.32)

where

φ5 = k2 − k21 + k22 + k23 − k24 − k25, (3.33)

Kτ
1 =

∫ τ

0
s · eis[k2+(k1+k2+k3)2−k24−k25 ] · 1− e−2isk21

2isk21
ds. (3.34)

Note that Jτ1 (tn) can not be explicitly integrated in the physical space. Hence to select the
dominant terms from (3.34), we use the relation

k2 + (k1 + k2 + k3)
2 − k24 − k25 = 2(k1 + k2 + k3)

2 + 2β1, (3.35)

where β1 = (k1 + k2 + k3)(k4 + k5) + k4k5 is a summation of cross terms. Then we decompose
the integrand of (3.34) into

s · e2is[(k1+k2+k3)2+β1] · 1− e−2isk21
2isk21

= s · e2is[(k1+k2+k3)2+β1] + s · e2is[(k1+k2+k3)2+β1] ·
(1− e−2isk21

2isk21
− 1
)

= s · e2is(k1+k2+k3)2 + s · e2is(k1+k2+k3)2
(
e2isβ1 − 1

)
+s · e2isk21 ·

(1− e−2isk21
2isk21

− 1
)

+s · e2isk21 ·
(
e2is[(k1+k2+k3)

2−k21+β1] − 1
)
·
(1− e−2isk21

2isk21
− 1
)
,

(3.36)
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Then Kτ
1 can be split into the following three terms

Kτ
1 =

∫ τ

0
s · e2is(k1+k2+k3)2ds+

∫ τ

0
s · e2isk21 ·

(1− e−2isk21
2isk21

− 1
)
ds+Kτ

1,R, (3.37)

where

Kτ
1,R =

∫ τ

0
s · e2is(k1+k2+k3)2

(
e2isβ1 − 1

)
ds

+

∫ τ

0
s · e2isk21 ·

(
e2is[(k1+k2+k3)

2−k21+β1] − 1
)
·
(1− e−2isk21

2isk21
− 1
)
ds.

(3.38)

From the definitions of ψ1 and ψ2 in (2.2), we can calculate that

ψ1(z) =

∫ 1

0
s · eszds, and ψ2(z) =

∫ 1

0

esz − 1

z
ds, (3.39)

and therefore (3.37) implies

Kτ
1 = τ2ψ1

(
2iτ(k1 + k2 + k3)

2
)

+ τ2
(
ψ2(2iτk

2
1)− ψ1(2iτk

2
1)
)

+Kτ
1,R. (3.40)

Substituting (3.40) into (3.32), we derive that

Jτ1 (tn) = τ2
∑
k∈Z

∑
k=k1+···+k5

eitnφ5 v̂k1(tn)ˆ̄vk2(tn)ˆ̄vk3(tn)v̂k4(tn)v̂k5(tn)eikx

·ψ1

(
2iτ(k1 + k2 + k3)

2
)

+τ2
∑
k∈Z

∑
k=k1+···+k5

eitnφ5 v̂k1(tn)ˆ̄vk2(tn)ˆ̄vk3(tn)v̂k4(tn)v̂k5(tn)eikx

·
(
ψ2(2iτk

2
1)− ψ1(2iτk

2
1)
)

+Rτ3(tn)

= τ2e−itn∂
2
x

{
ψ1(−2iτ∂2x)

[
eitn∂

2
xv(tn) ·

(
e−itn∂

2
x v̄(tn)

)2]
·
(
eitn∂

2
xv(tn)

)2}
+τ2e−itn∂

2
x

{(
ψ2(−2iτ∂2x)− ψ1(−2iτ∂2x)

)
eitn∂

2
xv(tn) ·

∣∣∣e−itn∂2xv(tn)
∣∣∣4}

+Rτ3(tn)

:= Ψn
2 (v(tn), τ) +Rτ3(tn),

where

Rτ3(tn) =
∑
k∈Z

∑
k=k1+···+k5

Kτ
1,R · eitnφ5 v̂k1(tn)ˆ̄vk2(tn)ˆ̄vk3(tn)v̂k4(tn)v̂k5(tn)eikx. (3.41)

In subsection 3.3 we shall prove the following estimate of the remainder Rτ3(tn):

‖Rτ3(tn)‖L2 . τ3‖v‖5C([0,T ];Hr), for any r ≥ 3

2
. (3.42)

Meanwhile, it follows from Lemma 3.1 (i) and the boundedness of ψ1 and ψ2 on the imaginary
axis that

‖Ψn
2 (v(tn), τ)‖Hr . τ2‖v‖5C([0,T ];Hr), for any r >

1

2
. (3.43)

As for Jτ2 (tn), we substitute (3.29) into (3.28). This yields

Jτ2 (tn) = −2

∫ τ

0
s · e−i(tn+s)∂2x

{∣∣∣ei(tn+s)∂2xv(tn)
∣∣∣2

·eis∂2x
[(
eitn∂

2
xv(tn)

)2
· ϕ1(−2is∂2x)e−itn∂

2
x v̄(tn)

]}
ds.

(3.44)

The Fourier series expansion of Jτ2 (tn) is

Jτ2 (tn) = −2
∑
k∈Z

∑
k=k1+···+k5

Kτ
2 · eitnφ̃5 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)v̂k4(tn)ˆ̄vk5(tn)eikx, (3.45)
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where

φ̃5 = k2 + k21 − k22 − k23 − k24 + k25, (3.46)

Kτ
2 =

∫ τ

0
s · eis[k2+k21−k22−(k3+k4+k5)2] · e

2isk25 − 1

2isk25
ds. (3.47)

By using the equality k = k1 + · · ·+ k5, we get

k2 + k21 − k22 − (k3 + k4 + k5)
2

= 2k21 + 2k1(k2 + k3 + k4 + k5) + 2k2(k3 + k4 + k5)

=: 2k21 + 2β2.

(3.48)

As before, we decompose the integrand of (3.47) by

s · e2is(k21+β2) · e
2isk25 − 1

2isk25
= s · e2isk21 + s · e2isk21 ·

(
e2isβ2 − 1

)
+ s ·

(e2isk25 − 1

2isk25
− 1
)

+s ·
(
e2is(k

2
1+β2) − 1

)
·
(e2isk25 − 1

2isk25
− 1
)
.

(3.49)

Hence

Kτ
2 = τ2ψ1

(
2iτk21

)
+ τ2

(
ψ2(2iτk

2
5)− 1

2

)
+Kτ

2,R. (3.50)

where

Kτ
2,R =

∫ τ

0
s · e2isk21 ·

(
e2isβ2 − 1

)
ds+

∫ τ

0
s ·
(
e2is(k

2
1+β2) − 1

)
·
(e2isk25 − 1

2isk25
− 1
)
ds. (3.51)

We get

Jτ2 (tn) = −2τ2e−itn∂
2
x

{
ψ1(−2iτ∂2x)e−itn∂

2
x v̄(tn) ·

(
eitn∂

2
xv(tn)

)2
·
∣∣∣eitn∂2xv(tn)

∣∣∣2}
−2τ2e−itn∂

2
x

{(
eitn∂

2
xv(tn)

)2
·
∣∣∣eitn∂2xv(tn)

∣∣∣2
·
(
ψ2(−2iτ∂2x)− 1

2

)
e−itn∂

2
x v̄(tn)

}
+Rτ4(tn)

:= Ψn
3 (v(tn), τ) +Rτ4(tn),

(3.52)

where

Rτ4(tn) = −2
∑
k∈Z

∑
k=k1+···+k5

Kτ
2,R · eitnφ̃5 ˆ̄vk1(tn)v̂k2(tn)v̂k3(tn)v̂k4(tn)ˆ̄vk5(tn)eikx. (3.53)

In subsection 3.3 we shall prove the following result:

‖Rτ4(tn)‖L2 . τ3‖v‖5C([0,T ];Hr) for any r ≥ 3

2
. (3.54)

Therefore, by the similar argument as that for (3.43), we have

‖Ψn
3 (v(tn), τ)‖Hr . τ2‖v‖5C([0,T ];Hr), for any r >

1

2
. (3.55)

Overall, by collecting all the cases together, we obtain

v(tn+1) = Ψn(v(tn), τ) +Rτ1(tn) +Rτ2(tn) +Rτ3(tn) +Rτ4(tn), (3.56)

where

Ψn(v(tn), τ) = v(tn) + Ψn
1 (v(tn), τ) + Ψn

2 (v(tn), τ) + Ψn
3 (v(tn), τ), (3.57)
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and

‖Rτ1(tn)‖L2 ≤ ‖Rτ1‖Hr−1 ≤ τ3 · C
(
‖v‖C([0,T ];Hr)

)
, for any r >

3

2
,

‖Rτ2(tn)‖L2 . τ3‖v‖3C([0,T ];Hr), ‖Rτ2‖Hr . τ2‖v‖3C([0,T ];Hr), for any r ≥ 5

3
,

‖Rτ3(tn)‖L2 + ‖Rτ4(tn)‖L2 . τ3‖v‖5C([0,T ];Hr), for any r ≥ 3

2
,

(3.58)

‖Ψn
2 (v(tn), τ)‖Hr + ‖Ψn

3 (v(tn), τ)‖Hr . τ2‖v‖5C([0,T ];Hr), for any r >
1

2
. (3.59)

The numerical scheme can be defined by dropping the remainders Rτ1(tn), Rτ2(tn), Rτ3(tn) and
Rτ4(tn), i.e.,

vn+1 = Ψn(vn, τ), n ≥ 0; for v0 = u0. (3.60)

Then, by substituting vn = e−itn∂
2
xun into (3.60), we obtain

un+1 = eitn+1∂2xΨn(e−itnun, τ) =: Ψ̃τ (un),

where the expression of Ψ̃τ (un) is given in (2.4). This yields the method in (2.3)–(2.4).

4. Proof of Theorem 2.2

In this section, we prove the error estimates in (2.5) and (2.6) for H
5
3 and H1 initial data,

respectively.

4.1. Proof of (2.5): Error estimates in the case v ∈ C([0, T ];H
5
3 (T))

The consistency errors of the proposed method consists of Rτ1(tn), Rτ2(tn), Rτ3(tn) and
Rτ4(tn), where the estimate of Rτ1(tn) has already been proved in Lemma 3.2. In this subsection,
we prove the estimates in (3.22), (3.42) and (3.54) for the remaindersRτ2(tn),Rτ3(tn) andRτ4(tn),
respectively. The following lemma will be frequently used.

Lemma 4.1. For any α ∈ R and γ ∈ [0, 1], there hold∣∣eiα − 1
∣∣ . |α|γ , and

∣∣eiα − 1− iα
∣∣ . |α|1+γ . (4.1)

Proof. Note that

|eiα − 1| ≤ 2, |eiα − 1| =
∣∣∣ ∫ α

0
ieisds

∣∣∣ ≤ |α|. (4.2)

Hence, we have |eiα − 1| ≤ 21−γ |α|γ for γ ∈ [0, 1]. Moreover, we have

|eiα − 1− iα| ≤ 2|α|, |eiα − 1− iα| =
∣∣∣ ∫ α

0

∫ s

0
ieiσdσds

∣∣∣ ≤ 1

2
|α|2. (4.3)

It follows that |eiα − 1− iα| ≤ 21−2γ |α|1+γ for γ ∈ [0, 1]. �

The estimate of Rτ2(tn) is presented in the following lemma.

Lemma 4.2. Let r ≥ 5
3 and v ∈ C([0, T ];Hr). Then the remainder Rτ2(tn) defined in (3.21)

has the following upper bounds:

‖Rτ2(tn)‖L2 . τ3‖v‖3C([0,T ];Hr), (4.4)

‖Rτ2(tn)‖Hr . τ2‖v‖3C([0,T ];Hr). (4.5)

Proof. We first recall the following expression of Rs(k; k1, k2, k3):

Rs(k; k1, k2, k3) =
k1
k

(
e2iskk1 − 1

)(
e2isk2k3 − 1

)
− 2i

k1k2k3
k

e2isk2k3Mτ (kk1), (4.6)

which can be divided into the following three terms

Rs(k; k1, k2, k3) =
k1
k

(
e2iskk1 − 1

)(
e2isk2k3 − 1

)
− 2i

k1k2k3
k

e2isk2k3Mτ (kk1)
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=
k1
k

(
e2iskk1 − 1

)(
e2isk2k3 − 1− 2isk2k3e

2isk2k3
)

(4.7a)

+2i
sk1k2k3

k

(
e2iskk1 − 1

)(
e2isk2k3 − 1

)
(4.7b)

+2i
sk1k2k3

k

(
e2iskk1 − 1

)
− 2i

k1k2k3
k

e2isk2k3Mτ (kk1) (4.7c)

=: Rs1(k; k1, k2, k3) +Rs2(k; k1, k2, k3) +Rs3(k; k1, k2, k3).

The second factor in the expression of Rs1(k; k1, k2, k3) can be written as

e2isk2k3 − 1− 2isk2k3e
2isk2k3 = e2isk2k3 − 1− 2isk2k3 + 2isk2k3

(
1− e2isk2k3

)
.

This and Lemma 4.1 imply that∣∣Rs1(k; k1, k2, k3)
∣∣ . |k1|
|k|
· |skk1|γ · |sk2k3|2−γ = s2|k|γ−1|k1|1+γ |k2k3|2−γ , (4.8)

for γ ∈ [0, 1]. Analogously,∣∣Rs2(k; k1, k2, k3)
∣∣ . |sk1k2k3|

|k|
· |skk1|γ · |sk2k3|1−γ = s2|k|γ−1|k1|1+γ |k2k3|2−γ , (4.9)

To summarize, we have∣∣∣ ∫ τ

0
Rs1(k; k1, k2, k3)ds

∣∣∣+
∣∣∣ ∫ τ

0
Rs2(k; k1, k2, k3)ds

∣∣∣ . τ3|k|γ−1|k1|1+γ |k2k3|2−γ . (4.10)

Direct calculation of the integral of Rs3(k; k1, k2, k3) yields the following result:∫ τ

0
Rs3(k; k1, k2, k3)ds = 2i

k1k2k3
k

∫ τ

0
s(e2iskk1 − 1)ds− k1

k
Mτ (kk1)

∫ τ

0
2ik2k3e

2isk2k3ds

=
k1
k

(
2iτk2k3 − e2iτk2k3 + 1

)
Mτ (kk1).

Meanwhile, by the definition of Mτ (kk1) in (3.18) and Lemma 4.1, we have∣∣Mτ (kk1)
∣∣ =

∣∣∣1
τ

∫ τ

0
s(e2ikk1s − 1)ds

∣∣∣ . 1

τ

∫ τ

0
s1+γ |kk1|γds . τ1+γ |kk1|γ ,

for γ ∈ [0, 1]. This implies that∣∣∣ ∫ τ

0
Rs3(k; k1, k2, k3)ds

∣∣∣ . |k1||k| · |τk2k3|2−γ · τ1+γ |kk1|γ = τ3|k|γ−1|k1|1+γ |k2k3|2−γ . (4.11)

By substituting the inequalities (4.10) and (4.11) into (3.21), we see that R̂τ2,0 = 0 and∣∣R̂τ2,k(tn)
∣∣ . τ3 · ∑

k1,k2,k3∈Z
k=k1+k2+k3

〈k〉γ−1|k1|1+γ |k2k3|2−γ |ˆ̄vk1(tn)| · |v̂k2(tn)| · |v̂k3(tn)| for k 6= 0,

(4.12)
where we have used the inequality |k|γ−1 . 〈k〉γ−1, for k ∈ Z such that k 6= 0.

Now, we take γ = 1
2 + ε for 0 < ε ≤ 1

6 , and denote

R̃2(tn) =
∑
k∈Z

∑
k1,k2,k3∈Z
k=k1+k2+k3

〈k〉−(
1
2
−ε)|k1|

3
2
+ε · |k2k3|

3
2
−ε · |ˆ̄vk1(tn)| · |v̂k2(tn)| · |v̂k3(tn)|eikx.

Since the Sobolev embedding Wm
p (T) ↪→ L2(T) holds for p = (1−ε)−1 and m = 1

2−ε (see [4,14]),
where Wm

p (T) denotes the Sobolev space endowed with the norm

‖f‖Wm
p (T) =

∥∥∥∑
k∈Z
〈k〉mf̂k · eikx

∥∥∥
Lp(T)

,

it follows from (4.12) and the Sobolev embedding theorem that

‖Rτ2(tn)‖L2 . τ3‖R̃2(tn)‖L2 . τ3‖J ( 1
2
−ε)R̃2(tn)‖

L
1

1−ε
. (4.13)
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If we denote

V1(tn) =
∑
k∈Z
|k|

3
2
+ε|ˆ̄vk(tn)|eikx and V2(tn) =

∑
k∈Z
|k|

3
2
−ε|v̂k(tn)|eikx, (4.14)

then the following equality holds:

J ( 1
2
−ε)R̃2(tn) =

∑
k∈Z

∑
k1,k2,k3∈Z
k=k1+k2+k3

|k1|
3
2
+ε · |k2k3|

3
2
−ε|ˆ̄vk1(tn)| · |v̂k2(tn)| · |v̂k3(tn)|eikx

= V1(tn)
(
V2(tn)

)2
.

(4.15)

Substituting (4.15) into (4.13) and employing the Hölder inequality, we get

‖Rτ2(tn)‖L2 . τ3
∥∥V1(tn)

(
V2(tn)

)2∥∥
L

1
1−ε
. τ3‖V1(tn)‖Lq1 ·

(
‖V2(tn)‖Lq2

)2
, (4.16)

where q1 = (1/3 + ε)−1 and q2 = (1/3− ε)−1. Then the Sobolev embedding theorem shows that

H
1
6
−ε ↪→ Lq1 and H

1
6
+ε ↪→ Lq2 , consequently, by (4.14) and (4.16), one has

‖Rτ2(tn)‖L2 . τ3‖V1(tn)‖
H

1
6−ε
·
(
‖V2(tn)‖

H
1
6+ε

)2
. τ3‖v‖3

C([0,T ];H
5
3 )
. (4.17)

Therefore, we finish the proof of (4.4).
Next, observing the expression of Rs(k; k1, k2, k3) and the equalities∣∣∣e2iskk1 − 1

∣∣∣ . 1,
∣∣∣e2isk2k3 − 1

∣∣∣ . s|k2k3|, ∣∣∣e2isk2k3∣∣∣ . 1,
∣∣∣Mτ (kk1)

∣∣∣ . τ,
we have ∣∣R̂τ2,k(tn)

∣∣ . τ2 · ∑
k1,k2,k3∈Z
k=k1+k2+k3

〈k〉−1|k1k2k3||ˆ̄vk1(tn)| · |v̂k2(tn)| · |v̂k3(tn)|. (4.18)

Hence, by using the notation

V (tn) =
∑
k∈Z
|v̂k(tn)|eikx, (4.19)

we obtain from Lemma 3.1 (i) that

‖Rτ2(tn)‖Hr . τ2
∥∥∥|∂x|V (tn) ·

(
|∂x|V (tn)

)2∥∥∥
Hr−1

. τ2‖v‖3C([0,T ];Hr) for r >
3

2
. (4.20)

This completes the proof of Lemma 4.2. �

We now present estimates for Rτ3(tn) and Rτ4(tn).

Lemma 4.3. Let r ≥ 3
2 and v ∈ C([0, T ];Hr(T)). Then the remainders Rτ3(tn) and Rτ4(tn)

defined in (3.41) and (3.53), respectively, have the following upper bound:

‖Rτ3(tn)‖L2 + ‖Rτ4(tn)‖L2 . τ3‖v‖5C([0,T ];Hr), (4.21)

Proof. We recall the expression of Rτ3(tn) in (3.41), which implies that∣∣R̂τ3,k(tn)
∣∣ ≤ ∑

k=k1+···+k5

∣∣Kτ
1,R

∣∣ · |v̂k1(tn)| · |ˆ̄vk2(tn)| · |ˆ̄vk3(tn)| · |v̂k4(tn)| · |v̂k5(tn)|. (4.22)

In order to estimate the upper bound of ‖Rτ3(tn)‖L2 , we observe from (3.38) that∣∣Kτ
1,R

∣∣ ≤τ2 max
s∈[0,τ ]

{∣∣∣e2is(k1+k2+k3)2(e2isβ1 − 1
)∣∣∣} (4.23a)

+ τ2 max
s∈[0,τ ]

{∣∣∣e2isk21 · (e2is[(k1+k2+k3)2−k21+β1] − 1
)
·
(1− e−2isk21

2isk21
− 1
)∣∣∣}. (4.23b)

We now estimate (4.23a) and (4.23b) respectively. For the term (4.23a), we note that β1 is a
summation of cross terms. Thus, it follows from Lemma 4.1 that∣∣∣e2is(k1+k2+k3)2(e2isβ1 − 1

)∣∣∣ . s|β1| . s ·∑
j 6=l
|kjkl|. (4.24)
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For the term (4.23b), we recall the expression of β1 in (3.35) and consider the following identity:

(k1 + k2 + k3)
2 − k21 + β1 = 2k1(k2 + k3) + (k2 + k3)

2 + β1

= 2k1(k2 + k3) + (k2 + k3)
2 + (k1 + k2 + k3)(k4 + k5) + k4k5

=
[
(k2 + k3)(k2 + k3 + k4 + k5) + k4k5

]
+ k1(2k2 + 2k3 + k4 + k5),

(4.25)

which implies ∣∣(k1 + k2 + k3)
2 − k21 + β1

∣∣ ≤ (∑
j 6=1

|kj |
)2

+ 2|k1|
∑
j 6=1

|kj |. (4.26)

By using Lemma 4.1, we get∣∣∣e2is[(k1+k2+k3)2−k21+β1] − 1
∣∣∣ . s 1

2

∣∣(k1 + k2 + k3)
2 − k21 + β1

∣∣ 12
∣∣∣1− e−2isk21

2isk21
− 1
∣∣∣ =

∣∣1− e−2isk21 − 2isk21
∣∣∣∣2sk21∣∣ .

s
3
2 |k1|3

s|k1|2
= s

1
2 |k1|.

(4.27)

Hence ∣∣∣e2isk21 · (e2is[(k1+k2+k3)2−k21+β1] − 1
)
·
(1− e−2isk21

2isk21
− 1
)∣∣∣

. s
{(∑

j 6=1

|kj |
)2

+ |k1|
∑
j 6=1

|kj |
} 1

2 · |k1|

. s
(∑
j 6=1

|kj |+ |k1|
1
2

∑
j 6=1

|kj |
1
2

)
· |k1|.

(4.28)

Then substituting (4.24) and (4.28) into (4.23), we get

|Kτ
1,R| . τ3

(∑
j 6=1

|k1|
3
2 |kj |

1
2 +

∑
j 6=l
|kjkl|

)
. (4.29)

Again, by denoting V (tn) =
∑

k∈Z |v̂k(tn)|eikx as in (4.19), inequalities (4.22), (4.29) and
Plancherel’s identity imply that

‖Rτ3(tn)‖L2 . τ3
(∥∥|∂x| 32V · |∂x| 12V · V 3

∥∥
L2 +

∥∥(|∂x|V )2 · V 3
∥∥
L2

)
≤ τ3

(∥∥|∂x| 32V ∥∥L2 ·
∥∥|∂x| 12V ∥∥L∞ · ∥∥V ∥∥3L∞ +

∥∥|∂x|V ∥∥L4 ·
∥∥|∂x|V ∥∥L4 ·

∥∥V ∥∥3
L∞

)
≤ τ3‖v‖5C([0,T ];Hr) for r ≥ 3

2
.

(4.30)
For the remainder Rτ4(tn) defined in (3.53), it follows from the inequalities in Lemma 4.1

that ∣∣∣e2isk21(e2isβ2 − 1
)∣∣∣ ≤ ∣∣∣(e2isβ2 − 1

)∣∣∣ . s|β2|,∣∣∣(e2is(k21+β2) − 1
)(e2isk25 − 1

2isk25
− 1
)∣∣∣ =

∣∣∣(e2is(k21+β2) − 1
)(e2isk25 − 1− 2isk25

2isk25

)∣∣∣
. s

1
2 |k21 + β2|

1
2 · s

3
2 |k5|3

s|k5|2
= s|k21 + β2|

1
2 · |k5|.

(4.31)

Analogously, we have

|Kτ
2,R| . τ3

(∑
j 6=5

|k5|
3
2 |kj |

1
2 +

∑
j 6=l
|kjkl|

)
. (4.32)

Moreover there holds
‖Rτ4(tn)‖L2 . τ3‖v‖5C([0,T ];Hr), (4.33)

for any r ≥ 3
2 . This estimate together with (4.30) give the desired result in (4.21). �

The difference between (3.56) and (3.58) gives the following error equation:

v(tn+1)− vn+1 = Ψn(v(tn), τ)−Ψn(vn, τ) +Rτ1(tn) +Rτ2(tn) +Rτ3(tn) +Rτ4(tn), (4.34)
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where the consistency errors Rτj (tn), j = 1, 2, 3, 4, have been estimated in Lemma 3.2 and
Lemmas 4.2–4.3, i.e.,

‖Rτ1(tn)‖L2 + ‖Rτ2(tn)‖L2 + ‖Rτ3(tn)‖L2 + ‖Rτ4(tn)‖L2 . τ3 for v ∈ C([0, T ];H
5
3 ). (4.35)

The following stability estimate can be proved in the same way as [22,31] (therefore the detailed
proof is omitted):

‖Ψn(v(tn), τ)−Ψn(vn, τ)‖L2 ≤ (1 + Cτ)‖v(tn)− vn‖L2 . (4.36)

By combining the consistency estimates and the stability estimates, we obtain

‖v(tn+1)− vn+1‖L2 ≤ (1 + Cτ)‖v(tn)− vn‖L2 + Cτ3, (4.37)

which implies (2.5). This completes the error estimates in the case v ∈ C([0, T ];H
5
3 (T)).

4.2. Proof of (2.6): Error estimates in the case v ∈ C([0, T ];H1(T))

In this subsection, we sketch the error estimates for initial data in H1(T), i.e., the solution
is in C([0, T ];H1(T)). In this case, we split the consistency error into the following three parts:

v(tn+1)−Ψn(v(tn), τ)=
(
v(tn+1)− v(tn)− Iτ (tn)

)
+
(
Iτ (tn)−Ψn

1 (v(tn), τ)
)

+Ψn
2 (v(tn), τ) + Ψn

3 (v(tn), τ). (4.38)

Firstly, by substituting the variation-of-constants formula (1.4) into the first term on the
right-hand side of (4.38) and applying the Kato–Ponce inequality, we can obtain the following
result (the details are similar as [22,28,41] and therefore omitted)∥∥v(tn+1)− v(tn)− Iτ (tn)

∥∥
H1 . τ

2‖v‖5C([0,T ];H1). (4.39)

Secondly, for the term Rτ2(tn) = Iτ (tn)−Ψn
1 (v(tn), τ), which is related to Rs(k, k1, k2, k3)

through (3.21), we consider the following triangle inequality:∣∣∣ ∫ τ

0
Rs(k; k1, k2, k3)ds

∣∣∣ ≤ ∫ τ

0

∣∣∣k1
k

(
e2iskk1 − 1

)(
e2isk2k3 − 1

)∣∣∣ds
+
∣∣∣k1
k

(
e2iτk2k3 − 1

)
Mτ (kk1)

∣∣∣.
(4.40)

In order to estimate (4.40), we consider the following two cases

|k| ≥ min{|k2|, |k3|} and |k| < min{|k2|, |k3|}.
For the moment we assume that min{|k2|, |k3|} = k3 and consider the two cases |k| ≥ |k3| =
min{|k2|, |k3|} and |k| < |k3| = min{|k2|, |k3|}, respectively.

Case 1: If |k| ≥ |k3| = min{|k2|, |k3|}, then we apply the following estimates∣∣e2iskk1 − 1
∣∣ ≤ 2,

∣∣e2isk2k3 − 1
∣∣ ≤ 2s|k2k3|,

∣∣Mτ (kk1)
∣∣ =

∣∣∣1
τ

∫ τ

0
σ
(
e2iσkk1 − 1

)
dσ
∣∣∣ ≤ ∣∣∣1

τ

∫ τ

0
2σdσ

∣∣∣ = τ,

which imply that∣∣∣ ∫ τ

0
Rs(k; k1, k2, k3)ds

∣∣∣ ≤ 4τ2|k|−1|k1||k2||k3| . τ2|k|−α|k1||k2||k3|α for α ∈ [0, 1]. (4.41)

Case 2. If |k| ≤ |k3| = min{|k2|, |k3|}, then the relation k = k1 + k2 + k3 implies that

|k1| ≤ |k|+ |k2|+ |k3| . |k2|.
We use the inequality above and the following inequalities in estimating the right-hand side of
(4.40): ∣∣e2iskk1 − 1

∣∣ ≤ 2s|kk1|,
∣∣e2isk2k3 − 1

∣∣ ≤ 2,

∣∣Mτ (kk1)
∣∣ ≤ ∣∣∣1

τ

∫ τ

0
2s|kk1|σdσ

∣∣∣ = τ |kk1|,
(4.42)
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which imply the following result:∣∣∣ ∫ τ

0
Rs(k; k1, k2, k3)ds

∣∣∣ ≤ 4τ2|k1|2 . τ2|k1||k2| . τ2|k1||k2|
( |k3|
|k|

)α
for α ∈ [0, 1]. (4.43)

The assumption min{|k2|, |k3|} = k3 above actually does not lose generality when we use
the symmetry between k2 and k3 in the expression of (3.21). In fact, by using the symmetry
between k2 and k3, substituting (4.41) and (4.43) into (3.21) yields the following estimate:

|R̂τ2,k(tn)| . τ2
∑

k1+k2+k3=k
|k2|≥|k3|,|k|≥|k3|

|k|−1|k1||k2||k3||ˆ̄vk1(tn)| · |v̂k2(tn)| · |v̂k3(tn)|

+ τ2
∑

k1+k2+k3=k
|k2|≥|k3|,|k|<|k3|

|k1||k2||ˆ̄vk1(tn)| · |v̂k2(tn)| · |v̂k3(tn)|.
(4.44)

Thirdly, the following results can be proved by following the lines in the proof of Lemma 4
in [22] (the details are omitted):

‖Rτ2(tn)‖L2 . τ2
√

ln τ−1‖v‖3C([0,T ];H1), (4.45)

‖Rτ2(tn)‖Hs . τ
3
2 ‖v‖3C([0,T ];H1) for s ∈

(1

2
, 1
)
. (4.46)

Finally, substituting (3.59), (4.39) and (4.45)–(4.46) into (4.38) yields

‖v(tn+1)−Ψn(v(tn), τ)‖L2 . τ2
√

ln τ−1 · C
(
‖v‖C([0,T ];H1)

)
,

‖v(tn+1)−Ψn(v(tn), τ)‖Hs . τ
3
2 · C

(
‖v‖C([0,T ];H1)

)
for s ∈

(1

2
, 1
)
.

(4.47)

This proves the desired estimates for the consistency errors in the case v ∈ C([0, T ];H1(T)).
The stability estimate (4.36) can be proved in the same way as [22, 31] and therefore omitted
here. The error estimate in (2.6) can be obtained by combining the consistency estimate in
(4.47) with the stability estimate (4.36).

The proof of Theorem 2.2 is complete. �

5. Numerical experiments

In this section, we present numerical experiments to test the convergence of the proposed
method for both smooth and nonsmooth initial data. We consider the NLS equation (1.1) with
λ = 1 and the following initial value:

u0(x) =
1

10

∑
06=k∈Z

|k|−0.51−reikx, (5.1)

which satisfies that u0 ∈ Hr(T) but u0 /∈ Hr+0.01(T). We compare the numerical solution given
by the proposed method (2.3) and several existing time-stepping methods, including the Strang
splitting method, i.e.,

u
n+1/2
− = ei

τ
2
∂2xun,

u
n+1/2
+ = e−iτ

∣∣un+1/2
−

∣∣2
u
n+1/2
− ,

un+1 = ei
τ
2
∂2xu

n+1/2
+ ,

(5.2)

a mass- and energy-conservative Crank-Nicolson method (which conserves the mass and energy
of the NLS equation; see [10,12]), i.e.,

i
un+1 − un

τ
+

1

2

(
∂2xu

n+1 + ∂2xu
n
)

=
1

4

(
|un+1|2 + |un|2

)
·
(
un+1 + un

)
, (5.3)

the first-order low-regularity integrator in [22] (which we refer to as First-order LRI), and two
second-order low-regularity integrators in [19] and [8, 30] (referred to as Second-order LRI_1
and Second-order LRI_2, respectively). The reference solution is computed by the proposed
method (2.3) with a sufficiently small stepsize τref = 2−12.
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The L2 errors of these methods at T = 1 are shown in Figure 1 for Hr initial data with
r = 1, 5

3 , 2 and 3, where a sufficiently large degrees of freedom N = 212 is chosen in the
spatial discretization (by the Fourier spectral method with FFT). The numerical results in
Figure 1 show that the proposed method in (2.3) can have second-order convergence when u0 ∈
H

5
3 (T) and first-order convergence when u0 ∈ H1(T). This is consistent with the theoretical

results in Theorem 2.2. Moreover, the proposed method is the only one which has second-order

convergence for H
5
3 initial data.
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Figure 1. L2 error of several time-stepping methods for Hs initial data, with
s ≥ 1.
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Figure 2. L2 error of several time-stepping methods for H0.4 and H0.6 initial
data.
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For lower-regular Hr solutions with r = 0.4 and 0.6, we present the L2 errors of the several
numerical methods at T = 1 in Figure 2, where the numerical solutions are computed with the
CFL condition N = τ−1, which improves the stability of the numerical solutions for extremely
nonsmooth solutions like filters; see [32]. The numerical results show that all methods perform
similarly for such extremely nonsmooth initial data.

Overall, the numerical results show that the proposed method improves the convergence
order for nonsmooth initial data in Hr(T) with 1 ≤ r < 2, and is equally accurate as the other
low-regularity integrators for extremely nonsmooth initial data in Hr(T) with 0 < r < 1.
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