Maximal regularity of evolving FEMs
for parabolic equations on an evolving surface
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Abstract

In this paper, we prove that spatially semi-discrete evolving finite element method for

parabolic equations on a given evolving hypersurface of arbitrary dimensions preserves
the maximal LP-regularity at the discrete level. We first establish the results on a sta-
tionary surface and then extend them, via a perturbation argument, to the case where
the underlying surface is evolving under a prescribed velocity field. The proof combines
techniques in evolving finite element method, properties of Green’s functions on (discre-
tised) closed surfaces, and local energy estimates for finite element methods.

Keywords: parabolic equation, evolving surface, evolving FEM, maximal LP-regularity,
local energy estimates.
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1 Introduction

Overview of maximal regularity results in flat domains. Let 2 C R be a flat,
polyhedral of dimensions d € {2,3} or smooth domain of arbitrary dimensions, and consider
the initial and boundary value problem for a linear parabolic partial differential equation
(PDE)

d

Ju(t, x) o ( , Ou(tz)\
ot ;1 0z, <am (z) oz, )~ f(t,z) for (t,z) € Ry x 12,

- 1.1
u(t,z) =0 for (t,z) € Ry x 012, (1.1)
u(0, ) = uo(z) for z € 02,

where a;; = aj; are real-valued bounded measurable functions satisfying the following uniform
ellipticity condition for some constant A > 0:
_ d
AP <308 myai(@)& < A6, VE=(&,..., &) R, Vo e (1.2)
Under condition (1.2), the elliptic partial differential operator A = sz‘:l a%i(aij(x)%)
generates a bounded analytic semigroup on L({2), 1 < ¢ < oo, and the solution of (1.1)
possesses the following maximal LP-regularity in L7({2):

[0¢ull Loy sza(2)) + | Aull oy La@)) < Clfllze®yira)y,  if uo =0, 1 <p,qg <oo, (1.3)
which is an important mathematical tool in studying the well-posedness and regularity of
solutions of nonlinear parabolic PDEs; see [4,9,27,36,39,41].

Analogously, denoting by Ay, the finite element approximation of the elliptic operator A
on a finite element subspace S, C H}(£2), i.e.,

(Apdn, on) = —(aijVon,Veon), Yén,on € Sh, (1.4)
it is known that the semi-discrete finite element solutions given by
{ (Ortun, vn) + 207 1 (aigOjun, Do) = (f,vn), Von € Sh, V€ (0,T),
up(0) = up 0,

satisfies the following spatially discrete h-uniform maximal LP-regularity [31, 35] (with a
constant C' > 0 independent of the mesh size h):

(1.5)

10cunll Loy spa(2)) + [[Anunll Loy La0)) < ClfllLe®y L)), if uno =0, 1 <p,q < oo,

(1.6)

which has applications in numerical analysis for semilinear parabolic equations with strong
nonlinearities [18], and quasi-linear parabolic equations with nonsmooth coefficients [34]. The
spatially discrete maximal LP-regularity results were firstly proved in smooth domains with
Neumann boundary condition [17,31], and then extended to polyhedral domains [32,35] with
the Dirichlet boundary condition. The discrete maximal LP-regularity is also closely related
(in the techniques of proof) to the maximum-norm stability of finite element solutions of

parabolic equations [29,40,42,43,47):

[l = wnl[Loo (0,1300 () < C (2 +1/h) XhELOg%g,T;Sh) llw = xall Lo (0,710 () (1.7)

The extension of maximal LP-regularity to the time-discrete setting was established for
different time discretization methods, including the backward Euler method [5], discontinuous
Galerkin method [30], #-schemes [21], and A-stable multistep and Runge-Kutta methods
[24]. All these methods are A-stable. The maximal LP-regularity of A(a)-stable backward
differentiation formulae (BDF) was established in [33]. The discrete maximal LP-regularity
helps us to control the nonlinearlity as well (see [1,23,26]), and besides it enables us to obtain
optimal-order LP-norm error estimates without using the inverse inequality (cf. [23,24,32]).



Overview of maximal regularity results on surfaces. The maximal LP-regularity
of parabolic equations on an evolving surface T C R™*! m € N, as well as the maximal LP-
regularity of time discretizations on an evolving surface and its application to the convergence
analysis of BDF methods for nonlinear PDEs on an evolving surface, was discussed in [23].

Semi-discrete maximal regularity results on evolving surfaces. However, since
the maximal LP-regularity of spatial discretizations for parabolic equations on an evolving
surface is still missing, only semi-discretization in time were considered in [23]. The aim of
this article is to fill in this gap, by establishing spatially discrete maximal LP-regularity of
isoparametric finite element methods (FEMs) for parabolic equations on an evolving surface
which is approximated by quasi-uniform curved triangles.

In order to prove the discrete maximal LP-regularity for the spatially semi-discrete prob-
lems, we combine the techniques developed for evolving surface FEMs and local energy esti-
mates. Firstly, we shall prove the discrete maximal LP-regularity for spatially semi-discrete
FEM in (2.12) on a stationary surface (Theorem 2.2). Then we use a temporal perturbation
argument to extend this result to evolving surfaces (Theorem 2.3). The discrete maximal
LP-regularity results for (2.14) can be obtained analogously by a perturbation argument for
the lower-order advection term.

Since we are considering a spatially semi-discrete setting, the underlying smooth surface
I'(t) should also be replaced by the finite element surface I'y(t). The discrepancy between
I'(t) and T',(t) is the main obstacle in the proof, leading to the following technical difficulties
to be addressed:

e The discrete delta functions on I'(¢) and I'y(¢) are not simply related by the lift via
the distance projection. Indeed, they are correlated via a nonlinear way which stems
from the nonlinear relation of L? projections Py, (I'(t)) and Pj,(T'(t)). Therefore, it is
necessary for us to obtain the high-order consistency between the discrete delta func-
tions on different surfaces (Lemma 3.3) in order to ensure the consistency of the corre-
sponding Green’s functions, which are indispensable in the used local energy estimate
(Lemma 3.5) and dyadic decomposition argument (Lemma 4.1).

e The discrepancy of I'(t) and I'y,(¢) will introduce a bunch of additional geometric pertur-
bation terms in the local energy estimate (Lemma 3.5) and in the dyadic decomposition
argument (Lemma 4.1). We need to treat them carefully to make sure that the leading
order stability is still available.

e In the temporal perturbation argument, we need to develop the norm equivalence of the
discrete Laplacian (Lemma 5.1 and Remark 5.1). The super-approximation property
(cf. (P3) in Section 3.2) also plays an important role in the derivation of this equivalence.
Besides, as a nature of parametric finite elements, the matrix-valued coefficient By, (¢, x)
of the following change of variable

VI‘h(t)ueth(t)UZ:/ Bp(t,)Vr@yuVrev
Ty (t) I'(t)

always has jumps at the edges and thus is discontinuous. To this end, it is desirable as
well to construct a globally continuous substitute B(t, z) according to the definition of
the discrete Laplacian.

e The norm equivalence of the discrete Laplacian will bring in a lower-order term ||Vu||z».
To control this term by the maximal LP-regularity, we need to use the discrete inter-
polation inequality (Lemma 5.2) whose proof greatly relies on the W!P-stability of the
Ritz projection. The latter is a consequence of the Green’s function estimate on closed
manifold ( [13, Theorem 3.2]).



The article is organized as follows: In Section 2, we introduce the basic notations for
evolving surface FEMs, the semi-discrete evolving surface FEMs for parabolic equations on
an evolving surface, and the main theoretical results about discrete maximal LP-regularity
of evolving surface FEMs. In Section 3, we develop the preliminary results of geometric per-
turbation estimates, Green’s function estimates and local energy estimates on the stationary
surface. We will prove the maximal regularity on stationary surface (Theorem 2.2) and on
evolving surface via a temporal perturbation argument (Theorem 2.3) in Section4 and Sec-
tion 5, respectively. In Appendix A we present the detailed proof of local energy estimates
(Lemma 3.5), which is a technical lemma used in the proof of the main theorems.

2 Evolving surface FEMs and main results

We now introduce the problem to be considered in this paper and briefly recall the standard
parametric evolving surface FEM, see [13-15,22].

2.1 Parabolic equations on an evolving surface

We assume that the evolution of a closed hypersurface I'(t) C R™*! of arbitrary dimensions
is given by a diffeomorphic flow map X(¢,-): T° — I'(t), where m € N, and I'? is a smooth
m-dimensional initial hypersurface, with X (0,-) being the identity map on I'’. We assume
that X (t,y) is smooth with respect to (t,y) € [0,T] x T'? and the inverse function X ~!(¢, x)
is smooth with respect to = € I'(t) uniformly for ¢ € [0, 7.

The material velocity (which is simply called velocity below) and material derivative on
the surface are respectively given, for z = X (y,t) € I'(t) with y € T, by

v(t,x) = 0 X (t, ), (2.1)
and
d
ofu(t,z) = au(t,X(t,y)).

Let v be the unit outward normal vector to the surface I'(t). We denote by Vpu the
tangential gradient of the function u, and denote by Aryu = V) - Vpu the Laplace—
Beltrami operator acting on u. For more details on all these basic concepts we refer to
[12,14,15], and the references therein. An unified abstract theory for evolving mesh FEMs

for partial differential equations on evolving domains can be found in [16].
We consider the following two types of linear parabolic equations on the closed surface

I'(t).
(i) A parabolic model problem on a given evolving surface:
Ofu — Arpu = f on I'(t), Vte (0,T), (2.2)
u(Oa ) = uO on Fov ‘

where 07 is the material derivative associated to the flow velocity v. The above model
problem arises in the analysis and numerical analysis of mean curvature flow, see [20] and [25],
respectively, wherein the following evolution equations of normal vector v and mean curvature
H play an important role:

Oy — Appyr = ‘VF(t)V‘QV and OfH — AppyH = ]Vp(t)y\zH.
(ii) The heat equation on a given evolving surface (see, e.g., [14, equation (1.1)]):
{8;U+UVF(t)"U—AF(t)U:f on I'(t), Vte (0,7),

u(0, ) = u’ on I'°.



The regularity of solutions to PDEs on an evolving surface is often characterized by the
following Sobolev spaces on a space-time manifold G = Ute(O,T)({t} x I'(t)):

L2(0, T; Wh(T(t))) = {w: Gr = R:w(t,-) € WEYD(t)) ae. t € (0,T),
5wt ko € Lp<o,T>}, (2.4)

WP, T; WEI(D (1)) = {w € LX(0, T; Wha(D(t))) : 9w € LE(0,T; W’“’q(l“(t)))}. (2.5)

The conventional notational convention H*(T'(t)) = W?2*(I'(¢)) will also be used. For more
details on these spaces we refer to [2,3] (employing a different notation).

The weak formulation of (2.2) reads as follows. Find u € H'(Gr) N L?(0,T; H(T'(t)))
satisfying relation

3{U80+/ Vr(t)u'vr(mﬁ:/ fo (2.6)
I'(t) I'(t) ')

for all ¢ € H'(Gr) and almost all t € (0,7).
The weak formulation of (2.3) reads as follows (see, e.g., [14, equation (1.2)]): Find
u € HY(Gr) N L0, T; HY(T'(t))) satisfying relation

d
T up+ Vrwmu - Vg / fo (2.7)
I(t) I(t)

for almost all t € (0,T) and all p € H'(G7) with 9Py = 0.

2.2 Evolving surface finite elements

Let T';,(t) be the closed and continuous piecewise polynomial surface (of degree k) which
approximates the smooth surface I'(¢) evolving under the prescribed velocity v. Additionally,
we require that the nodes of I'j(t) stay on I'(¢) and move with the same velocity as T'(¢). In
other words, the evolution of I';(t) is uniquely determined with velocity vy, = Ijv.

Each polynomial element K of T';(¢) is the image of an element K° C I',(0) under the
discrete flow map. We denote by K. P the unique flat element which has the same endpoints as
K9 and denote by F : Kfo — K the parametrization of K, i.e., Fx is the unique polynomial
of degree k that maps KP onto K. For a more detailed description of high-order surface
triangulations we refer to [13,22]. The finite element space of degree k on the discrete surface
I';(t) is defined as

Sh(Th(t)) == {pn € C(Th(t)) : ¢ o Fic € P*(KY) for every element K C T'y(t)}
- Spa'n{(z)la R ¢N}7
where PF (K?) denotes the space of polynomials of degree k > 1 on the flat element K¢, and
where ¢; denote the standard nodal basis functions of S (I',(t)). By construction Sp,(I';(t))
is an isoparametric finite element space.

We denote by 8,‘” the discrete material derivative associate to the discrete flow vj,. The
basis functions ¢; satlsfy the following transport property (see [14, Proposition 5.4]):

Oh10j =0 for j=1,...,N. (2.8)
Let 6 > 0 be a fixed sufficiently small constant such that every point x in the §-
neighbourhood of surface I'(t), denoted by Ds(T'(t)) = {x € R™*! : dist(z,T'(t)) < 6}, has a
unique distance projection onto I'(¢), denoted by ¢(¢, x), satisfying the following relation:
Q(tvx) —T= ‘.Z' - Q(ta x)\z/(t, Q(t,.%')),

where v(t,-) is the outward unit normal vector to I'(¢). It is known that such a constant &



exists and only depends on the curvature of I'(¢) (thus 0 is independent of ¢t € [0,7T], but
possibly dependent on T'). We will use the notation ¢~!(¢,-) to denote the inverse of the
bijective map q(t,-)[r, ) : Ta(t) — T'(t).

We assume that each element K° C I',(0) interpolates the smooth initial surface I'(0)
and that the parametrization Fio: KP — K9 is a polynomial of degree at most k with the
following property:

rolax (”FKOHWI%OO(K?) + HVKoFI}3||Loo(K0)) < Ko, (2.9)
where kg is some constant that is independent of h. This property holds for standard para-
metric finite elements which interpolate the smooth surface I'(0) and guarantees the following
optimal-order approximation to I'(0) by 'y (0) (see [13,15]):

el 19(0) 0 Fico = Fiol| oo () < CH*HY. (2.10)
The projection ¢(0,x) is well defined for points x in a neighbourhood of I'(0) and therefore
well defined on I',(0) for sufficiently small mesh size h. Since the discrete flow v, = Ijv is
piecewise smooth, at any time ¢ € [0, 7] the optimal-order approximation to I'(¢) by I',(t) is
also available

Fr — Frll ;o < ChFHL, 2.11
Kfélliii(( lq(t) o Fx kL (K9 = ( )

2.3 Lift

The lift of a finite element function wy, € Sp,(I',(t)) onto the smooth surface I'(¢) is defined
as
wh, = wp 0 (q(t)[r, )~
see [13, Section 2.4] and [25, Section 3.4]. The inverse lift of a function f(¢,-): I'(t) — R is
denoted by f~*(t,-): I'y(t) — R, which is the function satisfying that (f~)¢ = f. By lifting
the triangulation from T'y(t) to T'(¢), we obtain a triangulation and finite element space on
the smooth surface I'(¢), i.e.,
Sp(D(t)) = {wy € C(T'(t)) : wp, 0 q(t) o Fix € PF(KYP) for every element K C T'y(t)}.

For the ease of notations, if the specified domain is I'(t) we will also identify vy, as its lift
on I'(t). Namely, vi € Sy(I'(t)) and wy, € Sp(I',(¢)) simply mean that v,;e € Sp(T'p(t)) and
wfl € Sp(T'(t)). We will use the explicit superscript ¢ to denote the lift where we want to
emphasize its underlying domain.

2.4 The semi-discrete problems

We will now formulate the evolving surface finite element semi-discretisations of the two weak
formulations in (2.6) and (2.7).

The semi-discretisation of (2.6) reads: Find uy € C£([0,T]; Sp(T(t))) such that
(Quun(t), on)r, ) + (Y, 0y un(®)s Vi, en)r, o) = (fF @) en)r,@ Yt e (0,7, (2.12)
up(0) = upp on I'Y '

for all ¢p, € Sp(T'x(t)), where u% = Iu(0), and dwuy, = 8,'1’tuh should be interpreted in the
nodal sense. Equivalently, (2.12) can be written into the following strong form
Orun(t) — Ar, oy,nun(t) = fu(t) VYt e (0,77, (2.13)
up(0) = up on TIY, '
where f(t,2) = Py(Tn(t))f~4(t,x) and Py(T(t)): L2(Th(t)) — Sp(Tx(t)) is the L? projec-
tion on surface I'y(1).



Similarly, the semi-discretisation of (2.7) reads: Find uj, € C£([0,T]; Sn(T'n(¢))) such that

d _
3 (), on)r, @ + (Veu@un(t), Ve, @ @n)r, e = (f ‘). on)r@ Yt (0,T],
up(0) = up on F?L,

for all ¢y, € CH([0,T]; Sh(Tx(t))) such that Iy yon = 0.

(2.14)

2.5 Main results: Spatially discrete maximal regularity

Following [23], we recall that u € H'(Gr) is a solution of (2.2) if and only if the function
Ul(t,y) :== u(t,X(t,y)), where X: T'(0) — T'(¢) is the flow map, defines a solution U €
HY(T'(0) x (0,T)) of the following weak formulation:

/ a(t,y)atU(t,y)w(y)Jr/ B(tjy)Vr(O)U(ty)-Vr(o)w(y)z/ a(t,y)F(t,y)¢(y),
r'(0) r'(0) I'(0)
(2.15)

for all p € HY(T'(0)) and almost all ¢ € [0,T], with F(t,y) := f(X(t,y),t) and U(0,-) = uo.
Since the Riemannian metric on the evolving surface is positive definite (see [23, Ap-
pendix]), it follows that the functions a(¢,y) and B(t,y) satisfy the following estimates:
C™' <af(t,y) <C, Vy € T(0),Vt € [0,T], (2.16)
CHe P < Bt.y)gy - & < Clgl, vy € 0(0), V¢, € TT(0),, ¥t € 0, 7], (2.17)
where C' is some positive constant (depending only on the given flow map).

The continuous maximal regularity result for the solution of (2.15) (cf. [23, Theorem 3.1,
3.2], [19, p. 211] and [41]) is summarized below.

Theorem 2.1 (Maximal regularity of continuous PDE, [23, Theorem 3.1]) If up =0, then
the solution U of the pulled-back PDE (2.15) obeys the following estimate for p,q € (1,00):

10:U | e 0,7, La(royy + Ul e o, w200y < CIF | Leo,7;00(r0)) (2.18)
where the constant C' > 0 only depends on Gr.

The main results of this paper are the following two theorems, which concern discrete
maximal regularity on discrete stationary surfaces and a discrete evolving surfaces, respec-
tively.

Theorem 2.2 (Maximal regularity of semi-discrete surface FEMs on a stationary surface)
On a discrete stationary surface I'y(s) (for any fized s € [0,T)), the finite element solution
up, of weak formulation

(Orun(t), on)r, ) T (V) un(t); Vi, () Pn)r,s) = (frs @)ras)  Von € Sh(Tn(s)),
(2.19)
up(0) =0 on Th(s),
satisfies the following estimate for any given p,q € (1,00), and h < hy:
[0sun |l Lo La(rn(s)) + 1AL, (s),h Ul Lo sLa@n(s)) < Cllfnllze@yszamns)) (2.20)

where the constant C > 0 is independent of h and s, but depends on the Gp and T'.

Theorem 2.3 (Maximal regularity of semi-discrete surface FEM on an evolving surface)
In the case upo = 0, the solution up, of (2.12) obeys the following estimate for any given
p,q € (1,00), and h < hg:

0sunll Lo o, r;La (0, ) + 1AL, @) n bl Lr 000, @) < Cllfnllze.rzom, 1)) (2.21)
where fu(t,x) = P,(Tn(t)f~(t, z), and the constant C' > 0 is independent of h, but depends
on T.

The proofs of Theorems 2.2-2.3 are presented in the following sections.



3 Preliminary results on stationary surfaces

In this section, we develop preliminary results of geometric perturbation estimates, Green’s
function estimates and local energy estimates on surfaces I'(s) and I'y(s) for some fixed

€ [0,T]. For the simplicity of notations, we omit the dependence on s by using I" and T’
instead to denote the surfaces. The constants in this section will not depend on s, but may
depend on T'.

3.1 Function spaces

We use the conventional notations of Sobolev spaces W#4(I'), s > 0 and 1 < ¢ < oo, with
abbreviations L7 := W%4(T"), W*4 := W*4(T) and H® := W*2(I'). We denote by H~*(I)
the dual space of Hj(I'). The latter is defined as the closure of C5°(I") in H*(T").

For any given function f: (0,7) — W*? we define the following Bochner norm (for space-
time functions):

Hf”LP(O,T;WS’q) = HHf()HWSq ‘LP(O,T)’ V1<pg<oo, seR. (3‘1)
For any subdomain D C I', we define
Ifllwsapy == inf [[fllwsery, V1<g<oo, seR, (3.2)

flo=f

where the infimum extends over all possible f defined on I' such that f = fin D. Similarly,
for any subdomain @ C Q@ = (0,1) x I', we define

[ fllLrwsa(Q) = ‘mf I fllzrrwsay, Y 1<p,qg<oo, s€R, (3-3)

flo=f
where the infimum extends over all possible f defined on Q such that f = f in Q. For more
details on these spaces we refer to [2,3].
In addition, the following notations of inner products will be used:

©) :/gé(x)go(x)d:v, [, v] == / / (t, )v(t, z)dz dt. (3.4)

For any function w defined on Q, We denote w(t) = ,-). The notation lp<ier stands
for the characteristic function of time interval (0,7), i.e., loci<r(t) = 1 if t € (0,T) and

locrer(t) = 0 if t ¢ (0,T).

3.2 Properties of the finite element space

For any subdomain D C I', we denote by Sp, (D) the space of functions in S, (I") restricted to
the domain D, and denote by SY (D) the subspace of Sj,(D) consisting of functions which equal
zero outside D. For d > 0, we denote by Bg(D) = {z € I' : dist(xz, D) < d} a neighborhood
of D in I'. On a quasi-uniform triangulation of surface I', there exist positive constants K
and k such that the triangulation and the corresponding finite element space Sy (I") possess
the following properties (K and k are independent of the subset D and h).

(P1) Quasi-uniformity:
For all triangles Tlh in the partition, the diameter h; of Tlh and the radius p; of its
inscribed ball satisfy

K 'h <p <h <Kbh.

(P2) Inverse inequality:
If D is a union of elements in the partition, then, for 0 < k<l <land1 < ¢ <p < o0,
Ixnllwepy < Kh_(l_k)_(m/q_m/p)||Xh”wky<1(D)a V Xn € Sh.

8



(P3) Local approximation and super-approximation:

There exists an operator I;: H'(I') — S}, with the following properties:

(1) For v € H?(T') the following estimate holds, for I' ¢ R™*! with m = 1,2, 3, and
h < ho:

lv = Invllzz + RV (v = Iyw)l| 2 < KB?|[v]| 2.
(2) If d > 2h then the value of Iv in D depends only on the value of v in By(D). If
d > 2h and supp(v) C D, then Iyv € S)(Bq(D)).
(3) If d > 2h, x = 0 outside D and |0%x| < Cd~1Pl for all multi-index 3, then
i € Su(Ba(D)) == In(xtn) € Sp(Ba(D)),
Ixtn — In(xon) |l 22 + hlixon — InOxbn) |l < Khd ™[ ¥nll 22,0y -
(4) If d > 2h and x =1 on By(D), then Ip(xtpn) = 1y on D.

Properties (P1)-(P3) hold for any quasi-uniform triangulation with the standard finite
element spaces consisting of globally continuous piecewise polynomials of degree r > 1 (cf. [45,
Appendix]).

Remark 3.1 Properties (P1)—(P3) hold for parametric surface finite element spaces Sy, (I'(t))
and Sy, (I'y(¢)) for all ¢ € [0,T7], see [13,15].

Given I' and I'y,, we define the scalar-valued function aj,(z) and the R(™+D*(m+1)_yalyed
function By (z) with z € T'(s) to be the piecewise smooth prefactors in the following change

of variables:
/ uv:/ah(x)uéve, (3.5)
Ty, r

Vr,u-Vr,v= / Bh(x)Vpué Vot (3.6)
Ty I

Then the following estimates hold (see [13]):
Lemma 3.1 Let I" and ['j, be as above. Then, for sufficiently small h < hg, the prefactors
satisfy the geometric estimates:
lan — 1| oo (ry + |1Br — Il poo(ry < CREHL
Besides, the basic parametric finite element theory says that the LP and W' norms on
[ and T, are equivalent (cf. [13, p. 811]), i.e. [@nllzery ~ lenllze,) and [[Vrenl Loy ~

IVr,@nllrr,) for all ¢, € Si and p € [1,00]. Here the notation a ~ b means there exist a
positive constant C' such that C~'a < b < Ca.

3.3 Green’s functions

We consider the heat equation on a fixed closed and smooth surface I', i.e.,

{ Owu(t,z) — Aru(t,x) = f(t, z) %n (0,7) x I, (3.7)
u(0,x) = up(x) in T,
and the corresponding semi-discrete finite element scheme:
{ (Orun(t, ), vp)r), + (Vr,un(t, ), Vr,on)r, = (fu(t,2),v0)r,, Yon € Sp(Th), (3.8)
up(0, ) = up,p,



where f;, = P,(I'y)f~¢. According to Lemma 3.1, we can equivalently lift the scheme onto T':
(an(z)0pul (t, ), vi)r + (Bp(z)Vrus (t,2), Vvl )r = (an (@) ff(t 2),v5)r, Vol € Sp(T),
uf (0,7) = ufho.

(3.9)

Let G(t,x,x0) denote the Green’s function (i.e. the heat kernel) of the parabolic equation

(3.7), i.e. G = G(+,-,x0) is the solution of

8tG(~, : ,.%'0) — AFG(-, : ,330) =0 in (O,T) X F,
G(0, -, 20) = 6z in T

The Li-Yau heat kernel estimate on closed manifold I' with Ricci curvature bounded from

below (cf. [38, Corollary 3.1]) gives

(3.10)

m _d(z)?

G(t,z,y) < cot” 2 e <ot t>0, (3.11)
where the constant ¢cg > 0 and ¢; > 0 only depend on the lower bound of the Ricci curvature.
Additionally, ¢; = 0 if the Ricci curvature of I' is non-negative everywhere and ¢; > 0 for
the general case. The self-adjointness of Laplace-Beltrami operator implies the symmetry of
the kernel, i.e. G(t,z,y) = G(t,y,x), and the analyticity of the kernel G(z,z,y) on the right
complex plane z € {t +is:t > 0} (see [11, Lemma 2]). Following [10, Theorem 3.4.8], the
following pointwise bound for the complex time heat kernel G(z, x,y) holds.

Lemma 3.2 The analytic complex time heat kernel on surface I" satisfies
ed(z.w)?

IG(z,2,)| < co(Re(z))” 2 erRe(@) R ega (3.12)
for all Re(z) > 0 and z,y € T'.

Then Cauchy’s integral formula says that for all real time ¢t > 0

k! G(z,z,y)
Oy G(t =— eed 3.13

PGt 2,y) 27i /|Z_t|; (z — t)k+1 % (3.13)
which, together with (3.12), yields the following Gaussian pointwise estimate for the time

derivatives of Green’s function:
d(zfzo)2

eCrle” "Gt Vaaxgel, VE>0, k=0,1,2,..., (3.14)

OFG(t, z,z0)| <

tk+m/2
where the constant Cj depends on ¢y and ¢; which are related to the Ricci curvature of I'.

As constructed in [48, Lemma 2.2], for any 29 € K L C T (where K! is a lifted open triangle
in the triangulation of T'), there exists a function d,, € C§°(K') such that

Xn (o) Z/thxod% Vxn € Sp(I),
r

and
1020 [yt < CRTE™U=YP) for 1 <p<oo, 1=0,1,2,..., (3.15)
sup/ 10, (z)|da —I—Sup/ 10,(z)|dy < C. (3.16)
yel' JT zel' JT

Let d,,, denote the Dirac Delta function centered at g € T'. In other words, [ 4, (y)¢(y)dy =
(xo) for arbitrary ¢ € C(I'). Then the discrete Delta function associated to I

Shufo 1= Py(')dz, = Ph(l_‘)gxo Veg e T

decays exponentially away from xg (cf. [48, Lemma 2.3] and [46, Lemma 6.1]):
d(z,xq)

0h.2 ()| = | Pu(T)ds(z)| < Ch™™e™ KR, Va,x €T (3.17)

Let H=H(-,-,x0), xo € I' be the regularized Green’s function of the parabolic equation
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on the closed manifold I', defined by

875H(-,-,.T0)—~AFH(~,-,LL“0):0 in (O,T)XF, (3 18)
H(0,-,x0) = 0z in T. ’
The regularized Green’s function can be represented by
H(t,z,z0) = /F G(t,y, )0z, (y)dy = /F G(t,2,Y)0,(y)dy. (3.19)

From the representation (3.19) and (3.14), one can easily derive that the regularized Green’s
function H also satisfies the Gaussian pointwise estimate in the region max(d(x, zo), Vt) > 2h:

d(zfzo)2

eCrle” "Gt Vaxpel, Vi>0, (3.20)

\OFH (t, 2z, 20)| <

with k =0,1,2,....

Similarly, for any g € K C I, (where K is an open triangle in the triangulation of T';),
we denote by 6, € C5°(K) the regularized Green’s function on T (cf. [48, Lemma 2.2]),
satisfying the following relations:

Xh(20) :/r Xn0zodz, Y xn € Sh(Th),
h

thtm/2

and
1020 [yt < CRTE™UZYP) for 1 <p<oo, 1=0,1,2,..., (3.21)
sup / |6, (x)|dz + sup |6, (z)|dy < C. (3.22)
yel'y JTy, z€ly, JTy,

Let Shm be the discrete Green’s function in Sp,(T'},), defined as
gh,xo = Ph<rh)(5$0 = Ph(l“h)gxo Vl‘o € Fh.
By the same argument as in a flat domain (see [46, Lemma 6.1]), it is straightforward to

verify that Sh,azo exponentially decays away from =z, i.e.,

d(z,zq)

|5h7x0(:1:)| = \Ph(Fh)ng(xﬂ < Kh™™e”"EKr |, Yux,xge€l}y. (3.23)

This estimate of the discrete Delta function also implies the boundedness of projection Py (T'y,)
in LY(Ty), i.e.,

1P TRl gory < Cllollzary Yo € LA(Th), 1<p < oo (3.24)

Let Hp, = Hp(+, -, z0) € Sp(I'), xo € 'y, be the discrete Green’s function associated to (3.8),
ie.,
(OcHp(t, -, o), vn)r,, + (Vr, Hi(t, -, 20), Vr,on)r, =0, Vo, € Sp(I'n), (3.25)
Hh(oa y ‘TO) = 5h71'0'
Then the discrete Green’s function Hy, (¢, x, z¢) is symmetric with respect to x and zy. More-
over, in view of the relations in (3.5)—(3.6), the lifted discrete Green’s function Hf (t,z,z) =
Hy(t,q 1 (z),q Y (x0)), for z, 29 € T, satisfies the following weak formulation on I':

{ (ah(-)atHf;(t, ~,x0),v£)p + (Bh(')Ver;(t, . x()), vafb)l“ =0, Vo, € Sh(F),

i (3.26)
H}{(O) ) $0) = 6£7q—1

(o)
By testing (3.7) and (3.8) with the backward Green’s function and discrete Green’s func-
tions, respectively, the solutions of (3.7) and (3.8) can be represented by

t
u(t, zo) :AG(ta$a$0)U0($)d$+/o AG(t—s,x,x@f(sw)dxds, (3.27)

t
up(t, xo) = Hy(t, z, x0)upo(x)dr + / Hy(t — s,x,x0) frn(s, z)dzds
Ty 0 JTp
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t
= / ah(ac)Hf;(t, x,q(xo))ugo(ac)dx + / / ah(x)Hﬁ(t —s,x, q(:vo))f,f(s,x)d:vds,
r 0 Jr
(3.28)
where the last equality uses (3.5) and relation fy = Pp,(T's)f %

Remark 3.2 The construction of the regularized Green’s function is not unique, since we
can indeed choose any smooth weight function in the reference element in the proof of [48,
Lemma 2.2]. By definition, Sh,mo and Shm are the L? projections of the Dirac delta functions
onto the closed subspaces S;(I'y) and Si(T") (in the sense of distribution), respectively, and
therefore they do not depend on the definitions of the regularized Green’s functions 8z, and
Op-

In order to see the relation between the regularized Delta functions d,, on I', and dy,
on I, respectively, we can consider a fixed point g € K C I'j, and push the regularized
delta function d,, to I' through the distance projection ¢ (which projects any point in a

neighborhood of I" onto I'). This leads to the following relations:
Sy = (ah )~ Zéqéo) and 5q($0) = ahgﬁo for all zg € I'j,. (3.29)
This relation can be used to show the following estimate for the discrete Green’s functions.

Lemma 3.3 Let h < hg, then the discrete Green’s functions satisfy the estimate

165 20 — Ong(eo) oy < CRET min{||Sy o) | o) 10w0 | Lo(ry) (3.30)
for all zy € ', and p € [1, ).

Proof. By the construction of the regularized delta function on I' and I'y,
165 20 — Onsq(ao) 1oy = I1(Pr(Tr)020)" — Pa(T)dq(a0)llr(r)
= [[(Pu(Th)dzy)" = Pu(T )(ah(sﬁo)”LP )

< [(Pu(Th)020)" = Pu(T)85, oy + 1P (T) (1 — an )b, 2o (ry
< sup ((Ph(TR)day)" — Pu(T)85,, vn)r + ClI1 — an | oo (ry 105, | Loy
on€Sp(I)llvnll pr =1
= sup (820> Pu(Tn)(a, ") on = (a") " “on)r, + ClIL = anll ooy 195, 1 2o (r)
on€SHI)llvnll pr ) =1
> sup (53707 Ph(rh)(a]zl)_evh - Uh)rh
on€SH(I)llvnll pr =1
+ sup (8z0, v — (a7, ") ‘o), + CIIL = anllpoo ) I8k, Il o (r)
o €Sp(I)llvnll pr =1
< sup 1Pa(T) (@, )™ = Dvnll 1ot 1y 160 | o)
’UhESh(F),”'Uh”Lp/ (F):l
+ sup (O 1)UhHLp'(ph)H5xo Lo,y + CREPH65, |l o)

UhGSh(F)1HUhHLP/(F):1

< CH*Y|620 | 2o (ry)
where we have used the L™ estimate of 1 — aj, (Lemma 3.1) and the L? stability of P, (I';)

shown in (3.24). Since &%, = a;lg we know that |0z rr(r,) and ||Sq($0)||Lp(F) are
equivalent.

q(0)>
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3.4 Whi-stability of Ritz projection

We consider the Ritz projection Ry,: H'(I') — S, (T) associated to the operator —Ar + 1 on
I', defined as

(Vr(u — Rpu), Vrg&fb)r + (u — Rpu, gofb)r =0 Vg@ﬁ € Sp(D).
From [13, Theorem 3.2] we know that the Ritz projection defined above is W1 stable.

Consequently the Wl4-stability of Ry, for ¢ € [1,00] follows from interpolation (cf. [6, Theo-
rem 3.70]) and duality via Hodge decomposition (cf. [19, Eq. (10.101)]).

3.5 Dyadic decomposition of the domain Q = (0,1) x T’

In the proof of Theorem 2.2, we decompose the domain @ = I'p with 7' = 1,i.e. @ = (0,1)xT,
into subdomains, and present estimates of the finite element solutions in each subdomain.
The following dyadic decomposition of Q was introduced in [44]. The readers may skip this
subsection if they are familiar with such dyadic decompositions.

For any integer j, we define d; = 277, For a given zg € I', we let J; = 1, Jo = 0 and J,
be an integer satisfying 2~/ = C,h with C, > 16 to be determined later. If

h < 1/(4Cy), (3.31)
then
2 < J, =logy[1/(Ch)] < logy(2+ 1/h). (3.32)
Let
Qu(w0) = {(t,2) € Iy : max(d(x, z0),"/%) < .},
Di(xog) ={x €T :d(x,z9) <dy,}.
We define
Q;(z0) = {(t,z) € Ty : dj < max(d(x,z0),t"?) < 2d;} for j > 1,
I'j(zg) ={x €T :d; <d(z,20) < 2d;} for 7 > 1,
Dj(zg) ={x €T : d(z,z0) < 2d;} for j > 1,
and

Qo(o) \( Q; 20) U Q«(20)),
To(zo) \( ) UL (20)).
For j < 0, we simply define Q; (:L'o) r; (.TU()) = @ For all integer j > 0, we define
T (z0) = Tj_1(2z0) UT (o) UT 41 (20),  Qj(20) = Qj-1(20) U Qj(20) U Qj11(20),
[ (z0) = Tj_2(w0) UT(x0) UT 12(z0), QF(z0) = Qj—2(w0) U Qj(x0) U Qj12(x0),
Dii(x0) = Dj—1(w0) U Dj(x0), Dj(w0) = Dj_2(z0) U D’j(w0).

Then we have
J*

J*
Iy =|]JQj(x0) UQs(zo) and T = JTj(xzo) UTu(o). (3.33)
=0 =0
We refer to Q.(zo) as the “innermost” set. We shall write . ; when the innermost set is
included and ) g when it is not. When =z is fixed, if there is no ambiguity, we simply write

Qj = Qj(v0), @ = Q(x0), QF = Qj(x0), I'; = I'j(wo), I'; = I'}(w0) and I'} = I' (o).

‘We shall use the notations

o= ([ 3 iape dx)  Wellg = (3 1ok dxdt) e

|| <k \ <k
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for any subdomains D C I' and @ C (0,1) x I'. Throughout this paper, we denote by C
a generic positive constant that is independent of h, z¢ and C, (until C, is determined in
Section 4). To simplify the notations, we also denote d. = d,.

3.6 Local energy estimates

Since the Gagliardo—Nirenberg interpolation inequality still holds on closed manifold (cf. [6,
Theorem 3.70]), the standard energy estimates of heat equation (cf. [28, Lemma 2.1 of Chapter
III]) are also valid here. Consequently we have the following local estimates of (regularized)
Green’s function (cf. [32, Lemma 4.1] and [32, Eq. (4.9)] with o = 1).

Lemma 3.4 The Green’s function G defined in (3.10) and the regularized Green’s function
H defined in (3.18) satisfy the following estimates:

d;5+m/2||H(.7 5 20)|| oo (@ (wo)) + dj_5|||VrH(w '71’0)H|L2(Q]-($0))
+ d]_4|”H(7 B xO)‘||L2H2(Qj(:EO)) + d]_2|”8tH(7 *y xo)‘”LQHQ(Qj(:EO))
18w H (-, 20) 2720 oy < Cly ™27, (3.35)

eH (- 20) L2, (o)) T i lIVPOH (5, 20) L2 w0y + G NIOH (-, 20)l 12(q; (o))
+ A |VrouH (- 20)ll 20, o)) < C; ™27, (3.36)

—m/2—2
IGC s 0)l| e 2 (U< @ (o)) + NG, 20) | e 2 U@ oy < Oy ™22 (337)
Remark 3.3 The spatial high-order counterpart of (3.37), i.e.
—m/2—k
HG(7 '71;0)"L°°Hk(Uk§ij(xo)) < Cd] / ) ke NJ

follows from a standard induction argument by differentiating the localized equation in the
spatial direction. Note that on the surface the surface derivatives do not commute with each
other (cf. [8, Lemma 5.1, Item 4]). However the commutator is of lower order and therefore
dose not affect the dominant stability in the energy estimates.

We also need the following local energy estimate for the error equation, which can be
proved in a similar way as [32, Lemma 5.1]. The proof of Lemma 3.5 can be found in
Appendix.

Lemma 3.5 Suppose that ¢ € L?(0,T; H(T')) N HY(0,T; L*(T)) and ¢}, € H*(0,T; Sy (I))
satisfy the equation

(s — andedh), xp)r + (Vrd — BpVrdh, Vrxh)r =0, Yy, € Sp(D), a.e. t >0, (3.38)
with $(0) =0 in I']. Then

Jloe = ebolly, =47 lle il

< O3 (L (64(0)) + X;(1nd — 6) + 5(6) + a7} — o

Q})

+(CRV2d 2 4 0 hd ! + e)(mat(gb - %)H’Qa n d;lqu - ¢§LH) (3.39)

1,Q;.)’

where

L;(¢3,(0)) = l165.(O)l1,07, + d5 65 (0) 1

X;(Ind — 6) = dil|0(Ind — D)1 1 + 10:(Ind = 6)l
+d; 1ne = 0l g + d; *IHne = dllg:
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Y;(0) = 14 (1Vr sl + Nowollay + 45 Vol + ol )

The positive constant C' is independent of h, j and Ci; the norms |-, or and |||z are
] =
defined in (3.34).

Remark 3.4 The term Yj(¢) is generated by approximating I" with I',.

4 Discrete maximal regularity on a stationary surface
(Proof of Theorem 2.2)

We shall prove the following key lemma using the local energy estimates in Section 3.6.

Lemma 4.1 The functions Hy(t,z, x0), H(t,x,z0) and F(t,z,x0) := Hf;(t,x, xo)—H(t, x,x0)
satisfy

sup [|0:F (v, 20) || 21 ((0,400)xT) + SUP [t F (-, 20) || £1((0,+00)xT) < C, (4.1)
zo€l zo€l

sup [|0:Hp(t, -, o)l L1 (r,) < Ce ot Vt>1, (4.2)
zo€l'y

where the constants C' > 0 and \g > 0 are independent of h.

To simplify the notation, in this subsection we continue to omit the dependence of surface
I'(s) on s € [0,T]. Additionally, we relax the dependence of the Green’s functions on zg € I'
by denoting
Since the coefficient ap and Bj are bounded everywhere, the same proofs in [32, Section

4.3-4.4] using Lemma 4.1 can be carried over almost verbatim here. For example, by differ-
entiating (3.28) in time, we obtain

t
Opup (t, qil(:cg)) = /0 /Fah(:r)atF(t — s, x, :cg)f,f(s, x)dzds

t
+ / / an(x)OH(t — s, 2, 20) fr (s, z)dzds + ap, (x0) f1(t, z0)
0 JT

=: My (anfy) + Kn(anfh) + anfy, xo €T,
where M), and K, are the linear operators whose kernel are 0, F' and 9, H respectively. There-
fore, by using Lemma 4.1 and the arguments in [32, Section 4.3-4.4], we can obtain the
following result for p,q € [1,00):
10wl Le(r,pary) < Cllanfille®,pay) < Clfallre®,;pay)-
This proves the maximal regularity result in Theorem 2.2 (by choosing I' = I'(s) and I'y, =
Iy (s) for any fixed s € [0,T1]).

Remark 4.1 Analogous to [32, Section 4.2], we also have the analyticity and maximum-
norm stability (or discrete maximum principle, for the continuous maximum principle on
closed manifold T'; see [37, Theorem 15.2]) results for the discrete heat semigroup on I'y,: The
semi-discrete finite element solution uj, = Ep(t)up o of equation

(Orun(t), on)r, + (Vr,un(t), Vr,on)r, =0 Ve € Sp,
up(0) = up on I,
satisfies the following estimates for ¢ € [1,00):

igg(”Eh(t)uh,OHLq(Fh) + |0 En(t)unoll pacr,)) < CllunollLor,),
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sup | En(t)unollLoer,) < Cllunollne(r,)-
>
(4.3)

In order to prove Lemma 4.1, we apply the local energy estimate in Lemma 3.5 to estimate
10:F | L1 ((0,4-00) xT) T+ 1E01 F || 1 ((0,4-00) xT)- The estimation consists of two parts: The first part
concerns estimates for ¢t € (0,1), and the second part concerns estimates for ¢ > 1, which is
a consequence of the smoothing property of parabolic equations.

Part I. First, we present estimates in the domain Q = (0,1) x I' with the restriction

h < 1/(4Cy); see (3.31). In this case, the basic energy estimate gives
10:H || 2(0) + 10:Hj | 2(@) < CUH(0) a1 + | H(0)]| 1) < CRTH™2, (
1 || oo 12(0) + 1 HR Lo 12(0) < CUH(0)]| 22 + [|HR(0) ]| 2) < Ch™™2, (
IVeH | L20) + Ve Hbll2(0) < CUIH(0)||2 + | HA(0)]|2) < Ch™™2, (
10 H || 12(0) + 100 H} | £2(@) < CUIATH (0|11 + [ Ar 1 H(0)]| 1) < Ch™372, (
IVrdH | L20) + IVrO:H |l 12(0) < C(IATH(0)] 12 + || Ar nHp (0)]|12) < CR™27™2, (4.8

where we have used (3.15) and (3.17) to estimate H(0) and Hy(0), respectively. Hence, we
have

1 . + 1 Hklllq. < CdullHllpr2(qu) + CdllHyll oo r2(q.) < Cduh™™/? < CCLRI™2,
(4.9)

Since the volume of Q; is Cd?'”", we can decompose || 9. F'[| 1) +|[t0u F'|| 11 (o) in the following
way:

10:F | 210y + t0uF |11 (0)

<|0F |1,y + 0 Fll 1 (q.y + Z (10 Fll g,y + 1t0:Fll ;)

J
14+m/2 1+m/2
< CA (0 llg, + EN0uFllg.) + 3 O (l0rFllg, + 0l
J
<coHm?y (4.10)

where we have used (4.4), (4.6) and (4.7) to estimate
1+m/2
Cart™ 2 (Jl0cFll g, + dl9uFll. )
and introduced the following notation:
1+m/2, ;—
A= G F g, + 0 Fllg, + dillOFl o, + ElouFllg,).  (4.11)
j
It remains to estimate #". To this end, in view of (3.18) and (3.26), we set “¢, = Hp,
¢ = H, ¢p(0) = Po(Ch)dy-1(s) and ¢(0) = 6,7 and “¢y = 0 Hy, ¢ = O,H, ¢;(0) =

))Z and $(0) = Ard,,” in Lemma 3.5, respectively. Then we obtain

Arp(Pu(TR)0g1 (2

;' NPl g, + 10:Fllg, < Ce (T + X5 + Y +d; I Fllg) (4.12)
+(Cn'2d; 2 4 O hd; + ) (7 IFll g + 110 F Nl )

and

G0 F Iy g, + N0 Fllg, < Ce (T + X5+ 55 + 110:Fl ) (4.13)

—1/2 _ _
+(ChY2d; 2+ Cethd !t + ) (dill9:F Iy, + 100 Fll ) -

respectively. By using interpolation error estimate, (3.23) (exponential decay of Pp,(I's)0q-1(z,))
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and Lemma 3.4 (local estimates of regularized Green’s function), we have

r N — < —3—m/2
Iy = [ PaT), 1 (o s, + 5 NPTy g < CR2d5 72, (4.14)

X; = dill|o:(InH — H)lly g, + 10:(1nH — H)llg,
+d; W H = Hlly g + d; | nH = Hilg,
< C'djh|||5tHH|L2H2(Q;.’) + Cd;1h|’|HH|L2H2(Q;’)
< C’hd;%m/z, (4.15)
V= it (djvaathQ; + ]H@tH\HQ; + dj_lH‘VFH‘”Q; + dj_QH\HWQ;>

k41 ;—1—m/2
< CRMIg T, (4.16)
and
I; = d?||AF,h(Ph(Fh)Sq*1(:vo))€H1,1“; + djHAr,h(Ph(rh)gqfl(xo))ellr; < Ch2dj‘3‘m/2, (4.17)

Xj = d}||[140uH — OuHlll1 g1 + & 1n 0 H — OuHll
+ |0 = O,y o + O H — D g
< Chd; >, (4.18)
Yj = htt <d§?\||vrattH|\|Q;. + djl10uHlllg, + djl|VroH g, + llatHHIQ;.)

< OnFLg T, (4.19)
By substituting (4.12)-(4.19) into the expression of % in (4.11), we have
1+m/2, ;—
H =3 dANE N g, + NOF g, + dillonFll g, + dI0nFllg,)
J
1+m/2 — —3—m/2 —2—m/2 —
<O d eI (Wd T 4 hd T 4 | F g )
J
—-1/2 — — 1+m/2, ;—
+ D (CWR 2 4 O vy 4 d; T IFll g + 0 F gy + dilIOF Nl q; + 10 F )
J
_ —14+m/2
< C+Ce 3Zdj +m/ 17l
J
—-1/2 — — 1+m/2, ;—
+ D (CWE 2 4 O vy 4 ;A IFlly gy + 0 F gy + dillanF g + 5 10aFllg).

J
J

(4.20)
Since |HF]HQ; < C(IFllg,_, + IFllg, + WFlg,,,); we can convert the @j-norm in the

inequality above to the @;-norm:

—3 ;—14+m/2 — —14+m/2
H < C O3 | Fllg, + CeP S d TR,
J

—1/2 _ _ 1+m/2, ,—
+ 3 (CR2A? 4 Cethd: + d (APl g, + 10 F g, + dellOeF Il g, + d2 18w F g, )
J

—1/2 — — 1+m/2, ,—
+ (O 4 ce s 4 9d A | F g, + 19 llg, + dillaFll o, + EllonFlly,)
J
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< Ce+ COF 1 0T Fllg, + 000V OO + o), (4.21)
J
where we have used d; > Cyh and (4.4)-(4.8) to estimate
I ., WoeFllg,,  No:F q,,  and  [0:Fllq,,

and used the expression of # in (4.11) to bound the terms involving Q;. Since €, = e+e~1/C,,
we can make €, sufficiently small by first choosing € small enough and then choosing C, large
enough (e can be fixed now and C, will be determined later). Then the last term on the
right-hand side of (4.21) can be absorbed by the left-hand side. Therefore, we obtain

K<C+Cc™ N a | (4.22)
J
It remains to estimate ||F' H|Qj. We apply the parabolic duality argument: Let w be the
solution of the following backward parabolic equation on the domain Q:
{ —0w — Aprw = v,
w(l) =0,
with supp(v) C Q; and [[v][z2(g,) = 1. After testing the above equation by F, we get
[F,v] = (F(0),w(0)) + [F;,w] + [VT F, Vrw], (4.23)
where
(F(0), w(0)) = (5 41 (zg) — 80> w(0))
= (Phzy — 0zgs w(0) = T4w(0)) + (8, 4120y — Ohgs w(0))
= (Py0zy, w(0) — Lyw(0))ry + (Prdzy — 0z, w(0) — Lyw(0)) 0y + (O g1 () — Ohuzos w(0))
=T+ T, + Ts. (4.24)
Both Z; and 7y can be estimated in the same way as [32, Eq. (5.21), (5.23) and (5.24)]. The

only difference is the replacement of flat domain € in [32] by surface I" here. These estimates
of 7; and Zs can be written as follows:

71 < Ch2a;' T and |To| < OB w(0) e (e,
< Ch2 Slelp HG( ) ay)”LOOWZ‘X’(Uk<J+1og2 cQr) HUHLI (Qj)>
Yy
< Ch2d.2 "l

1-m/2
< Ch2d; o]l g,

where in the second-to-last inequality we have used the following pointwise estimate of Green’s
function (cf. (3.14)):

Slelp ”G( ) 7y)HL°°W2 20 (Uk<j+logy cQk)
)

< Cswp |G y)

[/
yel HL°°L°° (Uk<j+logy ¢ Qk) HG(" "y)HL"OHM(ngHlogg cQk)

<cd; m(l—@)dj—(M—l-m/Z)é' _ C,dj,g,m7

where in the first and second inequality we have used the Gagliardo—Nirenberg interpolation
inequality with 6 = 2M for any integer M > % (cf. [6, Theorem 3.70]) and the local
estimates of Green’s functlon (Lemma 3.4 and Remark 3.3) respectively.

Similarly, by using Lemma 3.3 and (3.14), the argument in [32] leads to the following

estimate:
Zsl < 1135, o1 (g — S 1 0y 1w (0) | e

k
< ChM sup IG5 9l Loe o0 (U< 10my c@) 10Nl L2 (@)
Yy
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< CRM Lo g
< Tl 2.
We decompose the second and third terms on the right-hand side of (4.23) as follows:
[Fy, w] + [V F, Vrw]
= [0;(Hf — H),w] + [Vr(H} — H), Vruw]
= [an0:Hy, — 0:H,w] + [ByVr Hf, — VrH, Viuw]
+[(1 = ap)0:Hf, w) + [(1 — By)VrHy, Vrw)]
= [an0:Hy — 0:H, (w — Iyw)] + [BRVrHf, — Vi H, Vi(w — Iyw)]
+ (1 —ap)0H,w] + [(1 — By)VrH, Vrw]
+[(1 = an)dy(Hy — H),w] + (1 = By)Vr(H, — H), Vru]
= [andi(Hf — H), (w — Tyw)] + [ByVr(Hf — H), Vi (w — [yw)]
+ [(ap — 1)OH, (w — Inw)] + [(Br — 1)VrH, Vp(w — Ihw)]
+[(1 —ap)0H,w] + [(1 — By)VrH, Vrw]
[(1 — an)Oy(Hy, — H),w] + [(1 = By)Vr(H, — H), Vruw)]

= ZI (4.25)
=4
By [32, Eq. (5.26)], we know
[ Za] + |Z5] < C Y (W Eillg, + hlIEll o) 1wl 2r2 (- (4.26)

*,7
Using the interpolation error estimate,
\Zs| + 1Z7| < CRM*EY (B2 Hillg, + Rl H I o) w2222y,
*,1
and from Lemma 3.1, Sobolev embedding and Holder’s inequality, it holds
I Zs| + [Zo| < CRMNY (& Hell g, + dill H 1 o) 1wll 2 2,

*,1
[Z1o| + |Zun| < CHM Y (&l Eillg,
*,1
According to the estimates above and [32, Egs. (5.31)—(5.32)] (with a = 1 therein), we get
min(d;, d;) )
max(di, d])

o)llwllzm2Q)-

—1-m/2
IFllg, < Ch?d; P2+ CRRUS T (@2 Hylg, +diH|H|”1,Qi)<

2 min(di, dj)
+OD (IR, + WIFN o) (i ))

_ di, d;)
< 2 ;—1-m/2 k41 1-m/2 Hlln( i j
Ch2d, +CRHY " d) (max(d“d]))

*’L

min(d;,
OO llg, + AIFIL ) () (4.27)

*,0

Note that (cf. [32, Eq. (5.33)] with a = 1 therein)

1+m/2 mln(dz,d ) < —1-m/2
Zd (max(d“d )) < Od; . (4.28)
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By substituting (4.27)—(4.28) into (4.22) we obtain

H <O+ OCH? LN od TR,
J

2
<c+ocm?yc E <£L> (here we have used (4.27))
—~ \ d;

+Czd_1+m/2hk+1zdl m/2 (m)
J

J *,1
_ in(d;, d;)
OIS W2 Bl + B FIl, o ) (R )
; J *ZZ Qs 1,Qi (max(di,dj)>
Consequently,

H <C+CCHM? L 2 (here we exchange the order of summation)

(AR}

*Z

1+m/2 ( min(d;, d;)
+c§ymﬂ%ﬁwwm@iﬁ*”(@@ﬁﬁ)
*,0 1]

<C+0CH? yoc? 0y p

*,1

m_g
+C Y (RIIF g, + PIIFIl, ,)d7

*,1

(here we use (4.28))

=C+C0C™? 4 CC72 + Clog C, + log —)hFH

)
h
+Czd3+m/2(||‘Ft||’Qi<Ei) +di1|||F|||1,Qi<Z,))

*,2

. . 1 " .
<C 4ot /2+C’C*2+C(log0*+logﬁ)hk+1+0di+ /2 (||]Ft\||Q*+dj1H|F|||1,Q*>
1+m/2 _ h
M (17g, + 407 Ne,) (5 )

<C+OC3””/2+CC —|—C<logC’ + log h)hk+1+cc L.

By choosing C, to be large enough (C, is determined now), the term CC1.# will be absorbed
by the left-hand side of the inequality above. In this case, the inequality above implies

H < C. (4.29)
Substituting the last inequality into (4.10) yields
10:F || (0,1)xTy + [[E0u | L1 ((0,1yx1) < C- (4.30)

Part II. For t € [1,4+00), we first define the finite element Space With vanishing average:
Sh(Fh) = {pn € Sp(Th) th on = 0} and Sh( ) = {goh € Sh fF gph = 0} on which we
can define the inverse of the discrete Laplacian operators A . and A T, respectively.

Lemma 4.2 For any f, € Sy(I',), we define f}?vg’e = ff — |07 [ ff € Si(T). Then we
have the following properties
_ Y
AR ) ey ~ 1AL, 2wy,
vg,l vg,l
1AL LA 2y < CUE ey < 28N full gy
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Proof. The first result is a consequence of consistency of I' and I';,. We define uy, = A;}} nin €
S’h(Fh) and ﬂfl = Aflh ;:Vg’z IS gh(I‘) with fl“h up = [p ﬂfl = 0 and define

uzvg" - uﬁ - rrrl [ uh € $um)
r
Since [ uf, = fl“h a,’) fr 4 — 1wy, and |(a; 1)~ — 1| < ChF*1 it follows that

,e
uzvg - Uh| < CE" upllpigr,)» (4.31)
and, similarly
|f2vg’£ — fal < CREY| fullprry)- (4.32)
By definition,
(Vr,un, Vr,vp)r, = (fasvr)r,  Yon € Sp,
(Vpﬂﬁ, vaﬁ)p = (fang U;l;)p Vvh S Sh.
Applying change of variables and subtraction, we obtain
(Vr(uf, —@f,), Veop)r = —=((By = 1)Vrity, Vrvg)r + ((an — D ff vi)r + (= f®5), vf)r.
Then we test with vf = u2®" — @ € $,(") and use (4.31)(4.32), Lemma 3.1, Poincaré
inequality and the inverse inequality on I' to derive
vg,l ~ ~
IV (ug"® — @) 2y = Ve (uf, — )|l 2
< ChMYIVrdy |2y + CHE ) fill gy
. Y,
< Chk+l”vfuh”L2(F) + ChrAH! mln{”fﬁ”m(r), Hf;:vg ||L2(F)}
< Ch™||af | 2y + CRF mind||uf, || 2y, N84 22
and from the triangle inequality and Poincaré inequality again
N4 ¢ -
Huh - uh”L2(F) < Huavg - UhHL? () + ClIVr(w, o Uﬁ)”m(r)
< CHM* Y|l o oy + CRP| g | 2oy + CR* ! min|fug || 2y 18| 220y }-
Therefore || || L2(r) ~ [ || r2(r) , and this proves the first result.
The second result follows from [7, Lemma 4.3] where we use the elliptic regularity theory

and the Wl4-stability of Ritz projection on the smooth surface I' (see Section 3.4). O
Denote by Aok the analytical semigroup generated by the linear operator Ar, p: Sp(I'y) —

gh(l“h). Then, by the previous lemma with f;, replaced by Szvxgo therein for any fixed xg € I'y,
SZ‘;%O = Sh,xo — ‘thfl frh gh,l“o € Sh(Fh) then

A
10 H R (E, - w0l 22(r,) = 10" 6378 [ 2y

= 72| (tAr, )2 AL 58 |

h,xo
—2 1
=t HArh,hdz‘fo HLQ(Fh)

< Ct7?| 6y Iz,

h,xq
—2
<Ct™ .

From the norm equivalence on I' and T'y, it is straightforward to show the constant of
Poincaré inequality (with vanishing average) on I'y, is bounded from above by the constant of
Poincaré inequality (with vanishing average) on I". As a consequence, the smallest eigenvalue
of —Ar, : S‘h(Fh) — S‘h(Fh) has a lower bound, denoted by Ay, which is uniform w.r.t A and
only depends on I'. Hence (the average vanishes due to the differential 9;),

10 R (¢, -, 20) || z2(r,y < Ce V0, Hp (1, -, 20) | L2,y < Ce MUY,

if we define
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Similarly, we also have
10k Hn(t, - 20) | 20y + 10 (E s 20) L2y + 19 H (2, - 20) | 21y < Ce 0D ¢ > 1.

The proof of Lemma 4.1 is complete.

5 Perturbation arguments for an evolving surface
(Proof of Theorem 2.3)

Following usual notational conventions, we will always identify a finite element function and
the corresponding vector collecting its nodal values. Such representation is unique if we have
specified the underlying domain. For example, given any ¢, s € [0,7], the two integrands of

/ vp, and / vy,
Tn(t) Tp(s)

have the same vector of nodal values, denoted by v, but are defined on different domains I'; ()
and I',(s). When the underlying domain is specified, v is automatically substantialized to a
finite element function vy, on that domain. Since all of the quantitative computations in this
paper involve either integrals or norms, our notations for finite element functions will always
have a unique and clear meaning. For another example, ||vy||r, ) and [lvallr, (s) denote the
norms of a finite element function (a nodal vector) on the two different surfaces I'y,(t) and
'y (s), respectively. Correspondingly, the interpolation operator Ij, should be interpreted as
the determination of the nodal vector which uniquely corresponds to a finite element function
after specifying the underlying surface.

Given any s,t € [0,T], we first pull back the scheme onto the piecewise polynomial
approximate surface I',(s) and then carry out temporal perturbation argument on I'j(s).

For the fixed time s € [0, 7], we define the scalar function a(t,z) and the RO7+Dx(m+1)_
valued function B(¢,x) with = € I'(s) to be the smooth prefactor of the following change of
variables via the smooth flow parametrized on I'(s), i.e. Fs(t): T'(s) — I'(¢),

/ uv = / a(t,z)(uo Fy) (vo Fy),

T'(t) I'(s)

/ V@t Vrev = / B(t, )V (ue Fs) - Vi) (vo F).
L'(t) T'(s)

Similarly, we define the piecewise smooth scalar function a(¢,x) and matrix-valued function

B(t,x) with x € T'y(s) to be the prefactor of the following change of variables via the smooth
flow parametrized on I'(s), i.e. Fs(t) o q(s): I'n(s) — I'(¢),

/F(t) uv = /Fh(s) a(t,z)(uo Fsoq(s))(vo Fgoq(s)),

/ Vrwmu - Vv = / B(t,x)vph(s)(qusoq(s)) -V, (s)(v o Fsoq(s)),
I(t) Ty (s)

and define the piecewise smooth ay,(t,z) and By, (t,z) with € T';(s) to be the prefactor of
the following change of variables via the discrete flow parametrized on I'y(s), i.e. Fj s(t) :=
In(Fs(t) 0 q(s)): Tn(s) = Ta(2),

/ uy = / ap(t,x)uo Fy v o Fp g,
Lp(t) Thn(s)

Vit Vr,mv = / Bp(t,2)Vr,(s)(uwo Fs) - Vi, (s)(v o Fp).
Tn(t) Thn(s)

Since Fy, 4(t) = Iy (Fs(t) o q(s)), by the interpolation error estimates, it follows that for any
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s,t €[0,T]
|an(t, ) — at, )| oo (r, (s)) < CRMHL,
|Bi(t,) — B(t, )| Lo (ry(s)) < CRF,
and moreover from the geometric perturbation error estimates (cf. [13])
la‘(t, ) — alt, )| Lo (r(s)) < CRF,
|B!(t,) — B(t, )|l g (r(s)) < ChF.
Hence B(t,z) := (B(t) o q(s))(z) = By(t,z),z € T),(s),s,t € [0,T] is a good approximation
which is globally continuous and piecewise smooth. This global continuity will allow us to
take advantage of the definition of discrete Laplacian. With the definitions above we have,
for any vy € S,

(Ocuns vr)r, (s) + (V) Uhs VT, () V)T (s)
= (an(s,-)Opun(t, ), vr)r,(s) + (Br(s, )V, s un(ts ), Vi, ()01, (s)
= (an(t, ) fu(t, ) vn)ry, (s) + ((@n(s, ) — an(t, -))Opun(t, ), vn)r, (s)
+ ((Bi(s,") = Bn(t, )V, un(ts ), Vi, (s)Un)rs)
=t (@n(t, ) falt, ), vn)r,(s) + ((@n(s, ) — an(t, ) un(t, ), vr)r, (s)

+ (AL pun(ts ), 0r)r, (s); (5.1)
where A{‘?}i (s),plth € Sh(Tr(s)) is defined as the Riesz representative of the following linear
functional on Sy, (I'y(s)):

((Br(s) = Br(t))Vr,(s)un(t); Vi, (s))ra(s) - Sn(Ta(s)) = Sp(Ta(s)).

The estimate of A T (s),h YA is given in the lemma below.
Lemma 5.1 For any ¢ € [1, oo], we have the estimate
HAFh(S WU e, ) < CIIVE, )y un(®ll e, s)) + Cls =t Ar, ), nun ()| Lo, (s)) -

Proof. 'We apply change of variables, Leibniz rule, super-approximation estimate (cf. (P3)
in Section 3.2) and the inverse inequality to get

(Aﬁi(s)’huha Uh)Fh(s)
= (Vr,(s)Uns (B(8) = B())Vr, () V)T (s)

+Vh8u,Bs—Bt—Bs—Bt Vr,(s)V

(o (¢ )= B4 = (B0 ) F()h)rh(S)N |

—(Vr,(s)Uh, V() (B(8) = B()vn)r,(s) + (V)8 V1, () [0 ((B(8) — B(t))vn)) 1, (s)
)

+ (Vr, (5)Uh, Vi, () (1 = In)((B(s) — B(¢)
; (vrh(s)uh, ((Bh<s> ~ Bu(t) — (B(s) - B(t)))vrh(s)vh)

VR))T (s)

Tn(s)
< ClIVr,syunll oo, sy lvnll Lo, s)) + Cls — tHIAr, ) punll Lo, o) 1ol Loy, s))
+ C(h+ B*)|[Vr, (s unll 2o () IV 0 ()R | La (T ()
< C(IVr,s)unllo, ) + s = I Ar, s punll o, ) 1rll La, sy Yon € Sh,
where in the second to last inequality we have used the consistency estimate || Bp(t) —

B(t)HLoo(Fh(s)) < Ch* for any t € [0, T], and all of the constants are independent of s, € [0, 7]
(possibly depend on T'). Thus we conclude the lemma by duality. O
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Remark 5.1 The above proof additionally leads to, for any s € [0, 77,

[Ar(s),nunllLaris) < ClIVr,s)unllLarys) + CllAT, (s),nunllLamy(s)s
and, for any s’ € [0,T7,

IAD, (s),htnl Lo, (s)) < ClIVD, (s),0UnllLar, (7)) + CIAD, (s),pUnl Lo, (1))

Lemma 5.2 The followmg discrete interpolation inequality holds on the polynomial surface
'(s), for all ¢ € (1, 00),

IV, sl Loy (s) < Ce HunllLagr, sy + CellAr, () ntinll Lo (s)-
Proof. 'We define function u to be the solution of the following elliptic equation on I'(s)

_(AF(S) - 1)“ = (AF(S) )ufu

or equivalently Rpu = ufl where Ry is the Ritz projection associated to the finite element

space Sp,(I'(s)) the elliptic operator —Ar,) + 1 (see Section 3.4). Then the elliptic regularity
theory says

Jullw2ares) < Cl( AR R — DubllLars)- (5.2)
Moreover from the inverse inequality
I(Arsyn — Dupllzaes)) = sup (Vr(s) s V(s Uh)r(s) + (W U )T(s)
UhGSh,"UfL"Lq/ (F(g)):l
< Ch?||up | a(r(s))- (5.3)

Define A = —Arp(,) + 1 and we get
(1, 0)r(s) = (Au, A7 0)pg) = (= Argeyn + D, A 0)rgs)
= ((=Ar(n + D, RhA™ ) + (Arn + D, (1= Ra) A o))
= ((Vresyn + Vg, (Vg n + DA 0) ) + (= Areyn + Dup, (1 — Ry) A )

= (up, v)r + (= Ay + up, (1 — Ry) A~ 1v)r(s),
and therefore

lullparsy = sup (u,v)pg)
1ol Lo payy =2
< Nluhllaresy + 1(=Ar@n + Dupllaresy — sup (1= R)A™ 0] o e
ol e’ 0oy =1
< ||Uh||Lq (T(s)) T Ch?||(-A (s),h T+ 1)“h”Lq 5)) sup ”A_lvnwzq’(r(s))
ol e 0oy =
< Cl|ufy |l Lacrs))- (5.4)

IN

where in the last line we have used (5.3) and the elliptic regularity theory [|A™ v]|j2.q (T(s)
CHUHLq/(r(S)) =C.

Hence the norm equivalence, Remark 5.1, (5.2), (5.4) and the W14-stability of R}, (see
Section 3.4) imply
IV e uhllzares) < Ve (Bau — Inw) | pares)) + 11V Tn = Dullpares) + 1 Veeyul o)

1/2
< Chllullw2.a(res)) + HUHLq (T(s)) H Hmé2 (D (s

< Ce Yunllpaqry(s) + C€|th(s)uh||m(rh(s)) + Ce||Ar, (), nunll Lo, (s))-

We complete the proof by absorbing €||Vr, (sunllLa(r, (s)) into the left-hand side. O
Applying the discrete maximal regularity on the stationary surface I'y(s) with p, ¢ € (1, 00)
(Theorem 2.19) to (5.1) and using the norm equivalence between I';,(s) and I'y(s), we get

10cun |l e 0,4:00(r, (5))) T AT, ()8R Lr (0,819 (1) ()
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< Clfullzrarn sy + Cll(@n(s, ) — an(t, ) kun(t, )| ro,09(rn(s))
+C|ap ()t (E ) Le(o,6La(ry(s)))

< Ol fullro.6zaraisy) + Cls — tllOwunllLe(0,600(04 (5)))
+ ClVr,syunlleo4090n(s)) + Cls = AT, (5 nunll Le 0,600 ()

where in the second inequality we have used Lemma 5.1. Then we apply the norm equivalence,
Remark 5.1 and Lemma 5.2 to the inequality above to change the domain from I';(s) to I',(0):

19cun |l Lo (0,:09 (T, 0))) + 1AL, (s),0Unl Lr(0,4520(T), (0)))

< Cllfrllzeotramno)) + Cllurlzeogcam, o)) + Cls — 10l e 04000, 0))

+ Cls = t|[|Ary, o), nunll Leo.:La(r, (0))) - (5.5)
We define (cf. the proof of Theorem 3.1 and (4.22) in [23])
Lp,q(t) = ||atuh||I£p(07t;Lq(ph(o))) + ||AFh(0),huh‘|I£p(o,t;Lq(rh(o)))
with
AL ) = 100 (6, N s oy + 1800118 Wit o

Then (5.5) implies that
Lp,q(S) = HatuhHip(o,s;Lq(rh(o))) + ||Al“h(0),huh||}Zq(0,s;L2(rh(o)))

< Cllfullzoo ooy T Cllunlzogsesw, o)

e /0 (s = 07 (10run(t, ), 00y + 1AL nt1 (E e, 0y )l

< Ol 0 a0y + CT /0 Lpo(t)dt + CpTP! /O L (t)dt,

where we have used the following estimates in the last line (cf. [23, p. 10])

S
lunll 0,5 Laracoy) < TP/O Ly q(t)dt,

/0 (s—t)F (Hatuh( )HLq (Tr(0 )+ ”Al“h U (t, )HLq(r (0)))dt Sprl/O Ly q(t)dt.
Thus, by Gronwall’s inequality, it holds that

LP#I(s) < CHth]ZzP(O,S;L‘I(Fh(O))) Vs € [O,T]
Therefore, the proof of Theorem 2.3 is complete.
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A Proof of Lemma 3.5
The following lemma is proved in [32, Lemma A.1], which can be easily extended to our
current scenario.
Lemma A.1 Suppose that, for any ¢ € (0,T), ¢} (t) € Sp,(T') satisfies
(at(bfw X%)F + (vr(ﬁfw VFXfL)F =0 vaL S Sg(rg)7 te (07 d?)a
(0e0h Xh)r + (Vroh, Vrxi)r =0 Vxj, € SR(D)). t € (d]/4,2d5).
Then we have

llail o

(Chl/%z 124 0t hd 4 ¢) H)awbh

e

4ok )

It is easy the construct the space-time cut-off function @ which is constant one on Q; and
zero outside Q;’ . We then define ¢ = @¢ and (%l € Si(T") to be the finite element solution of

(8id — andidhy, Xo)r + (Vrd — BaVrdh, xi)r =0 Vb € Su(T), (A.1)

with the initial condition (j;fL(O) = $(0) = 0. Obviously, ‘%L is zero outside @ as well.
Then,

1.Q)

+C€_1<dj_ ’H(bh Q' +dj_1||¢h(0)|!r3 + || Vre5 (0)

where the constant C' > 0 is independent of A, j and C,.

(an0u(Ind — &), xi)r + (BaVr(Ind — ¢4,), Xi)r
= (an0y(Ind — 8), Xp)r + (BrVr(Ind — @), Xh)r
+ ((an — )3, X5)r + (Br — 1)Vro, xp)r  Vxh € Su(I).

Testing the above equation with XfL = Iy — ngl € Sp(I") and using Lemma 3.1, temporal
integration by parts and Holder’s inequality (cf. [32, p. 37]), we get

116 = Ghll7e r2(0) + IV (Ind — D417 2120y
< | = Shllr2r20)10:(Ind — &)l z2r2(0) + IV (Ind — &)l r2r2(0) IV e (Tnd — 63l r212(0)

+ CH* 8l 2210 (Ind — d1) | 222200y + CRM IV Edl r2r2(0) Ve (Ind — 1)l 2222(0)
(A.2)

and, similarly, testing the above equation with y% = O (Ing — q?)f;) € Sp(T") leads to
10:(Ind — i) 72 200y + IV (Ind — G3)[7< L2(0)
< |0¢(Ind — D)l L2120y 10 (Ind — D) |2 12(0) + VO (Ind — ) r212(0)[IVr (Ind — 1)l L212(0)

+ CRE Y048 L2120 10 (Ind — &1 | 222 (0 +Chk+1”vfat¢“L2L2(Q)“vF(Ih¢ O)llr2r2(0
(A3)

Applying Young’s inequality to (A.2) and (A.3), we obtain
10:(In — &)l r222(0) + Ve (In — &) | L r2(Q)
+d; Ind = Gpll o200y + 45 VP (Tnd — 8l 1222(0)
< Cl|0y(In¢ — ) r212(0) + Cdj || Vrou(Ing — <1~>)HL2L2(Q
+ Cd7 2| Ind — Bl r212(0) + O YV (Ind — )l r212(0
+ Chk+1‘|at¢||L2L2 + Cd thHVFat@bHL?B
+ Cd; 2BEN Gl 220y + Cd; "IV rel rar (o)
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Using the triangle inequality and Hoélder’s inequality in the temporal direction,

16:(6 — &)l z212(0) + d; Ve (= S) I r2r2(0)
+d; *l¢ — dhllr2rz2(o y+d; V(e - ¢h)||L2L2
< C||0y(Ind — ¢)HL2L2(Q) +Cd; || Vroy(Ine — ¢)HL2L2(Q)
+ Cd; || Ind — dll1212(0) + Cd; M IV (Ind — &)l 1212(0)
+ CMY|01]| 2120y + Cdh* | Vrdidl r2r2 )
+Od W0 p2r20) + Oy | Vel 220 (A.4)

By subtracting (3.38) from (A.1) and using suitably arranged cut-off function, we know

that for x§ € S,?(F;.’),t € (O,d?) and x4 € Sg(D;’),t € (d]z/4, 2d§)

(an0:(8h, — &), Xn)r + (BrVr(dh, — ¢4), Vrxs)r = 0.

Then we apply Lemma A.1 to ¢, — ¢p, and get

[0 - o

+d'_1m~€_ ¢
o, T ll1Pn Ol g,

< (en2a v o+ [t - |, + 15 - el )
' 1

< v oonazt o [foi - |, + a7l e,

et <dj—2m¢3 ]

-1 4 4
o 45 O, + 1640)a;)

ene e s, v
J

+ Ce—ldqufsﬁ - (A.5)

where in the last inequality, we use the splitting ¢ — ¢ = ((;3 qgg )+ ((;34 gf)e ).

Finally, we complete the proof of Lemma 3.5 by applying the triangle inequality to (A.4)

and (A.5) and using the fact that both ¢ and qb are zero outside Q.
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