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Second-Order Convergence of the Linearly Extrapolated
Crank-Nicolson Method for the Navier-Stokes Equations
with H' Initial Data

Buyang Li' - Shu Ma' - Na Wang?

Abstract
This article concerns the numerical approximation of the two-dimensional nonstationary

Navier—Stokes equations with H! initial data. By utilizing special locally refined temporal
stepsizes, we prove that the linearly extrapolated Crank—Nicolson scheme, with the usual sta-
bilized Taylor—Hood finite element method in space, can achieve second-order convergence
in time and space. Numerical examples are provided to support the theoretical analysis.
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1 Introduction

Let 2 C R? be a convex polygonal domain with boundary 952. We consider the time-
dependent Navier—Stokes (NS) equations describing the dynamics of an incompressible,
homogeneous, viscous fluid in the domain 2 up to a given time 7" > 0, i.e.,
ou+ w-Vu—Au+Vp=0 in £2 x (0,T],
V-u=0 in 2 x (0,T],
u=0 on 052 x[0,T],

u=u" in £2 x {0},

(1.1)
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where u = u(x,t) = (u1(x, 1), ur(x,1)) and p = p(x,t) denote the fluid velocity and
pressure, respectively, and u° = u(x) is a given initial value of the fluid velocity.

As the fundamental mathematical equations to understand and predict the dynamics of
incompressible fluid flow, the numerical solution of the NS equations has attracted much
attention in the community of scientific computing and numerical analysis. In particular, if
the solution of the N'S equations is sufficiently smooth (with enough compatibility conditions),
then optimal-order convergence of high-order numerical methods can be proved; see [4,6,
18,19,26,27].

For H? initial data, i.e.,u® € H} (£2)>’NH?*(£2)* and V-u® = 0 without additional compat-
ibility conditions, Heywood and Rannacher [13—15] considered both semidiscrete and fully
discrete finite element methods for the NS equations and proved second-order convergence
in time for the implicit Crank—Nicolson scheme. Shen [20,21] proved optimal-order con-
vergence of the first-order and second-order projection methods for decoupling velocity and
pressure. He and Sun [12] proved second-order convergence of the Crank—Nicolson/Adams—
Bashforth implicit-explicit scheme. Emmrich [5] proved second-order convergence of the
two-step backward differentiation formula. Guo and He [8] proved second-order conver-
gence of the linearly extrapolated Crank—Nicolson scheme. Tang and Huang [23] proved
second-order convergence of the Crank—Nicolson leap-frog scheme. For the Crank—Nicolson
methods mentioned above, the convergence of pressure was proved with sub-optimal order.
Recently, Sonner and Richter [22] proved second-order convergence of pressure for the
Crank—Nicolson method.

For H! initial data, i.e., u® € HJ(£22)*> and V - u® = 0 without additional compatibility
conditions, only a few results were provided in the literature. As far as we know, Hill and
Siili [16] proved second-order convergence of the semidiscrete finite element method. He
derived first-order convergence of the Euler implicit/explicit scheme in [9] and 1.5th-order
convergence of the Crank—Nicolson/Adams—Bashforth implicit-explicit scheme in [10].

The objective of this paper is to prove that, for H' initial data without additional com-
patibility conditions, the linearly extrapolated Crank—Nicolson scheme has second-order
convergence by utilizing a class of locally refined stepsizes, with the semi-implicit Euler
scheme at the first two time levels. The total computational cost would be equivalent to using
a uniform stepsize. The proof is based on two technical lemmas (Lemma 3.2 and 3.3) estab-
lished in Sect. 3.1 and the consistency error estimate presented in Sect. 3.2. For simplicity, we
focus on the homogeneous NS equations (1.1) (i.e., the right-hand side is zero in the velocity
equation) with a normalised viscosity. All the results can be carried over to the general case
if we assume appropriate smoothness of f.

2 Preliminary Results for the Semidiscrete Finite Element Method
2.1 Functional Setting of the NS Equations

Fors > 0and 1 < p < oo, we denote by W*?(£2) the conventional Sobolev space of
functions on £2, with abbreviations H*(£2) = W*2(2), L?(£2) = H*(2) and L?(2) =
WO-P(£2). As usual, we denote by HO1 (£2) the space of functions in H 1(£2) with zero trace on
the boundary 9 2. For simplicity, the norms on the spaces H*(§2), H*(£2)" and H"(£2)"*™,
with any integer m > 1, are all denoted by || - || gs(2).

We introduce the following Hilbert spaces associated with the NS equations:

X = H} ()%,



Y={vel*(2):,V-v=0,v-nlyo =0},

M = L3(2) = {q € L*(2); / gdx = 0}.
2

Let X be the divergence-free subspace of X, defined by
X={veX;V-v=0).
In a convex polygon £2, it is known that the steady-state Stokes equations
—Av+Vg=g in £,
V-v=0 in £,
v=0 on 052,

with g € L2(£2)2, have a unique solution (v, ¢) € (X N H2(£22)?) x H'(£2)/R satisfying
the following estimate:

vl 2@y + gl m1@yr < c1llglz)- 2.1

where ¢; > 0 is some positive constant depending on 2. This result can be found in [17,
Theorem 2] and [24, p. 33, Proposition 2.2].
Let D(A) = X N H%(£2)? C Y and define the Stokes operator

A=—PA:D(A) — 7Y,

where P is the L?-orthogonal projection of L2(£2)% onto Y. As aresult of (2.1), the following
inequalities hold; see [1,13]:

vz < c2llVollpzey v eX,
Ivllg22) = c2llAvli2e) v € D(A),

where ¢; is some positive constant depending on 2.
We recall the following result concerning the existence and uniqueness of a global strong
solution to the Navier—Stokes problem (1.1) (cf. [16, Theorem 2.1]).

Theorem 2.1 For any given u® € X there exists a unique solution to (1.1) such that
ue H'0,T; L*(2)) N L* 0, T; H*(2)>) N C([0, T]; X),
peL*0,T; H'(2)/R).
The initial condition is satisfied in the sense that
luC, 1) = ulll g1y — 0 as t — 0.

We define a trilinear form on X x X x X by
1
b(u, v, w) = ((u - Vv, w) + 5((V S u)v, w)

= %((u Vv, w) — %((mV)w,v) for u, v, w € X.

Then the solution of problem (1.1), as stated in Theorem 2.1, satisfies the following equations
forall (v,q) € X x M andt € (0, T]:
{ (34, v) + b, u, v) + (Vu, Vo) = (p. V - 0) = 0,

(V-u,q)=0. 22)



2.2 Semidiscrete Finite Element Approximation

Let X, x M), be a finite element subspace of X x M subject to a triangulation of §2 with
mesh size & > 0, with the following three properties.

(1) Inverse inequality: there exists a constant ¢3 > 0 (independent of /) such that

—(m—)—(2-2
lonllwmacey < csh™ " =S~ vyl i) Yon € Xa, 2.3)

forO0</<m<landl1 <p<gq <o0.
(2) Inf-sup condition: there exists a constant ¢4 > 0 (independent of /) such that

(V- vn, qn)
lgnlli2@y <ca sup ~———— Vqn € M. (2.4)
wexi\o) IVUrllL2 (@)

(3) Fortin projection: there exists a linear projection ITj, : HOl (£2)> — X such that for

ve HN (22N HY(2)?

lv—Tpvllgn@) <csh* " vllpsey 0<m<1, 1<s<2

-7 (2.5)
ITpvliwir o) < csllvllwie g 1 <p<oo,

where ¢s5 > 0 is a constant independent of .

For example, the Taylor-Hood P2-P1 element space [7,25] has all these properties.

For the simplicity of notation, in the rest of this paper, we denote by c a generic positive
constant that is independent of /.

Let X, be the discrete divergence-free subspace of X}, defined by

Xp = {vn € Xp; (V-vh.qn) =0 Yy € My}.
Let P, : L2(£2)2 — X}, be the L2-orthogonal projection defined by
(Ppv,vp) = (v,vp) Yoy € X
Equivalently, Pjv can be found by solving the following coupled equations:
(Ppv,vp) — (qp, V- o) = (v, vn)  Vup € X,
{(V-th,qh):O Yan € M.
Then the following inequalities are consequences of properties (2.3)—(2.5); see [3]:
IV Pivllp2ge) < el Vol Yo e X, (2.6)
lv = Pavll 2@y + 2V = Pav)ll 22y < ch*vllg2g) Yve XNHA(2)% (27

The semidiscrete finite element method for (2.2) reads: Find (us (1), pp (1)) € Xi x M},
such that

Otp, vi) + bup, up, vp) + (Vup, Vop) — (pr, V- vp) =0,
V-up, qn) =0, (2.8)
up(0) = Pyu®,

holds for all (vp,, gn) € X5 x My andt € (0, T].
It is known that the semidiscrete finite element solution uy(¢) satisfies the following
regularity estimates; see [10].



Lemma 2.2 (Regularity of semidiscrete finite element solution) Let ul e HOl ()% and V -
u% = 0, and assume that the finite element space X, x My, has properties (2.3)—(2.5).
Then the semidiscrete finite element solution uy,(t) determined by (2.8) satisfies the following
regularity estimates:

197w (D)l 12y < Ct™ V1 €(0,T], m=1,2, 2.9)

1
lun Ol 2@y + IVurOll 22y + 12 1Apur Ol 22) =€ V1€ (0,T], (2.10)

where C is a general positive constant depending on ||u® g1y 2 and T.

3 The Linearly Extrapolated Crank-Nicolson Scheme

In this section, we present the error estimate for the fully discrete finite element method with
the linearly extrapolated Crank—Nicolson scheme in time. We consider a partition 0 = fy <
t1 < --- <ty = T of the time interval [0, T'] with the following stepsizes:

()"
T =17 = e s
T (3.1)
Ty =1, —1 ~<t"_l
n = 1In n—1 T

o
)‘L’ for n > 3,

where t is the maximal stepsize and % < a < 1is any fixed number.

Remark 3.1 The computational cost of using the stepsizes in (3.1) and using the uniform
stepsize T is equivalent. For example, for the stepsize choice 7, = (t"ji' )ar we can estimate
the number of total time levels as follows. We divide the time interval [#1, T'] into dyadic

subintervals [27/ iy 2-iT ],withj =0, 1, ..., J,where J is the smallest integer satisfying
1

2=7T < 1. Since t; = 1"1 = T(%)m, it follows that J < 1 + m In (%) Any time
interval [t,,_1, 2,] C [27/~'T, 277/ T] would satisfy
T, = (t"_l)at > 2~ UHDag
T
Hence, the number of time levels in [27/~!1T, 27777 is bounded by
—(j+1)
No< 2T Gna-o T
I = 2-G+Dag T
As a result, the number of total time levels in [0, T'] is bounded by
! ! T 1T
. —(+DHl—-a) -
Nng_(j)N]g]Z_(:)z — <o, forec@

Therefore, for any fixed & € (0, 1), the number of total time levels is bounded by a constant
multiple of 7' /t. The number of total time levels is increasing as « increases and blows up as
o — 1. But in practical computation we only need to choose a fixed « € (0, 1) for a given
problem. For example, in the numerical solution of the NS equations we only need to choose
a fixed constant o € (%, 1); see Theorem 3.1.



For any sequence of functions u},n =0, 1, ..., N, we adopt the conventional notations:

n n—1 n n—1

U, —u n—1 u, +u
Srup = “h Th u, > = D Th >,

T 2

1
=5 r _ ¥, _ . T,

u, * = (1 + i)uz L. iuz 2 with r, = —2 n>2.

2 2 Tn—1

The stepsizes in (3.1) guarantee that r,, < ¢ for some positive constant c.
Let ug = Pu® € Xj. For (uy, pp) € Xp x My, n = 1,2, we compute the numerical
solutions by the semi-implicit Euler method:

{ Gcuft, vp) + b ufl, vp) + (Vull, Vop) — (p), V-v) =0 Yoy € Xy, (3.2)

(V-up,qn) =0 Vg, € M,
For n > 3 and given functions
@2 pp ), i pph € Xp x My,

we consider the following linearly extrapolated Crank—Nicolson method: Find (u}, pj) €
X x My, such that

_1 _1 _1 _1
Seult,vp) +b@, 2,7, 2 o)+ (Va, 2, Vo) —(p, . V-u) =0 Vo, € Xy,

(V- 2,q1) =0 Yqu € My,
3.3)

The main result of this paper is presented in the following theorem.

Theorem 3.1 Ler u® € HO1 (2)? and V - u® = 0, and assume that the finite element space
has properties (2.3)—(2.5) (such as the Taylor—-Hood element space). If the temporal stepsizes
are chosen from (3.1) with some fixed « satisfying 3/4 < a < 1, then the fully discrete finite
element solution uj, given by (3.2)~(3.3) has the following error bound:

_1
lutn) = upll 20y < CT>+ Cty 202, (3.4)
where C is a general positive constant depending on ||u° g1y $2, T, c3 and cs.

The proof of Theorem 3.1 is presented in the following subsections.

Remark 3.2 The Taylor—Hood P2-P1 elements can achieve at most third-order convergence
when the solution is sufficiently smooth, but only have lower-order convergence when the
regularity of the solution is not enough. For example, in (2.5) we only consider the approxi-
mation of the Fortin projection for v € H(} (2)2NH*(2)2 Ifve H(; ()2 N H3(£2)? then
(2.5) can also hold for s = 3.

3.1 Some Technical Inequalities

In this subsection, we present two technical lemmas to be used in the error estimate for the
linearly extrapolated Crank—Nicolson method.



In a convex polygon, it is known that the following interpolation inequalities hold (cf. [2,
p. 139, Theorem 5.8 and 5.9]):

1
[Av]

1
IVl 40y < cllVvll e YVE HY(2)> N H*(2)?, (3.5)

2
L2(2)
1

1 1
lolizec@) < ellvllza g 10l 720, Vv € Hy(2)* N H*(2)°, (3.6)

For the discrete Stokes operator A, = —Pp,Ap @ Xj — X j defined by
(Apvn, wp) = —(Apvp, wy) = (Vop, Vwy) Vup € X, wy € Xp.
We shall need the following discrete analogues of (3.5)—(3.6).

Lemma 3.2 (Discrete Sobolev interpolation inequalities)
1

IVunllps2) < cllVonll IARRI 720 Yon € X, (3.7

3
L2(£2)
1 L o

lonllzeece) < cllvnll 2 o) 1ARVRII 2 o) Yo € Xpp. (3.8)
Proof To obtain a bound of Vv, || 4(q). We let v € D(A) = X N H?(£2)? be the solution
of

Av = Apv, vy € ih, 3.9)

where (3.9) is equivalent to the linear Stokes equations for (v, g) € X x M

—Av+ Vg = Apv, in £2,
V.v=0 in £2, (3.10)
v=20 on d052.

According to the estimate (2.1), we know that the solution v € D(A) satisfies that
vl g22) + gl g1 @) = cllAnvall2()- (3.11)
Note that v, is the solution of the following equations:

(Vop, Vwy) — (g, V - wp) = (Apvp, wp)  Ywy € Xy,
(Vevp,mp) =0 vV, € Mp.

As a result, vy is the Stokes—Ritz projection of v, i.e., there exists g5 € M}, such that

V@ —wvp), Vwp) — (g —qn, V-wp) =0 Yw, € X,
V-(w—=vp),m) =0 vV € My.

It is known that the Stokes—Ritz projection satisfies the following estimate; see [25]:
lv = vnllameey < ch* " (vllms@) + lglms1@) 0<m<11<s<2 (3.12)
In view of (2.5) and (3.12), we derive that
lvi — Opollam 2y < ch* " (vllas@2) + lglgs-1) 0<m =<1, 1=<s<2. (3.13)

Inequality (3.5) and (3.11) imply that
1 1 1 1

IVoll s < elVUll2a g 101 g, < CIVOIE g AR g



and therefore

||VHhU”L4(Q) < C||VU||L4(_Q) ((25) is used)
| | (3.14)

f CHVUHEZ(Q) ”AhUh ”22(9)

Since

IV (vp — po) 140y (3.15)
1 1
= clVn = TRl 2 o) IV = T oo )

1

= C”V(Uh - Hhv)”ZZ(_Q)

1

_1 3
h™2 ”v(vh - Hhv)HZZ(Q)

1 1
< c(IVunlizz@) + 1IVll2(2)) 2 IVl 22y + 111 a1(2))® ((2.5) and (3.13) are used)

1

1 1 .
<c(IVunll2@) + IVl 20)) ||Ahvh||zz(9) ((3.11) is used),
combining (3.14) and (3.15) yields that

IVunliLa@) = IVITpvll sy + IV (0n = Hpv)ll L4 2)

1 1 (3.16)
< c(IVonll 2q2) + 19l 2c) N AUl 2o g
It remains to prove the following inequality
IVUllz2@) = cllVurliz2)- (3.17)

Then substituting (3.17) into (3.16) yields the desired inequality (3.7). In fact, testing equation
(3.10) by v € D(A) gives
IVolI32 o) = (Abvn, v) + (g, V - )
= (Apvp, Ppv) = (Vop, VPy)
= cllVupll g2y IV Prvll 22
= cllVurllp2 @) IVl 2,

where we have used (2.6) in the last inequality. This proves the first inequality of Lemma
3.2.

To prove the second inequality of Lemma 3.2, we first test (3.10) by w and obtain
(g, V-w)=(Vv,Vw) — (Apvp, Prw)
= (Vv, Vw) — (Vuy, VPyw)
=< C(||VU||L2(,Q) + ||VUh||L2(Q))||w||H1(_Q)

<clVurllpzllwllgre) Yw € X,

where we have used (3.17) in the last inequality. Through the inf-sup condition, we derive
that

lgll2(2y < cllVunllr2()- (3.18)



On the one hand, by using the inverse inequality and (3.13), we have

-1
lvn — MpvllLee(ey < ch™ g — Mol L2

1 1

= ch™Hon — ol 2 ) lon — Tl 15 g

< et (10l + lallizey) (10l + gl (319)
< ch%||vh||l%_1,(m||Ahvh||L%2(9) ((3.17), (3.18) and (3.11) are used)
< clvnll g 14N 2

On the other hand, it follows from the fact

Ivlliz2@) < v —vnll2e) + lvnll2e)
< ch(lvligi) + lgll2@) + lvnll2ey  ((3-12) is used)
< chllvnll gy + lvall2 (o) ((3.17) and (3.18) are used)

< cllvnllz2(e)
and therefore
ITTpvlizee2) < vllLe(2)

1

1
2 2 :
S C”v”Lz(Q)”U”HZ(Q) ((36) 18 used) (3.20)
1 1
< cllvnlFa g lAnvAl 72 g, ((B.11) s used).
Using the triangle inequality and combining (3.19) and (3.20) yield that
lvrllzeo(2y < IMpvllize (@) + llvp — Havliee (o)

1 1

< clvnll}s o ARV 5 o -
L2(2) L2(2)

This completes the proof of this Lemma. O
By the definition of the trilinear form, it is easy to see that
b(up, vy, vp) = 0. (3.21)
For up,, vy, wy, € Xy, it is known that (cf. [15, p. 360, eq. (3.7)])
1bGup, v, wi)l < cllunll gy lvnll @) lwnllgg)- (3.22)
By using the interpolation inequalities (3.7)—(3.8), we prove the following result.

Lemma 3.3 Foruy, vy, wy € )o(h, there holds

1 1
b, vhs widl < cllunll 2@y 1081 gy HARVRI 2 o l0n iy (B23)



Proof According to the definition of the trilinear form and Lemma 3.2, we derive that

|b(up, v, wp)l

< %‘((Hh Vv, wi)| + %‘((uh - V)wp, vp)|

< cllunllp2( ) IVorlli ey lwnllpacey + cllunllp2(yllvallLe @) I Vwnll L2

< cllunll 22y (IVvn II%Z(Q) ”AhUh”%z(Q) + [lvn ||fz(9) ||Ahvh||%2(m)||wh||Hl(_Q)
1 1

< clunll 2 10n 12 o) 14R VAN 2 g l0n L 1112

This proves the desired result. O

In addition to the two lemmas above, we also need to use the discrete Gronwall inequality,
which is stated in the following lemma; see [11].

Lemma3.4 Let B and ay, by, d,, T, be nonnegative numbers such that

m—1

m
ay + Z byt < Zand'1fn+B for m >np > 1.

n=np+1 n=ngo
Then

m m—1
an, + Z b,t, < B exp( Z d,,rn) for m > ny.

n=no+1 n=nq

3.2 Consistency

Under the assumptions of Theorem 3.1, Hill and Siili [16] proved the following result for the
semidiscrete finite element approximation:

- <t V22, 24
max [lu) = un(t)ll @) = Ct (3.24)

Hence, we only need to present the estimate for the temporal discretization error
ep = up(ty) —uj; n=>1.

In this subsection, we consider the consistency error for the linearly extrapolated Crank—
Nicolson scheme (3.2)—(3.3), by comparing the fully discrete scheme (3.2)—(3.3) with the
semidiscrete scheme (2.8). Here and after, we use the following notations:

up(ty) — up(tp—1)

Srup(ty) = B — n>l,
n
1, Ih—
Eh(tnfé) _ up(ty) +2uh(n 1) n> 1,

—~ I I
n(t,_3) = (14 5 Junta-) = Fun(n2) n=2.



Then the semidiscrete solution uy(,) given by (2.8) satisfies the following system for n =
1,2:

Szup(ty), vp) + bup(ty—1), up(ty), vi) + Vuy(t,), Vop)
—(pr(tn), V-vp) + (", 0p) =0 VY, € Xp,  (3.25)
Vup(ty), qn) =0 Vg € My,

and the following system for n > 3:

(Bzup(tn), vu) + b(ﬁh(tn_%), un(t, 1), vn) + (Vip(t, 1), Vo)
—=(pr(t,_1), V- op) + (e, 0p) =0 Yoy, € Xy,

(V-up(t, 1), qn) =0 Vg € My,
(3.26)

where &" € X, is the consistency error defined by
@ (tn) — Scup(tn), vi) + b(up(ty) — up(tn—1), un(tn), va) for n =1,2,
(3114}:(1‘,,_%) — 8cup(ty), vn) + (V(uh(tn_%) — up(t, 1)), Vop)

+ b(uh(t,,_%), un(t, 1), vp) — b(it\h(t,,_%), un(t, 1), vp)

=: (e}, vn) + (&%, vp) + (€5, vp) for n > 3.
(3.27)

(", vp) =

The following lemma gives a proof that r, < ¢ for n > 2, where c is a positive constant.
It will be used in the consistency error estimate.

Lemma3.5 Forn > 2, there holds r, < c.

Proof From the stepsizes choice in (3.1) we know that

1)

ry = = 1 n = 2,
T
L% a
T =)'t 21)%t
r3 = 3~(T) =( 2) =2<2 n=23,
(9 (9 Tt
IO SO
" Tn—1 (t"fz)al' t:,zf th—2
-1
T, 1\ ta_ T\«
=(1+05) ~(+250)
th—> T«
a—1 a—1
n—2 ll T
sl+——=<1+ Ta 2 n>4.
This proves the desired result. O

Lemma 3.6 Ifuo IS HOI(.Q)2 and V - u® = 0 and the stepsizes in (3.1) are used, then the
consistency error defined in (3.27) satisfies the following estimate:

I(e", vl < CT, I Vunll 22y Yun € X (3.28)



Proof Forn = 1, 2 we have
[(e", vn)| = [@rup(tn) — Scun(tn), vi) + b(up(ty) — up(ta—1), un(tn), vn)|
< c|(@un(ty) — Szun(tn), vi)l
+ cllun(tn) — un (-l g1 2y len @) 1) lvell g1(2) ((3.22) is used)
< cl@up(tn) — Srup(tn), vi)l (3.29)
+ cllun(tn) — un -l g1 2y lun @l g1 @) IVURlliL2(2)

<c¢ max |[(0;up(t),v +c max sllup@®)|? Vv
< ¢ max |@up(®), vl +c max slun®lz g | Vonli2g)

= c max [(Qup(®), vp)| + ClIVupllp2(2),
tel0,12]

where the last inequality uses the boundedness of [luy ()| 1 () as shown in (2.10). By
choosing vy, € )o(h in (2.8), we have (pj, V - v,) = 0 and therefore

@pup(t), vp) + bun @), un @), vp) + (Vup(t), Vop) =0 Yo, € Xy, (3.30)
which implies that
[@rup (1), vi)| < 1b(up(t), up(t), vp)| + [(Vup (), Vop)|

< cllupOl g1y lun O gy lvall gy + cllVur @Ol 2y I Vorll 2oy
< ClIVupllL2(g)-
Substituting this into (3.29) yields that
n'n

1e", vl < ClIVunll22) < Ctity 2 Vunll 2y for vy € Xp and n = 1,2.

In the case n > 3, we present estimates for |(87, vp)l, j = 1,2, 3, respectively. First, we
note that

[(e], vn)| = | @ (1, 1) — Srun(t), vp)| = cr,?te[rtnax ]I(afuh(t), vp)|. (3.31)

n—1-In
By differentiating (3.30) in time twice, we obtain
(un (1), vp) + b@2up (), up (1), vi) + 2b@Bup (t), dup(t), vi)
+b(up(t), 3 un(t), vp) + (VZup(t), Vo) =0 VYo, € X,
which implies that
1@ un (), vl < clFun®l g1 lun Ol g1 @) lvnll g1 @)
+ el Ol ) 1vnll 1 g2
+ clldFunOll g1 o lvnll g1 )
< Ct 2| Vunll 200y

where we have used (2.9) (with m = 1, 2 therein) and (2.10). Substituting this into (3.31)
yields that

el vl < Ct2, 4 Vol ) Y un € Xon (3.32)



Second, by using the definitions of (¢7, vj,) and (&%, vy,) for v, € X5, we have

(63, vl <ellV un(t,_1) = wn(t,_1))llr2@) IVorll2e)
<ct? ,e[‘,“a"t ] 172n (O g1 2y IV VR Nl 22 (3.33)
n—1sln

<C72t,2 |V 202
and

[(e3, vn)| = |b(uh(tn_%), up(t, 1), ) — b(ﬁh(tn_%),ﬁh(fn_%)v )|
= |b(uh(tn_%) — Un(t, 1), un(t, 1), i)
+b(ﬁh(t,,_%),uh(tn_1) — un(t,_1), )|
= cllun(t, 1) —ﬁh(t,,_,)llﬂl(g)lluh(t “Dlavellvallaye)
Ity Dl )N, = Tt Dl lonllz gy Y

= ey max 7Ol s, Dl @) lvnl @)
n—=2-In

2
+ C||Mh(tn,1)||yl(rz)fn repnax 197 un N 1)y llvall g1 2)
n—1sln

< CT [Vl 2||VU]1||L2(Q),

where in the last inequality we have used

||ﬁh(ln_,)||ﬂl(9) (1+ )||Mh(ln 1)||H1(.Q)+ N tn-2) |12y < C,

which is a result of Lemma 3.5 and (2.10).
Since t,—» ~ t,—1 ~ t, for n > 3, summing up the above three estimates (3.32)—(3.34),
we obtain

I(e", vl < Ctt, 2 Vunll 2y for vy € X and n > 3.
This proves the desired estimate in Lemma 3.6. O

3.3 Error Estimate

Let ej = up(ty) — uj, and n; = pu(t,) — p), be the error functions. Then subtracting (3.2)
from (3.25) yields the following error equations forn = 1, 2:

(8cel, vn) + (Ve , Vo) + b(up(ta—1), wn(t), vi) — b, ull, vp)
—(7, Vovp) 4+ (" vp) =0, (3.35)
(V-ep,qn) =0,



for all (vi, qn) € X x M.
In the light of (3.21), we notice that

[ a1, 0 2. ) = bt~ w7
= [b(ey ™" untin). ) +b(uy " e ef)|
= [b(ey ™", un (), )| (3.36)
1 1
= C||6271 l22(2)llun (fn)||12_,1(9) ”Ahuh(tn)”zZ(_Q) lleh Il ()

(here we have used Lemma 3.3 )

1
1y n—1
< Cty *lley 2 IVeyll 2@y

where we have used (2.10) in the last inequality. Then, substituting (vs, gn) = (e}, n},) €
}ofh x My C X x My into the error equations (3.35) and using estimate (3.36), we obtain

1 n 2 n—1,2 n n—1,2 n 2
H(”eh ||L2((2) - ”eh ||L2((2) + ”eh - € ||L2(.(2)) + ”Veh”LZ(_Q)

1
—3 n—1
< (", €Z)| +Ct, * ||eZ ||L2(Q) ||V€Z||L2(_Q)
1

- —3 n—1

< Cth, 2||V€Z”L2(9) +Cty *lley N2y IVer 2
_1 1

- —1

< Crytt + Cn e ag) + S IVe Ty gy for n=1.2,

where we have used Lemma 3.6 in obtaining the second to last inequality. The last term of
the inequality above can be absorbed by the left-hand side. As a result, we have

_1 _
e 17200 + Tl Ver 72y < Ctaty* + (14 Craty Hlieh ™ 72,
_1
< Ctu+ (14 Cruty ey 72q, for n=1,2.

Since |le) [l ;2o = O, it follows that

12 12
”eh ”LZ(Q) + T1||Veh||L2(Q) =< Cfl,

2.2 2,2 312 (3:37)
”eh ”LZ(Q) + T2||Veh ||L2(_Q) S CIZ + (1 + C'L’22)||€h ||L2(Q)
When 3/4 < o < 1, we have
1
T\ T 4
= = T(—) < .
71 (%3 T =< CT
Substituting this into (3.37) yields that
lell 2 () + lleg 1l 22y < CT2. (3.38)
For n > 3, subtracting (3.3) from (3.26) yields the following error equations:
; A 7 5 ard
(8cep,, vp) + (Ve, *,Vup) + b(“h(fn_%)» p(t, 1) Vp) = b(u, *,u, *,vp)

_1
—(ny 2,V -up) + (6", ) =0,

_1
V-2, 2. qn) =0,
(3.39)



for all (vi, qn) € X x M.
In view of (3.21), it can easily be seen that

=
~
|
S
—~~
L
|
[S]
<
&
ol
& LT
[N}
~

P — _n—
\b(uh(tn,%), w(t,_1). e,

_1 _1 _1 _1 _1
= [b@ ", 1), 7) +o@, t.e, t.e, )|

1
SNl _n—x
= [b(e, L, 1) e, ] (3.40)
-1 _ 1 _ 1 it
clley “ N2yl @, Ol i o) 1ARER G _ D1 2o e, Irice)

IA

(here we have used Lemma 3.3)

A

1 1 1
B Y _n—s
Cr, Y le, 2 lVe, *lizg).,

where in the last inequality we have used

_ 1 1 _1
1ARER (t,_ Dl 2(2) < 51 ARUuR =D L2@) + 51 Anun )l 2(2) < Ct, %,

_ 1 1
1, @) = 5 nGaD) i + S ln @)1 < C.

which are consequences of (2.10).

_1 _1 o
Substituting (vp, gn) = (EZ 2, 17;: 2) € X;, x My, C Xj, x M, into the error equations
(3.39) and using estimate (3.40), we obtain

1 2 —1,2 _n—3 2
E(HEZHLZ(.Q) - ”eZ ”LZ(Q)) + ”Veh : ”LZ(.Q)
_n—% -1 An*l n—1
<", e, HI+Ct, e, *l2elVe, g
1 1 1 1
P -7 =3 _n—3
< Crt, Ve, o) +Ct, e, 2 liVe, *lize

_ 1l 1 -l
<Cri,t+Ct e, 2||§2(Q)+5||Veh 3200y

The last term of the inequality above can be absorbed by the left-hand side. As a result, we
have

1 _1
2 —12 S 2
(”eZ”LZ(_Q) - ”eZ ||L2(.Q)) + E”Veh : ||L2(.Q)

2t 1 (3.41)
< Cryt, 4 C1, 2 (e ) + e M0 g,) for n =3,
When 4o — 4 > —1 (or equivalently « > 3/4), we have
N T
Do mte Tt < / e < . (3.42)
0
n=3



Hence, summing up (3.41) times 27, forn = 3, ..., m yields

m

e 1720y + D Tl Ve, ||Lz(m

n=3
-2
_||eh||Lz(m+Cr4er4““+CZrn Ll 7200y + e 217 2e)
n=3 n=3
<cf+CZrn L (e 3200y + lleh 217209
n=3

where we have used (3.38) and (3.42) in deriving the last inequality. Since this inequality
holds for all 3 < m < N, by applying Gronwall inequality (i.e. Lemma 3.4), we obtain

N 1
ol
max e ||L2(9) +) wlve, * ”iam <ctt (3.43)

3<n<N =
Combining (3.38) and (3.43), we have

n 2
max |le; |2 <Crt”.
| max, llepllp2 2y <

This result and (3.24) imply the desired error bound in Theorem 3.1.

4 Numerical Examples

In this section, we present numerical experiments to support the theoretical analysis in The-
orem 3.1. In Example 4.1 we present numerical results to illustrate that the number of total
time levels N using the variable stepsize in (3.1) is equivalent to the number of total time
levels using a uniform stepsize. In Example 4.2 and 4.3 we present numerical results to illus-
trate the convergence rates of numerical method by solving problem (1.1) in the unit square

=(0,1) x (0, 1) upto T = 0.1. The Taylor—Hood P2-P1 finite element space is used for
spatial discretization, and the method (3.2)—(3.3) for temporal discretization.

For the stepsizes in (3.1), we simply choose 7, = (’"T* L )ar for n > 3 in all numerical
simulations. All the computations are performed by FreeFEM++; see www.freefem.org.

Example 4.1 In Table 1, we present the number of total time levels N using the step-
sizes (3.1) corresponding to different parameters, including 7 = 0.1, 0.5, 1.0, 10, 100,
o =0.6,0.7,0.8 and T = 1/80, 1/160. We can see that when « = 0.6, the total number of
time levels N < 2.6(T/t); whena = 0.7, N < 3.4(T/t); whenoa = 0.8, N < 5.1(T /7).
This is consistent with the conclusion we proved in Remark 3.1.

In Figures 1 and 2, we present the evolution of the stepsize 7, with different parameters
o = 0.6,0.7, 0.8, and different maximal stepsizes T = 1/80, 1/160, for both T = 0.1 and

1
T = 1.0. Figures 1 and 2 illustrate how the variable stepsize in (3.1) increases from T(%) T
to 7, while Table 1 shows that the number of total time levels satisfies N < C(T /7).


www.freefem.org

Table 1 The number of time T 0.1 0.5 1.0 10 100 Nt/T
levels N

B

0.6 1/80 20 101 201 2003 20005 2.6
1/160 40 201 402 4004 40005 2.6
0.7 1/80 26 135 269 2672 26674 3.4
1/160 54 269 536 5339 53342 3.4
0.8 1/80 40 203 404 4009 40013 5.1
1/160 81 404 805 8010 80015 5.1
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Fig. 1 The evolution of 7, at T = 0.1

x 10"
0.02 i i o T=10,a=06 T T o T=10,a=06
k- T=10,0=07
8 T=10,a=08
T =1.0,7=1/160
0.015
S S
o o,
< [
% 0.01Ff %
Q o
k| E
el 2
0.005
0 100 200 300 400 0 200 400 600 800
time level n time level n
(@ 7=10,7=1/80 (b) T=1.0,7=1/160

Fig.2 The evolution of 7, at T = 1.0

Example 4.2 We consider an example with initial value in HO1 (£2)? but not in H2(2)2, i.e.,
u® = @(x, y), ud(x, y)) with

0 5 .3 .3
uj(x,y) = 571 sin2 (rx) sin2 (;wy) cos(wy),

0 5 .3 .5
uy(x,y) = —571 sin2 (7 x) cos(mwrx) sin2 (y).



Table 2 Temporal discretization errors using variable stepsize with @ = 0.8

T 1/320 1/640 1/1280 1/2560 convergence rate
h

1/16 5.494E-05 1.102E-05 2.805E-06 6.783E-07 ~2.05

1/32 5.496E-05 1.099E-05 2.807E-06 6.785E-07 ~2.05

1/64 5.496E-05 1.099E-05 2.806E-06 6.785E-07 ~2.05

Table 3 Spatial discretization errors using variable stepsize with « = 0.8

h 1/4 1/8 1/16 1/32 convergence rate
T

1/80 8.406E-03 1.626E-03 3.105E-04 6.834E-05 ~2.18

1/160 8.651E-03 1.679E-03 3.226E-04 7.122E-05 ~2.18

1/320 8.724E-03 1.696E-03 3.264E-04 7.219E-05 ~2.18

The initial value satisfies
u’ e HC(2)’ N H} (2)> Ve (0,1), V-u’=0 in2 and u®=0 ondQ.

The temporal discretization errors ||u;1,V rof — u;lv lz2() and convergence rates are pre-
sented in Table 2, where the reference solution u,’;’ Lof 18 computed by using a sufficiently
small stepsize with T = 1/10240. The spatial discretization errors ||u,’lV ref — uflv 2%y and

convergence rates are presented in Table 3, where the reference solution 12 horef is computed
by using a sufficiently small spatial mesh size with 4 = 1/128. The parameter in (3.1) is
selected as « = 0.8. From Tables 2 and 3, we see that the convergence rates in space and
time are consistent with the theoretical result proved in Theorem 3.1.

Example 4.3 We present numerical results for an initial value u® = (u?(x, y), ug(x, y)) given
by

3
u(l)(x, y) = En sin% (mx) sin% (ry) cos(my),
0 31 .3
uy(x,y) = —571 sin2 (7 x) cos(mrx) sin2 (wy).
The initial value satisfies that

e H (2> Vee(0,1), V-u"’=0 in2 and u°=0 onds,

but ug ¢ H'(£2)%. Hence, the initial value in this example is in the critical space that our
assumption of Theorem 3.1 does not hold.

The temporal discretization errors ||u ,1:’ rof —U flv | 12(2) and convergence rates are presented
in Table 4, where the reference solution u;lv rof 18 computed by using a sufficiently small step-
size with T = 1/10240. The spatial discretization errors || ”;,V ef — U 2’ | 22(s) and convergence
rates are presented in Table 5, where the reference solution uff of 18 computed by using a
sufficiently small spatial mesh size with 4 = 1/128. The parameter in (3.1) is also selected
as o = 0.8. From Tables 4 and 5, we see that the numerical solutions have second-order



Table 4 Temporal discretization errors using variable stepsize with @ = 0.8

T 1/320 1/640 1/1280 1/2560 convergence rate
h

1/64 5.841E-05 1.187E-05 3.215E-06 7.210E-07 ~2.16

1/128 5.840E-05 1.170E-05 3.001E-06 7.212E-07 ~ 2.06

1/256 5.840E-05 1.168E-05 2.984E-06 7.245E-07 ~2.04

Table 5 Spatial discretization errors using variable stepsize with & = 0.8

h 1/4 1/8 1/16 1/32 convergence rate
T

1/2560 8.8477E-03 1.6699E-03 3.1670E-04 7.2398E-05 ~2.13

1/5120 8.8480E-03 1.6700E-03 3.1666E-04 7.2390E-05 ~2.13

1/10240 8.8480E-03 1.6700E-03 3.1667E-04 7.2391E-05 ~2.13

convergence in time and space. This shows that the theoretical result in Theorem 3.1 not only
holds for H' initial data but also may be extended to rougher initial data.

5 Conclusion

We have presented error analysis for the linearly extrapolated Crank—Nicolson method for
the NS equations with a specific locally refined temporal grid. We have proved second-order
temporal convergence of the numerical method for H'! initial data by utilizing the property of
locally refined stepsizes in the consistency analysis and utilizing a technical lemma (Lemma
3.3) in the stability analysis. The numerical results are consistent with the theoretical analysis
and indicate that the error analysis may be furthermore extended to rougher initial data.
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Hong Kong Polytechnic University. The research of Na Wang was partially funded by the National Natural
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