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MATHEMATICS OF COMPUTATION

CONVERGENCE OF A STABILIZED PARAMETRIC FINITE
ELEMENT METHOD OF THE BARRETT-GARCKE-NURNBERG
TYPE FOR CURVE SHORTENING FLOW

GENMING BAI AND BUYANG LI

ABSTRACT. The parametric finite element methods of the Barrett—Garcke—
Nirnberg (BGN) type have been successful in preventing mesh distortion/
degeneration in approximating the evolution of surfaces under various geomet-
ric flows, including mean curvature flow, Willmore flow, Helfrich flow, surface
diffusion, and so on. However, the rigorous justification of convergence of
the BGN-type methods and the characeterization of the particle trajectories
produced by these methods still remain open since this class of methods was
proposed in 2007. The main difficulty lies in the stability of the artificial tan-
gential velocity implicitly determined by the BGN methods. In this paper,
we give the first proof of convergence of a stabilized BGN method for curve
shortening flow, with optimal-order convergence in L? norm for finite elements
of degree k > 2 under the stepsize condition 7 < ch*+1 (for any fixed constant
¢). Moreover, we give the first rigorous characterization of the particle trajec-
tories produced by the BGN-type methods for one-dimensional curves, i.e., we
prove that the particle trajectories produced by the stabilized BGN methods
converge to the particle trajectories determined by a system of geometric par-
tial differential equations which differs from the standard curve shortening flow
by a tangential motion. The characterization of the particle trajectories also
rigorously explains, for one-dimensional curves, why the BGN-type methods
could maintain the quality of the underlying evolving mesh.

1. INTRODUCTION

Parametric finite element methods for approximating surface evolution under
geometric flows were firstly proposed by Dziuk in his 1990 paper [19] for mean
curvature flow. For a given approximate surface I'}* at time level ¢ = t,,,, Dziuk
proposed to determine the surface I’ZTH at time level t = t,,41 as the image of a
finite element parametrization function X }'L”H : T — R3, satisfying the following
weak formulation:

X;LTLJrl B 1d m—+1 m
(1.1) E— “Xh + Vr;th 'VF}FXhZO Vxn € Sh(TH),
i

i
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2 GENMING BAI AND BUYANG LI

where 7 is the size of the time step, and Sj,(I'}") denotes the space of vector-
valued finite element space on the surface I'}*. At every time level, Dziuk’s semi-
implicit parametric FEM only requires solving a linear elliptic partial differential
equation on a given surface. Since Dziuk’s paper was published, parametric FEMs
have become successful and widely used for approximating the evolution of surfaces
and interfaces in various different geometric flows and related problems, including
mean curvature flow, Willmore flow, Helfrich flow, surface diffusion, and so on; see
[3LL2L16L19,21].

In practical computations, the accuracy of parametric FEMs in approximating
an evolving surface can be greatly influenced by the mesh quality of the triangu-
lation which constitutes the approximate surface. One of the main difficulties in
approximating surface evolution under geometric flows, which were not addressed
by Dziuk’s parametric FEMs, is that the mesh which forms the approximate surface
often becomes distorted and degenerate as time grows. One popular approach to
overcome this difficulty is to artificially redistribute the mesh points more equally
when the mesh quality becomes bad (below some threshold), as proposed in [3].
Another popular approach is to introduce an artificial tangential velocity, which
could drive the nodes moving tangentially as a surface evolves to maintain good
mesh quality; see [6L[7[9,27]. For example, the method proposed by Barrett, Garcke
& Niirnberg in [9, Eq. (2.25)] (i.e., the BGN method) for mean curvature flow seeks
a parametrization X;L”H : T — R? satisfying the following weak formulation:

(1.2)
h X}v:z+1 —id

ey + [ VX Vipen =0 Yo € SuTp),
ry

e

where 7} is a weighted averaging normal vector at the nodes of the piecewise
linear curve I'}" (see [9, Eq. (2.7) and Remark 2.1] and [5, Eq. (47)]), and the
superscript h in the integral indicates that the mass lumping technique for piecewise
linear FEM is used. In this method, only the normal component of the velocity
is explicitly specified, while the tangential component of the velocity is implicitly
determined to make the map X ,'L”H I — R? approximately harmonic. It turns
out that the tangential velocity implicitly determined in this way could maintain
good mesh quality of the approximate evolving surfaces. The idea of the BGN
methods has become popular and widely used for approximating various geometric
flows, including mean curvature flow, Willmore flow, Helfrich flow, surface diffusion,
and so on; see [4,[8H10]. However, the convergence of such BGN methods has not
been proved for any geometric flow.

Convergence of some semidiscrete and fully discrete parametric FEMs for mean
curvature flow and Willmore flow of curves was proved by Dziuk [20], Deckelnick &
Dziuk [141[15], Bartels [11], Li [37], Ye & Cui [42], etc. For mean curvature flow and
Willmore flow of closed surfaces, convergence results are available in the literature
only in the following several cases:

e Evolving surface FEMs with finite elements of degree k > 2 based on re-
formulations of mean curvature flow and Willmore flow in terms of the
evolution equations of normal vector and mean curvature; see [26,[311/331[34].

e The semidiscrete version of Dziuk’s parametric FEM with finite elements
of degree k > 6 based on H' parabolicity of the normal components in the

Not for print or electronic distribution; see http://www.ams.org/journal-terms-of-use



Please review carefully and submit corrections to emd@ams.org within 10 business days

Prepublication copy provided to Buyang Li for publication MCOM 4019

CONVERGENCE OF A STABILIZED BGN METHOD 3

framework of evolving surface FEM [22,[23] and matrix-vector techniques
[35]; see [11,138].

e Dziuk’s semi-implicit parametric FEM with finite elements of degree k > 3
based on a new approach which recovers the full H' parabolicity of Dz-
iuk’s method by measuring the error in terms of the distance between the
approximate surface and exact surface; see [2].

The error and stability estimates in these articles all rely on corresponding con-
tinuous formulations of the tangential velocity or evolution equations of normal
vector and mean curvature, which are not available for the BGN type of methods.
Therefore, the convergence analyses in these article cannot be applied/extended to
the BGN type of methods.

Apart from the BGN methods, there are other approaches to constructing artifi-
cial tangential velocities for parametric finite element approximations of geometric
flows. One popular approach, originaly proposed by DeTurck in [18] in the context
of Ricci flow and firstly brought into the numerics world by Fritz in his dissertation
[28] (see also |27]), is to introduce a tangential reparametrization of the geometric
flow. Tt is also important to mention the work of Mikula and Sevcovic [41] where the
authors are able to construct a nontrivial tangential smoothing velocity via solving
a nonlocal equation. Error estimates of the evolving surface FEMs for curve short-
ening flow and related problems based on this approach were established in [6127]/40]
based on available continuous formulations of the tangential velocity. Another ap-
proach, proposed by Hu & Li in [31], is to construct an artificial tangential velocity
in the reformations of mean curvature flow and Willmore flow by Kovacs, Li & Lu-
bich [33,134] to minimize the instantaneous rate of deformation caused by the flow
map. Error estimates for this type of methods are based on the H' parabolicity in
the reformulations by Kovacs, Li & Lubich [33,34] as well as the stability estimates
of tangential velocity which further rely on the stability estimates of normal vector
and mean curvature from their evolution equations. These works provide insights
into the numerical importance of working with coupled systems. However, since
the continuous formulations of the tangential velocity produced by the BGN type
methods are not available yet, and the evolution equations of normal vector and
mean curvature are not available in the BGN type of methods, the convergence
analyses in these two approaches cannot be applied/extended to the BGN type of
methods.

The main difficulty in the analysis of the BGN type of methods is the lack of
stability estimates for the artificial tangential velocity. This is partly reflected by
the following aspect: The formal limiting equation of ([L.2)) as 7,h — 0, i.e.,

(1.3) (0¢X -n)n = (Arjxjid) o X,

does not have a unique solution (adding an arbitrary tangential motion to the
solution does not change the equation). Therefore, the convergence of the BGN
type methods to the original geometric flow, such as curve shortening flow, has not
been proved rigorously. Moreover, the question of why the BGN methods could
maintain good mesh quality of the evolving surfaces/curves has not been addressed
rigorously, though this has been demonstrated intuitively in [5L[9]. These two open
questions are both addressed in the current paper.

In this paper, we construct a high-order and stabilized version of the BGN
method for curve shortening flow, with high-order accuracy in space and as good
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4 GENMING BAI AND BUYANG LI

performance as the original BGN method in improving the distribution of mesh
points, and provide rigorous analysis for the convergence of the numerical solu-
tions to the exact solution of curve shortening flow. The continuous formulation of
the artificial tangential velocity produced by the BGN method for curve shortening
flow is also derived rigorously. Correspondingly, the limit of the particle trajectories
produced by the BGN method is completely characterized.

Let I'}" be a closed and continuous piecewise polynomial curve which approxi-
mates the smooth curve I'™ := I'(¢,,) evolving under curve shortening flow. Each
polynomial element K of I'}* is the image of an element K 0c I‘(,)L under the discrete
flow map. We denote by K? the unique flat segment which has the same endpoints
as K°, and denote by Fi : Kfo — K the parametrization of K, i.e., F is the
unique polynomial of degree k that maps K{ onto K. The finite element space on
the approximate curve I'}" is defined as

Sp(T7) = {v, € C(I) : vy 0 Fi € PF(KP)? for every element K C T/},

where ]P’k(KP) denotes the space of polynomials of degree k£ > 1 on the flat segment
K?.

Then we introduce the mass lumping integral for high-order finite elements de-
noted by the superscript h:

(1.4)

h
/ u-npv-ng = Z / I,?L[(UOFK'nZ@OFK)(UOFK%Z’OFK”VK?FKH,
oy Kcrp K

where the summation extends over all elements of the curve I'}*, and 1, }? L denotes
the interpolation operator at the Gauss—Lobatto points of the flat element KP (cf.
13, Eq. (10.2.3)]). In the special case of piecewise linear FEM (i.e., k = 1), the
definition in (L.4]) coincides with the definition in [9, Eq. (2.2)].

Let tp, = m7, m = 0,1,...,|T/7], be a sequence of grid points in time with
stepsize 7 > 0, where |T/7] denotes the maximal integer not exceeding T'/7. We
propose the following high-order and stabilized BGN method for curve shortening
flow: For a given approximate curve I'}*, find a parametrization X,TH o
I'7F! such that X" € S, (I'7) and

h m+1 .
Xh B ld —m —-m v Xm+1 v
——— 7 ¢h s Ny, + Ay vy ¢h
r i

m T
h

(1.5) = ) Vrwid - Vem Iy [gn — (én -1y )05V dn € Su(Ly'),

h
where the right-hand side of (LL3)) is a (consistent) stabilization term which plays
an important role in proving the convergence of the numerical solutions as well as
characterizing the tangential motion produced by the method, and 7}* € S;,(I'}")
is an averaged normal vector defined as the discrete L? projection of the piecewise
unit normal vector n}* onto the finite element space Sy, (I'}"), i.e.,

h h
(16) /F W-szsh:/r W Vo € Sa(I).

m m
h h

In the case k = 1 (using piecewise linear finite elements), the numerical scheme
in (L3 differs from the BGN method in (I.2)) by the stabilization term on the
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right-hand side of (LL5]). The motivation of adding this stabilization term is stated
in the text between (L8)—(L.10).

Using the definition in (L6]), expressing the mass lumping integrals in (L.G) as
the summation of the quadrature weights times the evaluations at the quadrature
points, and comparing the coefficients of each degree of freedom on the both sides

of (L.6), the following relations between 7" and n}* can be shown:

(1.7)
ap(p) = ny'(p) if p is an interior node of an element,
ﬁzm( ) . ‘le(p)‘|K?f|nZl|K1(p) |wK2(p)||Kgf\nZ‘\K2(p)

Jwr, MK+ i, K] Twie, (0[] + [wi, ()| K|
if p = Ky N K5 for two elements K; and Ko,

where wg (p) = Vo Fg o Fit(p) for p € K and n}*|f denotes the normal vector
on element K. Note that both the mass lumping in (L4) and the averaged normal
vector in (7)) are intrinsically defined in the sense that they are independent of
the choice of flat segment for parametrization.

The proof of convergence of the proposed stabilized BGN method is based on
the recently developed new approach in [2] for the analysis of parametric finite ele-
ment approximations to geometric flows, where the error of concern is the distance
projection from the numerically computed curve to the exact smooth curve, rather
than the error between particle trajectories of the curves as in [31L[33L[35]. It has
been shown in [2] that this approach (i.e., to estimate the error of distance pro-
jection) can recover the full H! parabolicity of mean curvature flow and therefore
leads to better stability estimates.

The novel contributions of this article to the construction and analysis of para-
metric approximations to geometric flows include the following several aspects.

e Stabilization and averaged normal vector: We stabilize the BGN method
in two ways, including the use of an averaged normal vector n}" defined in
(LE) and the introduction of the stabilization term to the right-hand side
of ([L.5). Since the proposed stabilization term vanishes in the continuous
case, i.e.,

/FVrid‘VF[¢—(¢'”)n] :/F—Arid~[¢—<¢~n)n] :/FHn~[¢—(¢>~n>n] 0,

the stabilization term is expected to vanish approximately at the discrete
level. The advantage of adding this stabilization term is that, for test
functions ¢y, in the finite element tangential subspace

Sp(TmM)"T = {v, € Sp(T) : vy, - A = 0 at the finite element nodes of T},
the weak formulation in (L3 reduces to the following relation:
Xt —id
(1.8) / Vrghf “Vrmop =0 Vop € Su(Ti)T,
i
which will be used to establish estimates for the tangential velocity of the
approximate curve in the (stabilized) BGN method. Therefore, the stabi-

lization term on the right-hand side of (LH) is to stabilize the tangential
velocity in the form of (L)), rather than enforcing some energy stability.
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e Characterization of the tangential motion and the particle trajectories: It

(1.10)

(1.11)

was formally shown in |31} Section 1] that the velocity of the approximate
curve given by the BGN method converges to the velocity governed by the
following elliptic system on the exact curve I':

v-n=-—-H

—Arv = kn,

)

which is the Euler-Lagrange equation of the following minimization prob-
lem:

min / |Vro|?  under the pointwise constraint v -n = —H.
veHM(T) Jr

In this paper, we present rigorous justification of this convergence for
the stabilized BGN method by utilizing (L.8) (the derivation of this rela-
tion requires us to add the stabilization term to the BGN method). This
completely characterizes the underlying geometric PDEs to which the sta-
bilized BGN method converges, i.e., the particle trajectories of approximate
curve converge to the particle trajectories determined by the following geo-
metric PDEs:

0 X =volX,
v-n=—H,
—Arv = kn,
H = —Arid - n.

As we shall see in the error estimation, the velocity v determined by the
elliptic system in (L9) is compared with the velocity (X;"™' — XJ*)/7 of
the approximate curve to establish stability estimates for the tangential
velocity. This is one of the reasons that we can prove the convergence of
numerical solutions for the stabilized BGN method.

Since the velocity v determined by (L.9) minimizes the rate of the change
of deformation at every time ¢ € [0, 7], as explained in [31], Section 1], and
the tangential velocity in the stabilized BGN method can be proved con-
vergent to the tangential component of v, this explains why the tangential
velocity generated by the stabilized BGN method could improve the mesh
quality.

Stability of the tangential velocity: The key stability structure in the

tangential direction follows from testing (.9) by the tangential vector
(I —nn")v, ie.,

/F Vrv - Ve[ —nn')v] = 0.

If we denote by D,v the jth component of Vrv in the ambient geome-
try, using integration by parts and Young’s inequality, we can obtain the
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following relation:
[ 190 =Tl
/Vp(nn v) - Vr[(I —nn' )
/D nn'v) -[(I—nnT)(I—nnT)v]
—/FQj(nnTv) (I - nnT)Qj[(I —nn' )]

- /FQj(nnTv) [D; (I — nn")(I —nn")v] (product rule)

- _/1“ (Qj[(l —nn)nnv] = [Dy(I - nnT)]nnTU) -D;[(I —nn")v]

—i—/r(nn v) - (D D. (I—nnT)(I—nnT)v—l—Qj(I—nnT)Qj[(I—nnT)vD

(integration by parts)

(1.12)
<6/|Vp —nn " ])? + Ce™ /|’U n|?,

with an arbitrary small constant e, where the last inequality uses the iden-
tity (I —nn")nnTv = 0 and the following Poincaré type of inequality for
the tangential velocity field (I —nn')v:

(1.13) / (L= nn Yol < c/ Ve[ = nn )0l
r r
By choosing a sufficiently small constant ¢ and absorbing the first term on
the right-hand side of (L.12) by its left-hand side, we obtain
(1.14) / Ve [(I —nn")]* < C/ v -n|?.
r r

Therefore, the H! norm of the tangential velocity can be bounded by the
L? norm of the normal velocity (one derivative is removed). With (L13])
replaced by (see Lemma [3.10])

[P s [ nloeng e [ 19wl
o 4 L. -

we manage to extend (L.14) to the discrete level in estimating the tangential
velocity generated by the stabilized BGN method. This is another reason
that we manage to prove the convergence of numerical solutions for the
stabilized BGN method.

Optimal-order convergence of the numerical solution: By combining the
following techniques in the analysis, i.e.,
(i) the introduction of stabilization to the BGN method,
(ii) the underlying PDEs in (L.9) which characterizes the tangential mo-
tion,
(iii) the stability of the tangential velocity in light of (L.14)),
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(iv) the mass lumping techniques based on the Gauss—Lobatto quadrature
nodes and the averaged normal vector techniques,
(v) the super-approximation estimates in the consistency analysis,
(vi) the high-order a priori estimate for the shape regularity,
we manage to prove optimal-order convergence of the numerical solutions
under the stepsize condition 7 < ch**! (for any fixed constant ¢) in the
L? norm which measures the distance between the approximate curve and
the exact curve, for the stabilized BGN method. The stepsize condition is
required in part (vi) mentioned above (also see Remark 2.3)). The use of the
Gauss—Lobatto quadrature is the main obstacle that prevents us to extend
our current proof from the case of curves to surfaces with triangular meshes.
Nevertheless, such extension is still possible if we use tensorial parametric
finite elements (for example, for approximating two-dimensional surfaces of
torus type), where the construction of the tensorial Gauss—Lobatto quad-
rature is straightforward.

The underlying framework and techniques developed in this paper (with the
above-mentioned ingredients) may be applied/extended to other geometric flows
and parametric finite element approximations which contain artificial tangential
motions of the BGN type.

The rest of this paper is organized as follows. The main theoretical results of
this paper are presented in Section 2l The notations and underlying framework
for proving the main theorems are presented in Section Bl The convergence of
numerical solutions given by the stabilized BGN method and the characterization of
the particle trajecteries (continuous formulation of the artificial tangential motion)
are presented in Sections 4l and [B] respectively. Finally, numerical examples and
conclusions are presented in Sections [6] and [ respectively.

2. STATEMENT OF THE MAIN THEORETICAL RESULTS

Let § > 0 be a sufficiently small constant such that every point x in the J-
neighborhood of the exact curve I'™ = I'(t,,), denoted by Ds(I'™) = {z € R? :
dist(x, ™) < §}, has a unique smooth projection of distance retraction onto I'™,
denoted by a™(x), satisfying the following relation:

z—a™(z) = £|z —a™(x)[n™ (0™ (2)),
where n™ is the unit normal vector on I'™. It is known that such a constant &
exists and only depends on the curvature of I'"™ (thus J is independent of m, but
possibly dependent on T'); see [29] Lemma 14.17] and [36, Theorem 6.40].

We assume that each element K° C ') interpolates the smooth initial curve '
at k + 1 nodes and that the parametrization Fo : K — K is a polynomial of
degree < k with the following property:

-1
(2.1) e, (I Fxcollwne gy + V0 Fi s oy ) < o
where kg is some constant that is independent of h. This property holds for standard
parametric finite elements which interpolate the smooth curve I'’ and guarantees
the following optimal-order approximation to I'Y by I’?L:

(22) KIEI?%(O Hao o FKO — FKO ||Lac(Ki9) < Chk+l.
h
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The projection a®(z) is well defined for points x in a neighborhood of T'° and
therefore well defined on I'? for sufficiently small mesh size h.

Let 23", j = 1,...,J, be the nodes of the approximate curve I';* at the time

tm given by the stabllized BGN method in (L.3). The interpolated piecewise poly-

nomial curve I’m* is determined by the nodes which are obtained by projecting
the nodes of I'}* onto I'™. We shall prove that the approximate curve I'}* is in a
é-neighborhood of the smooth curve I'™ so that the prOJectlon of the nodes of '
onto I'" is well defined (thus the interpolated curve Fh , is well defined).

In view of the matrix-vector formulation which was ﬁrstly proposed in [35] Sec-
tion 2.5] in the context of numerical geometric flow and the notational conventions
introduced in [2, Section 1], we will always identify a finite element function as
a vector consisting of its nodal values. Such representation is unique if we have
specified the underlying domain. For example, the two integrands of

/ v,  and / vy,
5 5

have the same vector of nodal values, denoted by v, but are defined on different
domains I‘h . and I'". When the underlying domain is specified, v is automati-
cally substantialized to a finite element function vp, on that domain. Since all of
the quantitative computations in this paper involve either integrals or norms, our
notations for finite element functions will always have a unique and clear meaning.
For another example, |lvp| pn_and [vnllry» denote the norms of a finite element

function (a nodal vector) on the two different curves F;{L* and I'}", respectively.

Correspondingly, the interpolation operator Iy should be mterpreted as the de-
termination of the nodal vector which uniquely corresponds to a finite element
function after specifying the underlying curve. The lift of a finite element function
vy, onto the smooth curve I'"™ is defined as

U;L =Up 0 (am|f‘;bn*)7l

by first identifying v, as a finite element function on the interpolated curve Fh o

see [17, Section 2.4] and [33, Section 3.4]. The inverse lift of v € L?(I'™) onto Fh,*
is defined as v=! = voa™

Let X;" be the finite element function with nodal vector x™. When X;" is con-
sidered as a finite element function on f‘;l”*, it represents the piecewise polynomial

of degree < k which maps the nodes of F . tothenodes of I'}*. In order to measure
the error between the approximate curve F and the smooth curve I'™, we define
the lifted error
— (X" — Lyidpk)' e HY(T™),
where X ™! denotes the lift of X" onto T through the interpolated curve T,
The main theoretical result of this article is Theorem 2.11 1

Theorem 2.1 (Convergence of the stabilized BGN method). Suppose that the flow
map X : T° x [0,T] — R? of the curve shortening flow of a closed curve and its
inverse map X (-, 1)~ : T'(t) — IO are both sufficiently smooth, uniformly with
respect to t € [0,T], and the initial approzimation of the curve is sufficiently good,
i.e. T is closed and satisfies 2.1) and ||é°|ro < coh* L for some constant co which
is independent of h. Let X} be the finite element solution given by the stablized
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BGN method in (LE) with initial condition X = id on I'). Then, for any given
constant ¢ (independent of T and h), there exists a positive constant hg such that
for T < ch**1 and h < hg the following error estimate holds for finite elements of
degree k > 2:

(T/7]
(2.3) (o max Ie™Zaomy + > TIVEmE™[[F2(pm) < CRZETD,
- = m=1

where the constant C' is independent of T and h (but may depend on ¢ and T).

Theorem 2.2 (Characterization of the particle trajectories). Under the assump-
tions of Theorem 2.1], the particle trajectories produced by the stabilized BGN method
in (L) converge to the particle trajectories determined by ((L10Q).

Remark 2.3. The stepsize condition 7 < ch**t! is required to prove the shape
regularity of the interpolated curve I'y', and the optimal-order approximation to

'™ by the interpolated curve f",?*, see Section .9 and, more specifically, (4.119).

3. NOTATIONS AND UNDERLYING FRAMEWORK

In this section, we present the notation and underlying framework for proving
Theorems 2.1] and 2.21 This includes the approximation properties of the interpo-
lated surface IA‘;L”* to the smooth surface I', the mathematical induction assump-
tions under which we establish the consistency and stability estimates, the super-
approximation properties of surface finite elements and Gauss—Lobatto quadrature,
the approximation properties of the averaged normal vectors to the original normal
vector, the Poincaré inequalities for vector-valued functions on triangulated sur-
faces, and the geometric relations among the several different definitions of errors.

The underlying framework in this section is a substantial refinement of the gen-
eral setting presented in [2] for geometric flow of curves with mass lumping para-
metric FEMs based on Gauss—Lobatto points, and provides a foundation for us
to establish optimal-order error estimates of the stabilized BGN method for curve
shortening flow.

3.1. Notations. The following notations will be frequently used in this article.
They are similar to the notations in [2, Section 3.1] and are listed below for the
convenience of the readers.

rm. The exact smooth curve at time level ¢t = ¢,,.
ry: The numerically computed curve at time level t = t,,.
x™: The nodal vector x™ = (z",... ,xf}L)T consisting of the positions of nodes on I'}".
X The distance projection of x™ onto the exact curve I'", i.e., X' = (27", ..
with 27, = a™(27").
x™*l: The new position of X evolving under curve shortening flow (without additional
tangential motion) from t,, to 1.
f‘hm* The piecewise polynomial curve which interpolates I at the nodes in xI".
I‘Zf:lz The piecewise polynomial curve which interpolates I'"*! at the nodes in x™+1!.
X The finite element function with nodal vector x™. It coincides with the identity map,

i.e., id(z) = @, when it is considered as a function on I'}".
X,TH: The finite element function with nodal vector x™*1!.
function on I'}?, it represents the local flow map from I'}" to I‘;L”'H.
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N(Tm):

CONVERGENCE OF A STABILIZED BGN METHOD 11

The finite element function with nodal vector X7*. It coincides with the identity map,
e., id(z) = x, when it is considered as a function on I'}",. It coincides with the

discrete flow map from f‘% , to fhm* when it is considered as a function on fg*
The finite element function with nodal vector x™*!. When it is considered as a
function on Fh .» it represents the local flow map from f’hm* to I‘ijl.
The local flow map from I'™ to I'"**! under mean curvature flow.
The finite element error function with nodal vector ™ = x™ — X"
The auxiliary error function with nodal vector e™+! = x™m+1 — xm+1,
The unit normal vector on I'".
The unit normal vector of I inversely lifted to a neighborhood of I' (including
f}’f*), ie, n™=n"oag™
The normal vector on f‘zn*
The averaged normal vector on f‘zl*, which is not necessarily unit.
The normal vector on I'}".
The averaged normal vector on I'}*, which is not necessarily unit.
The co-normal vector (unit tangent vector) on F}’f*
The co-normal vector (unit tangent vector) on I'}".
The normal projection operator N™ = n™(n™)T on f‘Z‘
The normal projection operator N™ =n (n’”)T on I'™. Thus N™ is the lift of N"
onto I', and N is the extension of N™ to a neighborhood of I'™.
The normal projection operator N,T* =ap, (ay,)" on Ty
Mo ( Phe \T
T ()

T

The averaged normal projection operator N o =

A”TL
on I'},

The tangential projection operator T/ = I —n*(nJ*) " on F
The tangential projection operator T = I — n™(n™)T on I‘m. Thus T™ is the lift
of T™ onto I'™.

The tangential projection operator 7}, = I — A}, (Ay",)T on FZ”*
The averaged tangential projection operator 77", = I — |an*‘ ( ‘an ‘)T on Fhm*
) h,* h

The collection of nodes of I'}".

N, (T7*): The collection of endpoints (boundary points) of the elements of I'}".

For the simplicity of notation, we shall denote by IhNh . On and IhT " ¢y, the
abbreviations of Iy, (N}, ¢n) and I (13", ¢n), respectively. Similar notations are also
adopted for IthT*(bh’ Iy N ¢y, IhT,T*qSh, I, T™ ¢y, and so on.

If K is an element of f‘zl* then we denote by K° C T') the element which is
mapped to K by the discrete flow map X,T* : I‘O — f‘zl*, and denote by Fio :
K? — KO the parametrization of the element KO C I'Y, where K{ is the flat line

segment which has the same endpoints as K°. The flat line segments Kfo form a
piecewise linear curve

hf— U K7

Kocr9

We still denote by X,T* : F%f — f‘,T* the unique piecewise polynomial of degree k
(with nodal vector X7* as before) which maps the Gauss—Lobatto points of every
flat segment KP C T') h.¢ b0 the corresponding nodes of element K C I'}",. Therefore,

X, T — Fh . is a piecewise polynomial parametrization of F'” We denote

Not for print or electronic distribution; see http://www.ams.org/journal-terms-of-use
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12 GENMING BAI AND BUYANG LI
by HX;L)?*HW,{’“(FQ ) the piecewise Sobolev norms on I e,

v ) o - )
HXh,*”W}’L’“(F?L,f) R et [ XH lvwaoe (rc0)-
f h,f
Since each piece K € I'}", can be endowed with a canonical smooth structure, the

piecewise Sobolev norms can be also defined on f’ﬂ*

We denote by Ix the interpolation operator on the flat segment KP. Since
Fr = a™ o Fg at the nodes of K?, it follows that Ix[a™ o Fx] = Fk. The
interpolation of the distance projection a™ fm fhm* — ' onto the curved surface

AZT,* is defined as
Ina™ = Ik[a™ o Fk]o Fgl =id on an element K C IA‘Z”*

For a smooth function f on the smooth curve I'™*, we denote by I, f the interpolation
of the inversely lifted function f~! = f oa™ onto Iy, Le.,

Inf:=1Ik[foa™ o Fg] OFI}1 on an element K C f",?*

We denote by (I, f)! = (Inf) o (am|fzn )=t the lift of I, f onto I'™. For a piecewise

smooth function f on f”g‘* (instead of I'™), we use the same notation I, f denotes

the following interpolated function on le*

Inf = Ikg[foFg]oF' on an element K C f?f*

3.2. Approximation properties of the interpolated surface IA‘;L”* For the

discrete flow map X", : ') . — I''"_, we denote

o 1M om \—1
oy Ty IR )
3.1 .

= gy, e (IER llwkoo 0y + 15w oo (x0)) -

By pulling functions on f}l”* back to F%f via the map X}Zf* : F?L’f — f‘hm* (and vice
visa), one can see that the W p € [1, 00|, norms of a finite element function (with
a fixed nodal vector) on 1‘27f and I'}", are equivalent up to constants which depend
on Ky, i.e.,

Callonllwrogrp ) < lonllwrneg ) < Cullonlrogep

for 0 < m <. Since X,’;L* TY = f;f* is the Lagrange interpolation of a™ OX,T* :
1’27f — I'™ on the piecewise flat curve I‘%b it follows that

(32) Jfla™o Xf:n* - Xﬁ?*HLoo(rg,f) + hlja™ o X}T* - X}T*meo(rg,f) < anhk+1~

Since Ipa™ = id on f;f*, inequality (8.2) can be equivalently written as follows by

using the norm equivalence on I') ; and Iy

(33) ||am — Iham”Loo(f‘;:t*) + hHam — IhamHWI,OO(f‘m*) < C,{lhk—i_l.
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CONVERGENCE OF A STABILIZED BGN METHOD 13

Moreover, the following estimates hold for any smooth function f on I'"™:
(3.4) (K Ihf||L2(f;3*) +hlft — IthHl(f;:f*) < C [l f s omyh* 1,
(3.5) If = Un )l e2@my + RIS = Tnf) N @wmy < Collf Il myh tE

Similar estimates have been shown in [2, inequalities (3.3) and (3.4)]. The bound-
edness of x; (independent of 7, h and ) will be proved in Section [4.9]

We denote by n™ and H™ the unit normal vector and the mean curvature on
'™, respectively, and denote by n"* = n™ oa™ and H]® = H™ o a™ the smooth
extensions of n™ and H™ to a neighborhood Ds(I'™) of I'™. In particular, n™
and H]" are well defined on f‘;l”* as the inverse lift of n* and H" via the distance
projection a™, respectively, with

173 oo (D omyy + HHI lwivce (psmyy < € for all j > 0.

Moreover, the normal vectors on 1;hm* and I'™ (inversely lifted to f‘hm*) have the
following expressions (using the parametrizations )A(;L”* Th = fz%* and a™ o X}T* :
P%,f — I'™ respectively):

(3.6)
(VFO X;Ln*)l - [VFO (a’m ° X;Ln*)]L N
A, = B o ()T and = R o (R ),
Vo Xl Vo (a™ o X3
where v+ = (—wy,v;) for any vector v = (v1,v2). These expressions lead to the

following estimates as a result of (3.2):

. k
(37) 72, ~ 2l gy < O
The expression of 1", also implies that

(3.8) 1727

|W,{’°°(f‘;{f*) <Cy,j Viz0,

which is due to the fact that the (k+ 1)th-order partial derivatives of )A(,’L”* are zero
on I‘,Ohf.

Lemma [B.1] was proved in [35, Lemma 4.3]. It shows that norms of the finite
element functions with same nodal vectors on the family of surfaces

Amez(l_G)Am*+0Fhm7 96[0,1],

are equivalent, provided that the distance between IA’;L”* and I'}' is small in the
W1° norm.

Lemma 3.1. If [V €3[| poc(pm ) < 1 for 6 € [0,1] then the following equivalence
o ne
of norms hold for 1 <p < oco:

onliocep s < lenllng,) < Nonllogey )
||vf‘;:“*vh“LP(f‘Z’;*) S ‘|Vf‘?;svh‘|LP(f‘L";9) S ||vf;:f*vh“1;p(f;n;*)~

Lemma [3.2] concerns the difference between integrals on the smooth curve I'
and the interpolated curve I'}",.

Not for print or electronic distribution; see http://www.ams.org/journal-terms-of-use
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14 GENMING BAI AND BUYANG LI

Lemma 3.2 (32, Lemma 5.6]). The following estimates hold for f1, f2 € Hl(le*)
and their lifts f, fL € HY(T™):

[t [ A< Ol il el
h,*

l l
vf‘;;*fl : vf;;f*f2 - /Fm Vrm fi - Vim f

.
< Ol Ve fillpaop  IVep Follpaey -

In the rest of this article, we denote by C' a generic positive constant which
may be different at different occurrences, possibly dependent on x; and T, but
is independent of 7, h and m. We denote by Cy generic positive constant which
is independent of x;. For the simplicity of notation, we denote by A < B the
statement “A < CB for some constant C”. The statement “for sufficiently small
h ...” means that “there exists a constant C, possibly depending on x;, such that
forh<C™t...7".

3.3. Mathematical induction assumptions. We assume that the following con-
ditions hold for m = 0,...,1 (and then prove that these conditions could be recov-
ered for m =1+ 1):
(1) The numerically computed curve I'}" is in a d-neighborhood of the exact
curve I'™. Therefore, the distance projection of the nodes of I'}* onto I'"
are well defined (thus the interpolated curve IA‘;L”* is well defined).

(2) The error &' = X} — Xj", satisfies the following estimates:
(3.9) Hé;anL?(f“;;*) + hHéZn”Hl(f%) < hET.

Remark 3.3. The exponent 2.75 is required in the derivation of the last inequality
in ([4.91), which requires h=7/2|| Vs, é;’f”iz(fm ) <1
h,* hos

Based on these induction assumptions, the following results can be obtained from
[B.9) by applying the inverse inequality of finite element functions:

(3.10) ||Vf;rf*éh ||L2(fﬂf*) <HET |ley HL&(W*) < p225
R Am . < pl.25
and Hvrm*eh HLOO(F;’"’*) ~ h y

which guarantee the equivalence of LP and WP norms, 1 < p < oo, of finite
element functions v, with a common nodal vector on the family of curves

[y = (1—0)T7, + 6T, 0€[0,1].

They are intermediate curves between the interpolated curve f’hm* and the approxi-
mate curve I'}* given by the numerical solution; see [35, Lemma 4.3]. In particular,
the L? and WP norms of a finite element function on f‘hm* and '} (with a common
nodal vector) are equivalent.

3.4. Super-approximation, Gauss—Lobatto quadrature and discrete
norms. The following super-approximation estimates of products of finite element
functions were proved in [31] Lemma A] and [2| Lemma 4.4] for parametric finite
elements on a surface in the three-dimensional space. The same results and proofs
also hold for parametric finite elements on a curve in the two-dimensional plane.
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Lemma 3.4 (Super-approximation estimates of type I). The following estimates
hold for any piecewise smooth function f and finite element functions ¢p, v, wy €

Sh(AZf*)"
1= Z0)(F o) Laqipey S M lwprroe o s Rl Onl 2o )
Vg (L= I0)(For)ll oy y S MFllwpsro o s RN ORN ey )
1L = In) (onwn)ll 2oy ) S hQH”hme(fgf*)HwhHHl(fgg*)a
Vg (L= Tn)(onwn)ll gy y S Pllonllwroe g llwnll g -

Another super-approximation type of results which has application in the anal-
ysis of mass lumping FEMs is based on the Gauss-Lobatto quadrature on each
element. Lemma [3.5]is a direct generalization of [30, Lemma 3.6, Eq. (3.15)] to
finite element functions on a piecewise polynomial curve (which can be proved by
transforming the integrals from curved elements to flat elements).

Lemma 3.5 (Super-approximation estimates of type II). Let f be a function which
is smooth on every element K off‘gj*, and assume that the pull-back function foFy
vanishes at all the Gauss—Lobatto points of the flat segment K} for every element
K of IA”,?LT* Then the following two types of estimates hold:

2k
(3.11) [ e 0z

where || - szk,l(fm ) denotes the piecewise W2kL norm . If (fén) o Fx vanishes at
h hy*

all the Gauss—Lobatto points of Kf, then the following result follows from Leibniz
rule of differentiation and the inverse inequality of finite element functions:

(3.12) [ [ onde] S 1Mz 1 Nl o
P P

The result below can be proved similarly as [30, Lemma 3.7] by using integration
by parts and the first result of Lemma [3.5

Lemma 3.6 (Super-approximation estimates of type III). For a smooth function
f on T the following estimate holds:

‘ . Vrm(f - (Ihf)l) : VF””¢lfL‘ S hk+1||fHH2k(Fm)||¢h||H1(f‘;;§*) Vo € Sh(fhm,*)

Since the weights of the Gauss—Lobatto quadrature are positive, the discrete LP
norm defined by

h 1 1
ey = (f, 1) =( 2 [ twloe P9 Fe))’
h,* KCF;LR’* f

is indeed a norm on the finite element space Sh(f?f*) because HUHLﬁ(f? y = 0iff

v = 0 at all the nodes of f‘,T* In addition, this discrete LP norm is also well

defined for functions which are piecewise continuous on I'}*,. Its basic properties
are summarized below.
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16 GENMING BAI AND BUYANG LI

Lemma 3.7. The following relations hold for all finite element functions vy €
Sh(I‘h ) and piecewise continuous functions wy,ws,ws on I‘h "

thHLfL(fgf*) ~ HUh”Lp(f;;ﬁ*)v

IVew onllpe @y ~ Ve Onllioy ),
| / wiwsws| S ol gy Izl ol g -

The proof of Lemma [B.7] is omitted as these results follow directly from the
definition of the discrete LP norm (analogous results on a bounded interval have
been proved in [30]). The first equivalence relation in Lemma [3.7] also holds for
piecewise polynomials (not necessarily globally continuous) of degree < k.

Since ||VFm el oo ) S < k1?5 as shown in (B.10), it follows from Lemma [3.1]

that for Sufﬁmently small & the quantities |V K? Fk| are equivalent for the elements

on f‘}’f* and I'}'. Therefore, for any piecewise continuous function v on I'}" the
following equivalence relation holds:

q ~ q
(3.13) HUHLZ(F}?‘) h Z Z [v(p)|? for 1< g < oco.
KCI peN (T )NK

Moreover, the following result will be used for finite element functions vy, w;, €

Sh(f;ﬁ*):
Hn(onwr)ll ooy ) ~ llonwnll gz o )
S llonllpzs o ) llwnll gz oo )
(3.14) S onll o gy s llwnll m g

1 1 1
which holds for 1 < p,p1,ps < oo such that — = — + —.

p P1 P2
3.5. Estimates of the averaged normal vectors. On the interpolated curve
I'}', we can define the averaged normal vector nj’, similarly as np" on I';*, which is

defined in (L.6)). Namely, we define n}’, € Sh(fhm*) to be the unique finite element
function satisfying the following relation:

h h
(3.15) / A n = / AL o Von € Su(TT).
h h
Since (B.15]) only involves nodal values, it follows that
h h .
(3.16) / A= AP, Voeolp,)2
m F’Vn

h,* h,*

It is straightforward to verify the following relations:

ny . (p) = 7y (p) if p is an interior node of an element,
(3.17)

. lwic, (p)| K| 23, (p—) lwic, ()| K2¢| 27, (p+)
nh,*(p) =

lwre, )| K ;| + [wie, 0K [wre, (D) K| + [wie, (p) || K5
if p = Ky N Ky for two elements K7 and Ko,
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where wg (p) = VgoFk o Fil(p) for p € K, with ny' (p—) and Ay, (p+) denoting
the left (from K7) and right (from K5) values of the piecewisely defined normal
vector ny', on f”g‘* Therefore, the amplitude of nj’, at the nodes satisfies the
following estimates:

(3.18)
Inh . (p)] =1 if p is an interior node of an element,

<1, [l (o)) = 1] < Clag(p+) = i (p-)* < Cr b
if p = K1 N Ky for two elements Ky and Ks.
The estimate of “ﬁ’g‘* (p)] — 1| in (BI8) is obtained by using the expression

e (P) = i (p=) + A0 (p+) — 77 (p-)))
with X = Jwic, D)1/ (e, PSS+ wiey () 1K), and then using the follow-
ing identity:
g (p)* =1+ 2007, (p=) - (Af, (p+) — 2 (p=)) + N2 |3, (p+) — g (p—)
=1+ Al (p+) = g (p=) P + N [agl (p+) — 23 (0—)]
where we have used the orthogonality between ny, . (p+) + fp «(p—) and 7y, «(p+) —

ﬁh,*(p_)~
From the expressions of nj’ (the normal vector on I'}') and 7, (the normal

m : : m am
vector on I'j?.), as shown in (3.6)), one can estimate nj' — 7}", in terms of the

derivative of & = X" — X", i.e.,
(3.19) b = ARl 2oy + 100" = ARl L2 ey S WV €82y

where we have used the equivalence between continuous and discrete L? norms in
3 13 e 113 . m __Am N 3
Lemma(3.7 Since |7} —nh’*||L2(FLn*) can be converted to ||n} nh,*HLi(FZL*) using

the nodal expressions of 7" and 77", in (L) and B.17), it follows that
(3.20) IR — ﬁm*”m(fgf*) S gt — ﬁﬁ*”%(fgf*) S ||vfgf*é;zn||L2(f;3*)-

Lemma [3.8 shows that the averaged normal vectors approximate the normal
vector of I'™ with the same order of accuracy as the piecewisely defined normal
vectors.

Lemma 3.8. The following approzimation properties of ny', and nj' hold:
7k — IhnTHL‘X’(f}L";*) < h
(3'21) ||ﬁhm - IhnTHL’z(f“;ﬁ*) S hk + ||Vf;ﬁ*ézn”L2(fo*)a
||ﬁZ?* - ﬁh,*”Lm(f‘;ﬁ*) S h*.
Proof. Since nj', is defined as the weighted sum of nj’,, the L™ approximation
property

(3.22) Ik = Inn | o gy S B

~

implies the first and the third results.
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18 GENMING BAI AND BUYANG LI

The second result of Lemma [3.§8] follows from the application of the triangle
inequality, i.e.,

(3'23) ||ﬁirzn - IhnTHL?(f“}ﬁ*) < ”ﬁirzrt* - IhnTHLQ(f;’f*) + ”ﬁirzn - ﬁhm7*||L2(f;ﬁ*)a

where the first term on the right-hand side of ([3.23) is bounded by C,h* according
to the first result, and the second term on the right-hand side of (8.23) follows from

(3.20). O

Lemma [3.8 and the boundedness of n2* imply the boundedness of ny,', and ng'
via the triangle inequality, i.e.,

—m h <
||nh,*||H’}f(FZl’*) ~ 13
(324) ||ﬁgf*||W1’°°(f‘Zb*) 5 1+ hkil S 17
- k—1 -1 A
||nhm||W1,x(fo*) S1+h +h ||Vf$*eh ||L2(fgf*) S
where the last inequality follows from the induction assumption in (3.9).
As an application of the discrete norms and the estimates of the normal vectors,

we can estimate the following type of endpoint terms arising from integration by
parts on each element:

he > lup o) + et (0-)llen()],
PENL(TT)

where pj is the co-normal vector (tangent vector) at an endpoint of an element
(pointing to the outward direction) and ¢y, is a finite element function on the curve
'y, Since |u} (p+) + pp(p—)| = [nj* (p+) — nj*(p—)|, the following result holds:

he > ) + i (0-)len()]
PENG(TY)

<h Y (I (p+) = I (p+)| + [Tnnl (p=) = (0=) ) |on(p)]
PEN(T})
(since Inny*(p+) = Innl*(p—))
lenllzz@my  (the equivalence relation in (B.13) is used)

S llnkt = I (|2 o
(3.25)
~ k

where the last inequality uses (3.7) and (3.19).

3.6. Poincaré inequalities for vector-valued functions. The following
Poincaré type of inequality on a closed finite element curve/surface was proved
in [31, Lemma 3.4]:

/ |v|2s/ \v~fhn1”|2+/ Ve, v Vo HY(EP,),
., tm, N hx

which basically says that the full L? norm of a vector field can be controlled by
the normal component’s L? norm plus the H! semi-norm. By replacing I},n" with
ny. and using the first result of Lemma [3.8) we immediately obtain the following
Poincaré type inequality with the averaged normal vector nj’,.
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Lemma 3.9 (The Poincaré inequality). For sufficiently small h, the following
Poincaré type inequality holds:

CEUN

In addition, we can replace the normal component’s L? norm in the Poincaré
inequality by its discrete L% norm corresponding to the mass lumping method. This
is presented in Lemma [3.10

\v'ﬁh7*|2+/ \szn*v|2 Vo e HY( ’,?*)2

m m
h,x hyx ry

Lemma 3.10 (The Poincaré inequality with discrete L? norm). For sufficiently
small h, the following Poincaré type inequalitie holds for vy, € Sp(L}',):

(3.27) /F
(3.28) /F

(3.29) ||Uh||Loo(f;;f*) S lvn - ﬁZf*HLi(f;ﬁ*) + ||vf;;f*vh||L2(f;;f*)'

m
h,*

ol 5 [ Bl + [ Ve ol
hy* h,*

LT3 on | 5/ Vi InTivn]?,
i fp. R

Proof. From Lemma [3.9]and (3.24) we obtain

2 2
L2(le,*) + ”vfm*vh HLQ(fﬁ*)

oty < llow -

2

= ||Uh : ﬁZf*HLi(f‘;ﬂ*

)+||Vf;3*vh\|iz(f%) (Il - Iz is changed to || - ”L,QL)

—m (|2 —m (|2
+ ”Uh 'ngf*Hqu*Zt‘*) - th n?{j*”[ji(f\zn*)
S o A5 gy + IV e ol ey
i N N
R - vn) o XTIy KT e oy
(first result of Lemma [3.5])

2

S A e [ AP

inverse inequality)
2|19 2
Ve onllzaey

where the second to last term can be absorbed by the left-hand side. This leads to

inequality (3.27). B
Inequality (3.28) follows from (3.27) once we note that 1,7}, vy, -0y, = 0 at the
nodes. Inequality (8.29) also follows from the Sobolev embedding

||”h||Loo(f;f§*) < ||”h||L2(f;ff*) + ||vf;j*vh||L2(fm*);

and that ||Uh||L2(f;n ) can be estimated by (3.27). O

Remark 3.11. Since ny" differs from 723", by a small quantity in the L norm as
a result of Lemma [3.8] and the induction assumption in (3.9), we can replace 7",
by nj in (8.27) and absorb the remainder by the left-hand side. This leads to the
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following version of Poincaré inequalities in terms of the averaged normal vector
,r—lm.
e

(3.31) /F

ol S [ bl )+ [ Ve

4 L4 Ly
(3.32) / |IhT,ZnUh‘2 5/ |me IhTfth‘Q.
f‘;bn,* f;zn* h,*

3.7. Geometric relations. The geometric setting in this article is the same as
[2, Section 3.4], including the following relations in (8.33)—(B.38]) and Lemma [3.12]
Firstly, by the definition of é;l”“ we have the following nodal relation

(3.33) éZ%-H _ Ih [(ezn+1 'nTJrl)nTJrl] + fh,
with
(3.34) |fol S —n T (eIt e ™ at the nodes of f’}z;"l,

which means that éZ”l differs from (e;’fﬂ )M+ by a much smaller quantity.

Secondly, we denote by X ,le : A}L’f* — F?jl the local flow map under which the
nodes of f;’f* move exactly according to curve shortening flow without tangential

motion, and denote by X™*1 : "™ — I'*+! the local flow map of curve shortening
flow. Since X;"' — X/ = X™*+! —id at the finite element nodes on T'"™, it follows

that
(3.35) Xt - X, = (X —id) on I7",,
(3.36) X _id = 7(=H™n™ + ¢g™) on ',

where —H™n™ is the exact velocity of curve shortening flow without tangential
motion at time level t = t,,, and g™ is the smooth correction from the Taylor
expansion, satisfying the following estimate:

(3.37) 9™ lwr.oe(rmy < CT.
Therefore, we obtain

m+1 m __ _m+1 ~ m—+1 -m
Xy =X = ey + X - XY

(338) m+1 ~ m_m m
=e) " —épy +1hy(—=H"n™ +g™).

This relation plays an important role in estimating the numerical displacement
Xt X

The definition of €} (i.e., orthogonal to I'™ at the nodes) guarantees that the
tangential component of é}* (at points which are not nodes) is much smaller than its
normal component in the L? and H' norms. As a result, the full L? and H! norms
of € can be controlled by the normal component’s L? and H'! norms, respectively.
These results are presented in Lemma [3.12] and will play important roles in the
recovery of H' full parabolicity of the curve shortening flow. The proof of this
lemma can be found in 2| Section 3.5].

Not for print or electronic distribution; see http://www.ams.org/journal-terms-of-use



Please review carefully and submit corrections to emd@ams.org within 10 business days

Prepublication copy provided to Buyang Li for publication MCOM 4019

CONVERGENCE OF A STABILIZED BGN METHOD 21

Lemma 3.12. For sufficiently small h, the following estimates hold:

(3.39) 107 = () DER | oy S IR nE 0| s
(3.40) (I = n(n")T)er IIHl(rm ) SAIER I e s
(3.41) 15 | ey < 205 - )02 | ey .
(3.42) 1R s ey y < 20ER" - )l ey

The similar results hold if n" is replaced by the averaged normal vector np', on
F}’f* (thus T;" = I —n"(n")" is replaced by T;", = I — Tt ( WA )T), as shown

Tag INRE
in Lemma [3.13]

Lemma 3.13. For sufficiently small h, the following estimates hold:

(3.43) HIhTiT*éhmHm(fgf*) < hlléy' - ﬁm*HLﬁ(f;ﬁ*)’
(3.44) ||é21“1;2(f;;§*) < 2[ey" ﬁhm,*HLﬁ(f;;ﬁ*)-
Proof. Since T™ = I — n™(n™)" is piecewise smooth on Fh ., the first super-

approximation result in Lemma [3.4] implies that
(1 - Ih)T:LéhmHL?(f;ﬁ*) S h”ézlnm(f;ﬁ*)'

By using the two results above and the smoothness of n]* in a neighborhood of I'"
and the first result of Lemma [3.8] as well as the L*-stability of the interpolation
operator I, we have

I (T3% = TE o
S ||Ti:n* - T?”Lw(fg’*)”eh ||L2(fgt*) ((3.14) is used)

< IIﬁZ”*(ﬁh’”*)T - ”T(”T)THLoc(fm;*)||é21“1:2(f;;f*)
T, 7??
_ _ T % * \T o

hy
+ | (Inn ) (!
(

+ (I l) (Inl )T - nm(”T)THLm(fgf*)Héh HLz(f;;f*)

T ~
<N = D)) T e g N g

. — IhnT)THLW(f;&*)||ézl‘|L2(f;;f*)

1

—m (=m \T ’FLZ?* nh* T
+ ||nh7*(nh,*) - T_L (|nh |) HLOO(]:‘m )Heh ||L2(1"m )
*

— 1,4 ~ A
SR ||L2(f}:’;*) + hk 2 e ||L2(f}:’;*) + Rl ||L2(f}:’;*) + 2 ey HLZ(f;;f*)

k—L1 4
Sh 2”6;1””L2(f‘;ﬁ*)'
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By using the three results above and the triangle inequality, as well as the first
result of Lemma [3.12] we obtain

RT3 R Lo )
S IR = T ey ) + 1= TR oy y + 1T € o ey
SR nqry )+ BIER ooy + e o
< hILT e, ‘lLQ(fo*) +hII NG HLQ(fgL‘*)
(3.45)
S T ooy )+ RIER TR g o -

where, in the last inequality, we have used the following norm equivalence

A1

_ _ oo,
Iy N;" e rm oy~ || I NTT R fmoy = |6
[1n N} eh ”L?(th*) 1o NR" €5 ||L%L(Fh,*) h Tl g
(3.46) ~ &y 'ﬁzl,*HLg(fgf*y

and the last equivalence follows from (B.18]). Since the first term on the right-hand
side of (8.45) can be absorbed by its left-hand side, we obtain the first result of
Lemma [3.13] The second result of Lemma [B.13] follows immediately. O

3.8. Surface calculus formulas. Given a smooth curve I' (with or without bound-
ary) in R? and u € C*°(I"), we denote by D,u,i = 1,2, the ith component of the
tangent vector Vru in R2. The corresponding Leibniz rule, chain rule, integration-
by-parts formula, commutators, and the evolution equation of normal vector are
summarized below.

Lemma 3.14. Let I' and IV be two smooth curves that are possibly open, such
as smooth pieces of some finite element curves, and let f,h € C®(T') and g €
C>(I";T') be given functions. Then the following results hold.

(1) Di(fh)=D;fh+ fD;h onT.

(2) Di(go f) = (ng of)D;f onT".

(3) JpfD;h = — [ D;fh + [ fhHn; + [ fhu; where n,p are the normal
and co-normal (tangential) direction, respectively, and H = D,n; (with
the Einstein notation) is the mean curvature, i.e. the trace of the second
fundamental form.

(4) DD, f =D;D;f +nHyD,f —n;HyD,f, where H;;j := D;n; = D;n;.

(5) IfT' evolves under the velocity field v, and Gr := Uo7 I'(1) x {t}, then

or(D;f) =D, (07 f) — (Dyv; — ”i”leUl)ij Vfe CQ(GT)7

where 07 to denote the material derivative with respect to v.
(6) If f,h € C*(Gr) then

%/th:/Fa;fh—k/rf&t‘th/th(vF.v).

The divergence is defined as Vr - v := D,v;, which coincides with the in-
trinsic divergence on the curve if v is a tangential vector field on T'. Since
the Lagrange interpolation commutes with the material time derivative, it
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1s straightforward to check in the local coordinates that an analogous result
also holds for the mass lumping integral, i.e.,

d hoo ho ho
‘ fh orfi [ forh+ | FR(Vr, o)
Ty Iy Ty

where I'y, is a finite element curve moving with polynomial velocity vy, €
Si(Th) (mass lumping is well defined onT},), and f, h are continuous func-

tions defined on Jyeo ) I'n(t) x {t}.
(7) The evolution of the unit normal vector n of the curve T' with respect to the

velocity field v satisfies the following relation:
at'ni = —injnj.

Proof. The first two relations are obvious from the local formula of D (cf. [2 Eq.
(5.1)]). The third relation is shown in [24, Theorem 2.10]. The fourth and fifth
equalities are proved in [25, Lemma 2.4 and 2.6], and the proof of the sixth and
last formulae can be found in [22] Appendix A] and [39, p. 33] respectively. O

The following formula can be derived by using the fundamental theorem of cal-
culus and the formulas in Lemma [3.14] item 5 and item 6 (proof is straightforward
and omitted). In the case d§wf = 93zf = 0, this formula was proved in [33, Lemma
7.1].

Lemma 3.15. For two family of finite element functions wh and zh defined on the
intermediate curve I",ZQ =(1- H)I",Z* + 01}, the following identity holds:

(% 6 6 (%
/ Vr;nwh . VFZLZ}L — / fozn*wh . Vf‘;’"*zh

/ VF’" w) - (Déy )vrm zhd9+/ VF,” opwl - VF,,L 29de
1"77L

Fm
347 / /m ;’n wh Fm 8 Zhd07

where (Dv),; := —Dyv, — D, v; + 6,1.D,, 0 -

4. CONVERGENCE OF THE STABILIZED BGN METHOD (PROOF OF THEOREM

2.1)

4.1. Consistency error. The optimal-order consistency estimates in this section
use the following result.

Lemma 4.1. For any R?-valued function f on IA”,?LT* which is smooth on each ele-

ment of Fh ., the following estimate holds:

(4.1) £, =] S B g

’ frm
Fh,*
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Proof. By using the triangle inequality, we have

(4.2) \
By

+\ RGO B AN CH]
FT’VL 1"711

R (o | el e [Py ey
m Ry hy*

<

~

R O IR el T P

‘ Tm

In order to estimate the first term on the right-hand side above, we define the
intermediate curve I’ZL’*G = (1-0)I'"™ +0L'}",, which can be parametrized by X}Tf :
™ — 7 with X% = (1 - 0)a™ + 6(I,a™)! and transport velocity 89Xm b=

Iya™)! —a™, where Ij, denotes the interpolation onto '™ . We denote by ny." 0 the
h,x h,*

unit normal vector of lef, and denote by v!¢ (and v=!¢) the lift (and the inverse

lift) of a function v from I%sz to '™ (and T to f‘;lnf) via this transport velocity.
Then

1
(ofz.)! = = [ o (a)ea0
0
and Lemma [3.14] (item 7) implies that
(4.3) () = (= Vo (Ia™) = a™) 7 i)

By using the fundamental theorem of calculus and the commutator formula in
Lemma [3.14] we have

@) )

[

— [ [ (= Trpet@amyt - amy i) s
_ /Fm I (vpm((lham)l —a™)n™)

— [ / 1 [(Vepa((na™) = a0 a?) " = Fpo (™) — ™) ] a0
—_ [ 5. (vpm((lham)l —a™) nm)

_ fl./()ll)ea;(vma((zham)l_a )l ﬁ;’;a) " dadd
—_ [ 5. (vpm((lham)l —a™) nm)
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1,6 la
—1-2/ fl// (Vf?f((Iham)l—am)flavf;n,a((lham)l—am)fl” ﬁfo) dadf
m 0 0 s %

(Lemma [B.14] item 7 is used)
R
E RN IALE

= Dl +D2 +D3

2>ladad9

Vige (a™)! = am) e e

(Lemma [B.14] item 5 is used)

Via integration by parts on each piece where I,a™ is smooth, and using Lemma
[3.14] (item 3) as well as the property that (I,a™)! — a™ vanishes at the endpoints
of these smooth piecewises, we have the following estimate of D;:

Dul=|= [ (Tew (D™ = )
= [ (Tenm (@) = am)

+ H™Mp™ . fl ((Iham)l _ am) . nm‘
FT’VL

k+1 R
(4.4) SH -

The two terms Dy and D3 contain squares of the interpolation errors and therefore
can be estimated to higher-order, i.e.,

(45)  |Dal + D3| S IVre ((Tna™)! = ™) 3o 1 e iy S W20 s -

The estimates of D1, Dy and D3 lead to

[ @)t = ) S R s g
Tm e

The result of Lemma [4.1] can be obtained by substituting the above inequality into

@2). O

In view of the stabilized BGN method in (L.5), we define the remainder (consis-
tency error) at the time level ¢,, to be the following linear functional on Sy(I'}",):

h m+1 _

o) = [ T T G Vi X vy

((bh) A T : nh,* nh,* : (rbh + N FZL h,* . 1";:1 (bh
m F}’:L* 2K 5%

hy*

B

he Xt —id
/ — A np, o+ / H™n™ - ¢},
T

T m

m
h,*

. 1
- vr‘m id - Vrm ¢§1 + / me X;I: . me ¢h
Tm F;’n* h,* ’ hy*

— | Ve X Ve Il =5 (17) T)én]

(4.6) =:d{"(¢n) + dy' (¢n) + d5" (Pn),
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where we have used the identity Vrmid - Vpm ¢ﬁl = H™mn™ - qblh.
F‘NL F‘NL

Proposition 4.2. The remainder defined in ({L6) satisfies the following estimate:

@7) ™ (@] S 7llonll gy + R N Onl gy Y én € Su(DL).

Proof. By using relation (X,T*+1 —id)/7 = I,(X™*! —id) /7, the first term on the
right-hand side of (4.6) can be decomposed into six parts as follows:

m g X;Injl_id —m —m m,m l
d1(¢h)=[ ’f'”h,*nh,*'%*-/ H™n™ - ¢y,
FZ’* m

h .
XmH _id
:[ (5= ) g, on
LY4

h,*
h
m,—l,_ m,—l ~m ~m
_(/ _/ )H n yyx s~ Oh
. {4

(4.8) = 3" dp(on),

where we have used the abbreviation (flflm _ffl" )f = f;lzl f— fle f for any
h,* * T T

function f defined on f”g‘* The first and second terms on the right-hand side
of ([A8) can be estimated by using relations (3.36)—(3.37) and the nodal relation,
respectively, i.e.,

1411 (8n)] S TllonllLe iy )
di5(¢n) = 0.
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The third term on the right-hand side of (4.8) can be rewritten as

5 (dn)
h
= — R Hm)ilnm’il . ﬁﬁ*(ﬁﬁ* - 7/’\7/7}3*) ’ ¢h
F;Z*
h
= [T g = ) A o
I‘;L"’*
h
_ _/ =Ly ma— - (g, — A, - dn
.
h
S A S e (R A LA
o
h
[ = A (R = A7) 6
fm

By

h
= [t g, = ) (i = ) o,
r

m
h,*

where we have used the following identities:

h
/ ™ g, — g, - én = 0
I

m
h,*

and

h
. Hmv*lnm)il ' (’ﬁ‘;mn* - ’ﬁ‘;mn*)ﬁzl* . ¢h = 07
.

which follow from property ([B.16]). Therefore, d7%($n) can be estimated by using
the third result of Lemma [3.8] which implies that

The fourth term on the right-hand side of (4.8) can be estimated by the super-
convergence of Gauss—Lobatto quadrature in Lemma [3.9] i.e.,

— — A ~ k
@75 ()] S W™ 0 A A a1y S B 0

where we have used the result ||ﬁhm*||wzk,oo(fm y S 1, which is shown in BI).
’ h h,*
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Since ™~ =n™oa™ =n™ and H™ ' = H™ o a™ = H™, the fifth term on
the right-hand side of (4.8]) can bedecomposed into the following three parts:

T (n) = - /m (HI - g g, = HI' - nlnl) - o
= [ HIR @ ) (A = )
- - HI'n' - (g, —nl')nl" - ¢
— /fm Hn]" - nT(ﬁ’ff* —ny') - on,
h,*

which can be estimated by using (B.7) (for the first part) and Lemma [4.1] (for the
second and third parts), i.e.,

475 (6m)] S D onllaqep ) + R nlgs o

The last term on the right-hand side of (4.8)) can be estimated by using the geomet-
ric perturbation estimate in Lemma [3.2] and the norm equivalence, which implies
that

The estimates of d}(¢p), i = 1,...,6, lead to the following result:
|d7" (on)| < T”Qbh”Lz(f*m*) + hk+1||¢h||H1(f~m*).

We can decompose d3*(¢dp), which is defined in (4.6]), into three parts in the same
way as [2, Lemma 4.3], i.e.,

dy'(én) = / Vim X Vi ¢ — | Vremid- Veng),
FZL,* h,* h,* m
= | Vep (Ki = X0 Vg on
N ’ :
+ | Ve X7 Vi 6n— [ Vea (X' Vs,
FZL,* B, B, m
+ me [(Iha/m)l - am] . me (bé],
Fm
(4.9) = d53(6n) + d53(én) + 3 (n),
where we have used the following relations in the derivation of the second to last

equality: R
(Xfl’f*)l = (Iham)l and id =a™ on I'™.
The two terms d3j (¢p) and d33(¢pp) are estimated in [2] Lemma 4.3] with the fol-
lowing results:
1451 (6n)| S 7l énllpaep ) and  1dzs(dn)] SR HIonl ey -

By using the super-convergence result in Lemma [3.6] we can obtain the following
estimate of dj} (which is better than the result in [2, Lemma 4.3)):

€53(60)] S B ol
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The estimates of d3(¢én), i = 1, 2,3, lead to the following result:
|d3* (on)| < T||¢h||L2(f;1n;*) + hk+1||¢h||H1(f;n;*)-

We can decompose d3*(¢yp), which is defined in (4.6)), into several parts by using
integration by parts (Lemma [3.14] item 3) and identity Ap. X7, = —Hj" A}, on
L h, o h,

any element of f’ﬂf*, as well as the mass lumping approximation of the integral, i.e.,

@l =| [ Ve K Ty T = A ) D]

h
<| [ g (= ag ) e

Fm
h A~
(L= ) . nla - )T
h,* h,*

| (o) ey X o) 4 0 ey X7 0-)
pEN (T ))

I [(1 =gt (ag,) D én(p)] ’

The first term on the right-hand side of the inequality above can be rewritten as

h,*
h
.
h
A — — 7 T
— / (T, — H™Y R, — a) - (T — a7 T ) én,
h.*

where the last equality uses nj’, - (1 —ﬁhm’*(ﬁZf*)T)gi)h = 0 and the following relation

as a result of (B.16):

h h
e, B
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Therefore, using the identity ﬂﬁ*(pi)—rvle*)z,’ﬁ* (p£) = g’ (p£) T, we have

per(f‘nL

Ry

< B |gnl

k+1
raep ) B IOnll g ey

Y () + i eo) - (= g @) ) én()
pG/\/’b(f‘;ﬁ*)

)

where the the second term on the right-hand side of the inequality above is obtained
by using the second super-approximation result in Lemma [3.5] and the first term
on the right-hand side follows from the estimates ||H}", — H:THLOO@T ) S pr—1
(property of approximating I'™ by IA’ZT*) and ([, = Rt Ml g (o ) S h* (the third
result of Lemma [3.8]). 1

Since [, (p+) + i, (p—) is the jump of tangential vector at the endpoint p of

an element, it has magnitude O(h¥) and in the direction of (2", (p+)+7}, (p—))/2.
Therefore,

| @) o) (- A @) en)

pEN,(T2,)

SELSD o) + AR o)) - (= ag () D) on(p)|
pEN, (T},

SH Y ) A (o) — 2 - (= A ) )|
PEN, (T,

S AR = Al e e I 0n Nz e

< h2k_1‘|¢h‘|L2(f;:f*)’

where we have used the estimate Hﬁ’,?f* — ﬁm*”Lx(f;;f*) < h* (third result of

Lemma [3.8) and the norm equivalence in Lemma B.7] This proves |d5"(¢n)| <
thrlHqShHHl(f?*) for k > 2.

Finally, combining the estimates of d7*(¢n), d5*(¢n) and d§*(¢r), we obtain the
result of Proposition [4.2] O
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4.2. The error equation and the H' parabolicity. The following error equa-
tion is obtained by subtracting ({{.6) from (L.5):

m—+1 -m
—m —m th* _Xha* —m —m
np np con— | T My s Ph
I_""L

h,*

h X;Ln-‘rl _ X}Tln

e T

+/ VF;#XZ““'VF;?%—/
v P

—/ Vrp Xit - Vg In[I =7 () ") o)
ry

R m—+1 R
Vip Xne Vg o

m
hy*

+ [ Ve X Ve B - AT )en)
h '

(410) = —d"(n),

where the first two terms on the left-hand side can be written as

h m+1 h m+1l _ vm
Xh — X;Ln =M =M X’L* th* = =
- nh h M ¢h - N -
r

m T n m T ’ nhv* nZ]:* ’ (bh
h h,*
h m+1 sm
e — e _ _
@11) = / B i n o+ T (),
e,

with
(4.12)
h m-+1 m h m+1 m
X - X X - X
Jm<¢h>=/ " -ﬁ%ﬁf-m—/ Sho Sk A, -
e T NG T

In [2, Section 5.2] we see that the third and fourth terms on the left-hand side
of (4.10Q) can be rewritten into a H' bilinear form plus lower-order terms by using
the following notations for any two R2-valued functions v and v on I':

Ar(u, ) ::/vau.vpu,

A¥(u.0) = [ [(Frwyal- [(Tron]

AF(u) = [ e [(Fra(T =" )(Ve)T)
(4.13) Br(u,0) = [ (Vr-u)(Ve-0) = tr(TruVro),

with Ar(u,v) = AY(u,v) + AL (u,v). These bilinear forms can also be defined on

the approximate curves I';",, I';* and fﬂe. The following identity was shown in
2 Eq. (5.8)]:

(4.14) / Vrid - (D) Vi = — AL (u, v) + Br(u, v),
T

which also holds for the approximate curves f‘hm*, I't* and f}’fﬂ. It is shown in
[1, Eq. (2.1)] that (with integration by parts), if the underlying curve is sufficiently
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smooth, then the symmetric bilinear form Br(u,v) can be written as

Br(u,v) :/ujiniHnj —/uijviHni
r r

(415) +/uijviniij—/uijviHl—knj Vu,veHl(I‘).
r r

We define X',T@ =(1- O)X,T* + 0X]" and X{;‘;l =(1- H)X}T:r1 + 60X in
the sense of nodal vectors. Then the third and fourth terms on the left-hand side
of (4.10) can be decomposed as follows (as shown in [2, Eq. (5.10)])

. Vrp X ml Vrm¢h—/ Vrm Xerl Vfﬁﬁh

(416) Ah *(67}?+17 (bh) + Ah *(ehm+1 - eh 7¢h) + Bm(ézna ¢h) + Km(¢h)a
where we have used the following notations for simplicity:

(4.17)

AN (un,vp) = A{;V;n (un,vn) and A} (up,vp) = AFm (up,vp),

(4.18)
Ap o« (up,vp) = AhN*(uh, vp) + Az;*(uh,vh) and  B™(up,vp) = Brm(ul,, )

"o = [ A8, o) - AR (e onlas
1
+/O (AR, (R =& on) — AL, (e = &7 on)] a0

1
4 [ B, et o) By (@it o]0
+ Bf‘gf* (én's on) — Brm (€', ¢n)

1
(4.19) +/ /m Vi (X7 = Xi%) - Depn 67"V 6nd0.

The last two terms on the left-hand side of (4.10)), which arise from the sta-
bilization introduced in this article, can be decomposed into the following several
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parts:

+ | Ve Xil Ve Il =03 (75,) ) én]

Am,
I

=— | VrpXpt - Vep L[ - agag) " =T én)

m
1—‘h

+ |V X Ve D= (05T~ T 6]

Am,
I

— [ Vou X[ VeI [(T5 = T3 ) ¢
FZ”

— /. Vi X5t Vg (T3 n) + . Vfgg*X}T*'vfgf*lh(TfT*‘ﬁh)
h h,*

F"(én) + F3"(on) + F5"(¢n)
(4.20) — AN (& T 6n) — BT (e, Ty én) — Q™ (InT}" on),

where Ty = I —n*(ap) " /|t |? and T}, = I —ap, (ay",) " /|ng",|?, and the last
three terms are obtained from the following relation (cf. |2, Eq. (5.10)]):

Ve Xp - Vep DT - / Vip X0 Ve LT

/ /m Fm eh . I‘"‘)BIhTfT*gﬁhdg

+/0 . Ve, Ko Doy 6 Vi, InTH 6000
0

(Lemma [3.15] is used)
= Ap (e, I T dn) — Ap (e In Ty dn) + B™ (e In Ty on) + Q™ (In T3 dn)
(relation (4.14) and notations (4.17)-H.18) are used)
= AN InT}on) + B™(e7", ITH én) + Q™ (InT} dn),

with

1
Q" (¢n) = /0 [AJFV (eh ) — A{”ﬂvzf*(éh ,¢n)]do

1
4 [ By, (@ 0n) - Bay, (60 01)]a0
; :
+ Bfgt* (eh ,¢n) — Brm (€', én).
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In summary, by substituting (4.11)), (4.16]) and (4.20) into (4.10), we can rewrite

the error equation into the following form:

h em+l ep
/ b hom b A, 4+ T ()

frm T

+ Ah *(ehm+1a¢h) + Ah *(ehm+1 - éh 7¢h) + Bm(eh a¢h) + Km(¢h)

+ZFZm(¢h) - h*(eh 7IhTh *(bh) Bm(éhm7Ith??*¢h) _Qm(IhT}??*(bh)

(4.21)
= —d™(¢n).

By choosing ¢, = ehm'|r1 in the error equation we can obtain the following in-

equality (which is proved in [2| Eq. (5.15)]):
(4.22)

Ah *(ehm+1a ZL+1)+Ah *(6214_1 - é;L”? Z/H_l) >= A ( m+17 ehm+1) Ah *(eh aezl)

The full H' parabolicity stems from the property that %AiF’*(éZ‘,é;L”) is much

smaller than 24, ,(e}" ™, ej**") due to the orthogonality between €} and the tan-

gent plane of I'" at the nodes. This means on the left-hand side of the error
equation (4.22) we have a very good H' positive definite term. In particular, the
following estimates were shown in [2, Egs. (5.16), (5.17), (5.22)]:

(4.23)
AL (& e S e Hler ||iz(f;j*) + 6||vfm*éh Hiz(le‘*)’
(4.24)
1B (e e TS e el iy T ellVig €?+1||L2(Fm
(K™ (@) S Ve €8l oo ) IV ER" 2o ) IV Pnll 2
+ ”vrm €n HLoe(Fm ”vrm €n Jrl||L2 ty, ”vrm ¢h||L2(1‘m )
(4.25) +(r+ hk)”Vf;;f*eh ||L2(f‘;1";*)”vf‘;:f*qﬁhHL?(fm*)'

Remark 4.3. The factor (7 + h*) in the last term of (4.25) is better than the
the factor (7 + h*71) in [2, Eq. (5.22)] because we can use a better geometric
perturbation estimate (i.e., Lemma B.2] with L? norms on both f; and f) than
that in [2 Lemma 4.2] (with L norm on f; and L? norm on f3). The reason
that we have a better geometric perturbation estimate in Lemma [3.2] to use in this
article is that we allow the generic constant C' to depend on the W,’f "> norm of the
map X}L”* ) — IA”,?LT* defined in (B.1), while [2] only allows the generic constant
C to depend on the HF norm of this map.

Moreover, from the expression of B™(-,-) in (4.15) and the geometric pertur-
bation estimates, we can obtain the following estimates similarly as [2, inequality
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(5.20)]:

[B™ (éx" nTiadn)l S IV 3l BT Bnll Loipe

(426) S 671||¢h||2Lz(f;Ln’ ) + 6||v1"m eh ||L2 Fm L)’
QT S (Vg 6 e o) HPNV i el ooy 190 Dl oy
(427) 671||¢h||LZ(Fm ) + EHVF"" e;InHLZ’ F'" )ﬂ

where the last inequality uses (8.10) and the inverse inequality to remove the de-
rivative from ¢p,. The estimation of J™(¢n), F*(¢n) and Ay, (7, InT}" ¢n) in
(4.21) is presented in the next subsection.

Remark 4.4. By choosing ¢ = mH in the error equation and a sufficiently small

€, the terms e||VFm éy ||L2(1""’ ) amsing from ([4.23)-([4.27) can be absorbed by the
first term on the rlght hand side of ([4.22]). This benefits from the recovery of full

H! parabolicity in (£.22)—(@.23).

4.3. Estimates for J™(¢), EF/"(¢p) and Ah*(eh 7IhTh .¢n). Let nj'y be the
averaged normal vector on curve f‘% = (1 -0y, + 017", with 6 € [0, 1], defined
in the same way as (3.15) in terms of the piecewise normal vector 2}, on f?fﬂ. Thus
nj,p 1s not necessarily of unit length. The curve f;’fﬂ moves with velocity €} as 0
increases, and any finite element function v, with a ﬁerd nodal vector independent
of 6 € [0, 1] has the transport property djv, = 0 on L'}y, The functional J™ (¢s)

defined in (£I12]) can be rewritten into the following form using the fundamental
theorem of calculus:

h m-+1 m 6=1
X - X
Jm(¢h): A hih'ﬁ;nﬁﬁéh'ﬁzte
e, T 6=0
1 h m+1 m
d X - X m m
= / —/ “h R gt - i d
0 d9 f*;zle T
(4.28)
1 h m—+1 m
X - X
=[] R o oo
o Jim, T
1 h m-+1 m
Xt o xp
+/ 7h'ﬁh,0¢h‘a9nh0
FTTl

Xm+1 Xh m n A .
/ / iR @1 (Ve - E71)d60 (Lemma B item 6).

From Lemma [3.14] item 7, we know that

(4.29) gy = —Vrp e’ - npg  (piecewisely defined on each element).
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The relation between 7}, (p) and 7} (p) at a node p, as shown in (3.17), implies
the following results:

(4.30)

10159 (P)| = [V, €3 () - nie(p)] if p is an interior node of an element,
0570 ()] S [V, &5 (p+) - e (pH) | + [V €57 (p+))]

(M31) (Vg () - n(p-)] + Ve, (o)

if p= Ky N K> for two elements K7 and Ko,

where the first and third terms on the right-hand side of (4.31)) are generated
from taking material derivative of 7} |c, (p) and 72|k, (p), respectively, while the
second and the fourth terms arise from taking material derivative of the weights
wi(p) = VigoFk o Fil(p) for K = K; and K = Ko, respectively. Hence, by using
Holder’s inequality, we obtain the following estimate:

T ()] S IV &l gt 10l oy

(432) S ellVep 2+ ol

where € is an arbitrary small number arising from Young’s inequality.
By using the expression of @i in (L.7), we can estimate the amplitude of 7i}* at
the nodes similarly as (3.18), i.e.,

Inyt(p)| =1 if p is an interior node of an element,
B

(4.33) [af'(p)l < 1, [Iaf (p)| = 1] S Ini (p+) — nj(p—) I
if p is an endpoint of an element.

This implies, in view of the norm equivalence relation in (B.13)),

[[|7p'| — 1||L;1L(fﬁ",*) S Z hiny' (p+) — n’ff(p—)|2
PEN, (T )
S D ki) = @) + Infl (p—) — Lun (9) )
PENG(TT,)
S ||nhm - IhnTHi%(f*;n*)
sm(2 2k
S ||Vf;{f*ezn“1:i(f§{f*) + h,
where (8.7), (8.19) and the triangle inequality are used in deriving the last inequal-

ity. By using this result and the inverse inequality, we obtain the following result
for the F™(¢y) defined in (4.20)):

PPl = | [ e X Vgl =7 )T = )]
h
< b7 |a - 1||Li(f2"*)||¢h”L°°(f2”*) (inverse inequality)

(@30 SE Ve @ gy B N0 sty + eIV bl oy )
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Similarly, using the estimate in (8.18]), we have
|F2m(¢h)‘ = |/f*m vf;{f*X’T* : vf‘;ﬁ*Ih(l - ﬁhm,*(ﬁzf*)—r - Tf??*)(bh‘
h,*

(4.35) S ||¢h||L2(fgj*) + €va;;ﬁ*¢h||L2(fgj*))-

The term |F3"(¢p)| can be estimated by using integration by parts similarly as
A5 (én), i.e.,

By on) = [ Vep X Vep LT = )]
h
= */ Apm X" Iy (T3 — T3 ) o]
FL”

+ 3 (D) (Tep XY@+ i (0=) - (Tom X (0-) ) (T () = T3 () 61 ()
PENG (T])

= Hy'ngt - (T =T )énl+ > (et (p4) + it (=) - (T (p) — T3 (9)) én (P),
Ty PENG ()

where the first term on the right-hand side can be estimated by using the equivalence
between the discrete and continuous norms, i.e.,

Hypny - I [(T3 = T3 ) énl

S I - T onll

< T - T;T*)%HL;L@;Q*)
ST - T;T*)%Hu(f;ﬁ*)
ST - TIT*||L2f;;f*)||¢h||L2(f‘;:t*)

< ||vf;;f*éhm||L2(f;:ﬁ*)||¢h||L2(f;[i*) (here (B.20) is used).

The second term in the expression of F§"(¢) can be estimated by using (3.25) with
on = In(T;" = T;",) and (B.20). This leads to the following estimate:

ST (i eH) + up (=) - (T (p) = Ty (p)) dn ()
pENL(TT)

S B Ve el [V &l o 198l iy

_3 . .
Sh 2va;ﬁ*€;zn“L2(F;L") vfgf*eh ||L2(f;ﬁ*)‘|¢h”[,2(f;z*)-

Therefore,
m - m “
(436)  1FP (6] S (14 021V o) Vg e ey 100l ey

Analogous to [2, Egs. (5.41), (5.49)], the following estimate can be established
by using the nodal orthogonality relation (the details are omitted):

AN W Ty on)| < JAY (e, T on) | + | AN (6 Tn(Ti, — T2 )|
5 HVf?*éh ||L2(f‘m*)HIhT}T*QbhHL%fZ’;*)

+hFt vagf*éh ||L2(1““m*) ||¢h||[,2(f;3*)-
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4.4. Stability of the tangential motion. For an arbitrarily prescribed smooth
velocity field u on I' which is not necessarily tangential, we consider the velocity v
whose tangential motion is specified by the following elliptic system on I

(4.37a) ven=u-n,
(4.37b) —Arv = Kkn.

This system can be reformulated as the Euler-Lagrange equation of the energy
functional [i.|Vpo|* under the pointwise constraint v-n = w-n. Formally the
elliptic system (4.37) with v = —Hn is underlying the PDE to which the BGN
method converges; see [31, Section 1]. Since [ |Vr -|? indicates the infinitesimal
distortion of the mesh and v is the minimizer of this functional, this correspondence
explains why the tangential velocity endowed by the BGN method helps to improve
the mesh quality.

Lemma 4.5. If the underlying closed surface I' is smooth, then the elliptic velocity
system (L37) has a unique solution (v,k) € HY(T) x H-Y(T') withv-n = u-n
almost everywhere, and moreover this solution (v, k) is smooth.

Proof. We first consider the following energy functional I : H*(T') — R

(4.38a) I(v) = / |Vrol?
r
with v in the convex admissible set
(4.38b) H={veH'T):v-n=u-n ael}.

We know H # () because u is in H. Then we define Iy = inf ey I(v) > 0 and
pick out a minimizing sequence v; € H such that I(v;) — Iyp. From the vectorial
Poincaré inequality, it follows that {v;} is bounded in H'(T'). Therefore, by the
compactness, we can extract a subsequence, also denoted by {v;} for simplicity,
such that v; — v in L?(T"), v; = v in HY(T') and v-n = u - n a.e.. According to the
weak lower semi-continuity of the norm, it holds that I(v) < inf; I(v;) = Iy, which
means the infimum of energy Iy can be indeed reached at v.

For the uniqueness of the minimizer, if T(vy) = I(vy) = Iy for some vy # vq, by
the strict convexity of I, we have I(“£%2) < 1I(v1) + $1(v2) = I contradicting
the minimality.

To obtain the Euler-Lagrange equation for the variational problem (4.38), we
take the variation v + ep with ¢ € C*°(I"; TT') being any smooth vector field on I'.
Since ¢ is tangential, v + ep € H is also admissible. Using the minimality of v, we
derive

0= Slol(v+ )
=4 / V(o + ep)?
- dE e=0 . T €Qp

= 2/Vp1}~Vpgp.
r

Then we differentiate the constraint v-n = wu - n twice and get the following distri-
butional identity

Arv-n=Ar(u-n)—2Vrv-Vrn—v-Arn € LQ(F).
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If we define x := —Arv-n € L*T) and denote by P := I —nn' the pointwise
orthogonal tangential projection, then it follows that for any ¢ € H(T")

(_AFUaQO):/VFU'VFSO
r
z/Vrv-Vr(P<p+n(n-<p))
r

= g Vrv - Vr(n(n-e))
= (=Arv-n,n-p)
= (kn, p).

Thus —Arv = kn € L*(T) holds in the sense of distribution. By the elliptic
regularity theory of the Laplace-Beltrami operator Ar, we know v € H?(T') and
hence k = —Arv-n = —Ar(u-n) +2Vrv - Vrn+v - Arn € HY(T'). Therefore, by
applying this procedure recursively, we conclude that (v, k) is smooth.

To complete the proof, it remains to show that the PDE system (437) has a
unique solution. If (¢, %) € H'(I') x H~1(T") with ¥ # v is another solution of (£.37),
then by testing arbitrary smooth vector field we know ¢ is the local minimizer of
(4.38). By the convexity of I and the fact that v is the unique minimality of I, we
have

I((1— 0)5 + 0v) < (1 — 0)I(3) + 0I(v) < I(D)

for all # € (0, 1], which contradicts the local minimality of & when 6 is sufficiently

small. So we have ¥ = v and ¥ = —Ar?v-n = —Arv-n = k, and the proof is
complete. O
Applying the above lemma with v = —Hn, let (v,x) be the unique smooth

solution to the following elliptic system on the smooth curve I' = I'(¢):

(4.39a) v-n=—H,
(4.39b) —Arv = Kn.

In this subsection we present the stability estimates for the tangential velocity
produced by the stabilized BGN method by comparing the velocity v}* := (X }TH —
X))/ of the numerical solution with the velocity v = v(t,,) determined by the
elliptic system (£.39)). The estimates of the function wy” := v;* — I, v™ € S, (I'}) in
this subsection essentially characterize the limit of the tangential motion produced
by the stabilized BGN method.

Since (4.39a)) implies that v™ = —H™n™ +T™v™, where T™ = I —n™(n™) " is
the tangential projection matrix on I'™, the following relation follows from (B8.38)
and the nodal relation 7™ = T,™:

X = Xp = L™ = X = X = r Dy (< H ) — T

(4.40) = et — el — 7L, TM0™ + TIpg™  on fhm*
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The following relation can be obtained by subtracting integral 7 [;.,. Vo Ipo™ -
h
Vrp ¢y from the both sides of the numerical scheme in L5):

Vi (X = Xg = 710™) - Vi o

oy

h m+1 .
X —ld m\=m
= —/ P 'ﬁﬂlfbh'ﬁhm—/ Ve Xp" - Vrem In[(on - 0y )7y
r e

m T
h

— T/ Vr}vznfhvm . Vp;ln(bh
ry

h X’rn-‘rl .
—id
_ h —m —m
= — —_— nh ¢h N nh
rm T
h

- / Vi X3t Ven In[(on - 7' )0y
e
B T/ V™ - Ve,
FW‘L
+ T/ va (Um — (Ihvm)l) . vagﬁlh
-7 [ szn Tpo™ - szn on + 7’/ Vrm (Ihvm)l -Vrm (;52
L4 ” ”

_ 7_/ thth'Um . WF;LnQSh -+ ’7'[ y f'},ln Ih’l)m . Wf;ln ¢h
rm Tm ) ¥ ) ¥
h h,*

m

6

(441) =3 Li(on).

i=1

For any function ¢y, € Sh(f”gf*)7 due to the orthogonality between n};" and I hT,;”qSh
at the nodes, the two terms Lq(I,T/"¢p) and Lo(I,T)"¢p) vanish. The three
terms Ly(¢n), Ls(¢n) and Lg(pp) can be estimated by using the superconvergence
of Gauss—Lobatto quadrature (Lemma [3.6)), the geometric perturbation estimate
(Lemmal[3.2]), and the fundamental theorem of calculus (Lemmal[3.153]), respectively:

(4‘42) |L4(¢h)| S Thk—‘rl”gbh”Hl(f‘;ﬁ*)v
(4.43)  |Ls(¢n)| Thk+1||vf;z*-rhvm“m(fgf*)||vfgf*¢h||L2(f;:f*),
(4.44)  |Le(n)l S 7IVep ' oy I Vep 0™ ey )1 Vem @nllpa@p ).
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We can estimate Lg(I,T}"¢n) with integration by parts and relation (£.39D) as
follows, using the identities Ix T} ¢ = I 1T} ¢p:

Lot on) =7 | Apmo™ - (T 1T}"6n) (integration by parts)
= —7/ K™ (LT LT én)! (relation (4.39D) is used)
- T/ (1- Ié)(nmnm (- Ih)Tl”IhTﬁ"%)l)
r / R (LT = TR )
(4.45) — T/ KT (LT3 = T I Ty ¢n)'

where the first term on the right-hand side is obtained by using the following
identity:

—km ™ (LTI o) = (1= 1) (5™ 0™ - (1= )T I T én)').

We can further decompose L3 (I, T)"¢p,) into the following seven parts:

L3(IhT;Ln¢h) = ’7'/ (1 — I;L)(K:mnm . ((]_ — Ih)T,:nIhT;Ln(ZSh)l)

. / K (I (T = Ty ) LT ),
—( / K (T (T = TP LT )

= [ R (T - TR o)
F’V?‘L

h,*
h
O R A T A C O SOV R
by by
h — A~ —
—r [ Rt (T~ T BT
Fm
h A~ —
(= [ et - T
o o

—r [ Rt (TR
T

m
h,*

7
(4.46) = Z Lai(én).

The super-convergence result of the Gauss—Lobatto quadrature (i.e., Lemma [3.5)
can be used to prove the following estimates (the details are omitted):

|La1(¢n)] + | Laa(dn)| + | Lao(on)| S TR IINT Sl g o -
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L32(¢n) can be estimated by using the expressions Tm=1—-na"nr)"/|amr? and
e, =1—-np, (ﬁzl*)T/\ﬁhm*P and (B.20), which lead to the following result:

[ Ls2(¢n)] < THme*éh ||L2(f}:';*)HIhTFanthHL?(f‘m*)'

L33(¢p) can be estimated by the geometric perturbation estimate in Lemma [3.2]
and Lemma [3.8

[L3s(on)| < Thk+1||fh(T}T* - T?)Hm(fgf*)||IhT/T¢h||L2(f;;ﬁ*)
< Th2k+1||th;T¢hHL2(fgf*)-

We can rewrite Lzs(¢p) as
(a0t
Lss(én) = T/ e

h
|2 _nh,*(ﬁ;zrf*)T>Ith;n¢h

K:m,flnm,fl . (
m
h,*

75

h
1 _
=l =l s 5
+ T/ k™™ ! nhm*(|ﬁm ‘2 - l)nhm,* . IhT;zn(bhu

s

where the last equality follows from (3.15). Then we can estimate ||n;", —7;", || L2 (Fp)
by using the equivalence between discrete and continuous norms as well as the esti-
mates in (3.7) and Lemma [3.8 with the triangle inequality, and estimate [n}", | — 1

by using (3.18). This leads to the following estimate:
|L35(¢h)| s Th2k||IhT}7Ln¢hHH1(fo*)-

Similarly, we can rewrite L37(¢p) as

Lsz(én) = T/ R (A (Ag) T = nl () D) I

N )

T

hy*
h
—2r [t g, a1
.
h
+ T/ KM (R, — ny') (', — nil") LT b,
.
where the last term is the same as the right-hand side of L35(¢) and therefore

has already been estimated, and the second to last term can be estimated by using
Lemma [4.1] This leads to the following result:

| Ls7(on)| < Thk+1||—’hT;T¢h||H1(f;@*) + Th%HIhTﬁWhHHl(f;*y

Not for print or electronic distribution; see http://www.ams.org/journal-terms-of-use



Please review carefully and submit corrections to emd@ams.org within 10 business days

Prepublication copy provided to Buyang Li for publication MCOM 4019

CONVERGENCE OF A STABILIZED BGN METHOD 43

In summary, since 2k > k 4 1, we have
(447)  |Ls(BTR )] S 70 4 [V el T Snl e

By using the above estimates of |L;(I,T7"¢n)|, 5 = 1,...,6, choosing ¢, =
LITMX T = X — 71,o™) in (@.41) leads to

/ Ver (X = Xpt = 7L0™) - Ve LT (X = X — 71o™)
r

6
= Z Li(L T (X — X — 1 Lo™))
i=1
(448) < T(va;;f*é?HL?(fm*) + hk+1)HIhT}:n(X;‘;n+1 - X5 - TIhUm)HHl(f;;ﬁ*)'

Utilizing the orthogonality between N,fb” and T;an we can prove the following
result, which essentially controls the H! bilinear form frm Vrp N fua “Vpp Ty fn2
h

by the L? norm of f;, 1 and the H! seminorm of fj, o for any two functions f, 1, fn.2 €
Y , ; ; ,

Sn(IR)-
Lemma 4.6. The following estimate for the displacement X,Z”'H - X7 — 1™
holds:
[ Vep NG = X = L™ Vep DT (X = X = rho™)]
e
S R o BN = XE = D™
(4.49)
+ (e + 6’1h2)IIVf;*IhTfT(X;”“ - X — Tjhvm)”?m(f;ﬁ*) Ve > 0.

Proof. For the simplicity of notation, we denote the displacement 6.X;* := X ;L”H -
X" — tIpo™ € Sp(I'Y'). From the fundamental theorem of calculus, geometric
perturbation estimates and the mathematical induction assumptions, we have

’ /Fm Vip InNPSXT - Ve IhT,%X,T(
h

- ‘( - Vg I NPOXT - Vrom I T X — v
h

N rm
m h*
L4

NGOG Vg INTOXT)
[
+( [ Vi TNEOXT Vi ITTOXE /Fm Vo (I N OX ) Vo (T8 X))
h,*

+ /., Ve (I, NP6 X! Vim (Ithnax;f)l(
S (hk+1 + ||vf';:"7*é;’Ln”LOO(f‘ZL’*))va‘;:L’*IhN;Ln(sX;LnHL2(f‘;:"Y*)va‘;{t*lhT}tné-X;Ln”Lz(f‘Zf*)
+| /Fm Ve (L NFSXT)! - Ve (T 6X7)|
S e IR NS X
(4.50)
n ‘ - Vim (I, NP6 X! vpm(thmX,T)l‘,

2 R m m (|2
LQ(f‘;’n’*) +6||Vrm*IhTh 6Xh ||L2(f;zn*)

where the last inequality uses the induction assumption ||Vf;n er|| Lo (P ) Shin

(3.10) and the inverse inequality which removes the gradient in front of I, NJ*6 X"

Not for print or electronic distribution; see http://www.ams.org/journal-terms-of-use



Please review carefully and submit corrections to emd@ams.org within 10 business days

Prepublication copy provided to Buyang Li for publication MCOM 4019

44 GENMING BAI AND BUYANG LI

By the super-convergence estimates (Lemma [B.4) and (8.24), it follows that
Vin (I NS X N e (LT L, TS X )

‘ Tm

| [ e (NP Ve (TP
l"m

— | Vrn((1 = L)NPSXM)E Ve (LTS X!
I'"m.

— | Vren(InNOX) - Ve (1= L) T LT X )
F'm.

— [ Vra((1 = L)NPSX)E - Vem (1= L) T LT X!
F'm.

<| / Vi (N'SXT) - Vi (T I, T X!
+h (5X}T||H1(f‘;ﬁ*)HthTfT(SX}THL2(fo*)
+h||Vf;:i*IthT5XiT||L2(f;;ﬁ*)HI’LT’T(stT”HI(ff{f*)
(4.51) W IOXE | g e ) IR TROXT o

where we have used the following estimates (which follow from Lemma [3.4]):
(4.52)
||VF’“((1 - Ih)NfT(SXiT)l”LQ(Fm) S h”ﬁhmnwlyac(fgf*)||6XiT||H1(fo*)7
Ve (1= I T I TR O XE) 2oy S BIRR Ty e DT OXE | ey -
(In our notation, I T} 0 X" = In[T;"6 X} is a finite element function and therefore
satisfies the requirement of Lemma [3.4]) The boundedness of ||N,T||W1‘oo(f;n ) and
”TFTHWLOO(f;;f*) follows from the definitions of N;L” and T,T in terms of A}’ as well

as the W1 estimate of a}" in (3.24). )
By decomposing §X}" into I, Nj*6 X" plus I, T30 X} on the right-hand side
of (A.51)), applying the inverse inequality to ||IhN}T6X,T||H1(f;n ) and the Poincaré

inequality (8.32), we obtain

‘ / Vi (I NPOXI) - Vi (IhT,TéX,T)l’
< ] / Vi (NPSX) - Vi (T,TIhT,TéX,T)Z‘
(@58) BN ey )+ Ve BTNy

where the L? norm of IhT,TéX,T (arising from decomposing 6.X;"* into IhN,T(SX}L”
plus 1170 X") is converted to its H ! semi-norm by using the Poincaré type of
inequality in ([B.32]). The first term on the right-hand side of ([4.53]) can be further

decomposed into
| / Vim (NPSX ) - Vi (TP T TS X!

= | [ Ven(NINOXR) - T (T T LT OX)
r‘m,
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Tm

+ [ Ve (NPNPSX™ - Ve (T _Tm)T,gnthgn(sxh)‘
F‘NL

<

~

| [ Ve (NN X Ve (T T LT 0|
1"7”,

(I (7 = NIV gt | VEO X i
+ |V — Nl”lle(fmIImeNﬁlaxmle(m)) T T S X5 g e

+ 1T _TInHLOO(fo*)va‘}ﬁ*T}TIthnéXfT‘lLQ(f;’f*))HN}T(SX{L”HHl(fo*)

(product rule of differentiation is used)

‘ Vi (NP NPSX) - Vi (TﬁTﬁ”IhT,TéX;T)l’
l"m

+hH(RE + ||vfgf*éh ||L2(f‘}ﬁ*))HNITLH(SX;L”HHl(f;’f*)||T}§nIhTitn6X;Zl”H1(f‘Zf*)

<

~

| [ Vo] Von [T (T T X |
1—‘771,

T Vg e eI NE X

+ €| LTS X HHl(Fm )+ R 6 X ”Hl(rm ) (here (4.52)) is used)

<

~

| [ VoIV NGO - Von [T (T T30 X )|
1"771,
+ BT 4 Vg & ey ) VO ||L2 -

+(e+ 1) [ Ve T XS

h HLQ(f‘;ﬁ*) + HIhN

HLQ(I“m

(inverse inequality and Poincaré inequality in (8.32) are used)

< ‘ Vi [N (NS XTIV - Vo [T (T 1, T XM
l"m
SR e ST e
(4.54)

+ (e + h2)||vpm LTS X (k > 2 is used).

HL2 I‘wn )

For the first term on the right-hand side of (4.54]), we consider the following further
decomposition:

| [ VoINS Ven T (T T30 X5
Fnl
- ’ / (Vem NN (NPSX) - (Ve T™YT™ (T L, TS X ).

+ [ N™Vpa [N™(NPSX™Y - T po [T (T T, T 6 X))
Fm
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+ / (Vi NN (NPPSX Y - T oo [T (T LTS X))

+ [ N"Vpn[N™(NFOX - (Vom T™)T™( T LTS XE)',
F’IIL
where the second term on the right-hand side is zero due to the orthogonality
between the two projections N™ and T™. For the last term on the right-hand side,
we can remove the gradient from N™(N/§X™)! via integration by parts. This
leads to the following estimate:

] / Vin N(NPOXT) - Vi T (T I, T X!

S €N X T o o + el T I TR X5 13

p,) @)
S e LN OX! ”Lz fm )+6’1h2\|5Xh IILQ(Fm )
(4.55) el Vg ITROX o+ 10X s -

where the last inequality follows from the triangle inequality and ([£.52), as well as
the following result which is similar as (4.52):

(1 = In) NS X3 | 2oy S ROXH L2y -

The terms h2||5Xm||L2(Fm , and h2||5Xm||H1(Fm , on the right-hand side of (4.55)
can be furthermore decomposed into the normal and tangential parts, respectively,
e.g.,

26X |15, < P2 In NGO X5 13

oy S + W2 LT X2,

(@) ()

SN X 2 oy + B2V g TTOXT B

where the inverse inequality and the Poincaré inequality in (8.32) are used. There-
fore, (4.55) can be reduced to the following one:

\ / Vi NT(NIOXI) - Vo T T L, TR0 X!
(W56) S N OXE By + (e ) Vg TTROXE 2
The result of Lemma [4.6] follows from (4.50)—(4.56). O

Remark 4.7. The same proof leads to the following result, with IV, o and T » replaced
by N, 4 and T,T*, respectively, and I'}* replaced by Iy

‘ / . vfm*IhN,y}*(X,T“ — X = 71I,u™) - me*IhT,T*(X,TH - Xi" = TI™)

(4.57)
N 671||IhN}T*(X}7Ln+1 - XfTLn - Tlhvm>‘|i2(fzx*)

+ (e + e*1h2)||vf%1hT,§7*(Xg%+1 - X" — Tzhvm)HzLQ(f?,*).

Compared with ([4.49), the right hand side of the above inequality does not contain
the term e 'h ||V m €h || because only the consistency error is involved

here.
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By using the estimates in (4.48) and (4.49), we have
- VF?I}LTZL”(X}T-’_I — X;Ln — TIhUm) . VF?I}LTZL”(X}T-’_I — len — TIhUm)
h

= Vr;}n (X;:H_l — X;Ln — TIhUm) . VF;:I/I}LTZL”(X}T-’_I — X;Ln — TIhUm)
I

- Vo I NH(XT = X — 7 Lw™) - Ve LT (X = X0 — 11o™)
e
N T(HVfgf*éZlHL?(fgf*) + REOILT (X — X — T ey
+ e A+ Ve g JITRNE X = X0 = 7Li0™) 2 e
+ell Ve T (X = X5 = 71™)| )

SR 4 2V g

ERCR N A A )HIhNh (X = X7 = 1™ g

(4.58)

Vg IWT X = X5 = 1™ gy

Since the L? norms of a finite element function on f‘}l"* and I'}* are equivalent, by
choosing a sufficiently small €, the last term on the right-hand side of (4.58) can be
absorbed by its left-hand side. As a result, we obtain the following inequality:

Ve T (X = X5 = 7 10™) || o
SR 4+ 7'||me ézl‘|L2(f;;f*)
(4.59) +(1+h" 2||vrm €h ||L2(f;;f*))‘|IhN}T(X;LnH - X5 - TIhUm)HL%f;;ﬁ*)'

Hence, by using the relation eZH'l — ey =TI = X;L"'H — X' —1Ipv™ —TIpg™
from (4.40) and the estimate in (4.59), we have

IV LI (et — e — TV oy
S+ R+ Vi ellcey )
+(1+h" 2||vrm il DN (e = et — T ™) ooy
+ Ve LT3 = T3 ) ey P e - T 2o )
ST+ + 70 Ve o
+(1+h" 2||Vrm éhmHLz(rm ))”IhNh (eptt —eép — T 0" g2 e
+hTH T =T

m,,m
(rgzﬂ”% e Y ||Loo(pm*)
(inverse inequality and equivalence between discrete and continuous norms)

ST+ + 70 Ve o

(1+h 2||vl"m eh ||L2(Fm ))HIhNh *( et _ézn _TIthnUm)||L2(f‘zf*)
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(4.60)
+ 0 Ve e laqep ) Ve DT = 6 = TLI 0™y )

where we have estimated [T} — T[L”*H L2 ) by using (8.20) and decomposed

the term [le}" ™' — ém — TIhT,:”vaLoc(fm ) into its normal and tangential parts,
L hx

m

respectively, and have changed N, n' to Ny, by using estimate

[N — Nﬁ?*“m(f;ﬁ;*) S ||me*éh HLZ(f‘Zf*) S AT

This estimate follows from (3.20) and (3.10), and can be used to absorb the addi-
tional perturbation term caused by changing Ny to N;",. Since ||Vf;n éhm||L2(f;n )

< W75 as shown in (B.10), the last term on the right-hand side of (4.60) can be
absorbed by the left-hand side. This leads to the following result:

198 TG = & = T T oy
S+ R+ TIVep eillzey )

(4.61)
+(1+ hiQHVfgf*éh ||L2(f;ﬁ*))||IhN£?*(ehm+l — & - TIthnUm)HL?(fgf*y

Then, by applying the Poincaré inequality with v, = IhT,T* (et —em — 71, Tmo™)
satisfying Ip,(vs - 72j,) = 0 in Lemma B.I0l we can control the L? norm of the
tangential component IhT{L’f* (et —ém —r I, T7v™) by the left-hand side of (A.61]).
Since the L? norm of the normal component IhN,T* (et —ém — 71, Tmu™) already
appears on the right-hand side of (4.61), by summing up the L? norms of the

tangential and normal components of eZL'H —ép' =71 T"v™ we obtain the following

result:
||€Z“r1 B éhm — TIhT;nUm”Lz(f‘;:*)
ST(r+ M+ THVfg*éhm“LZ(fg*)

(4.62)
+ 1+ h_2||vf;;f*éhm||L2(f;[i*))||IhN/T*(ehm+1 — e - TIthn”m)”m(f;x*y

4.5. Velocity estimates. The last term on the right-hand side (4.62) can be es-
timated by testing the error equation (4.21)) with ¢, = e}, == Liemtt —em) —

T
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I, T*v™. This leads to the following estimate:

h em+1 ém eerl ém
— ¢ ~ —€hn _
/ ( b - IhT*mvm) T ( h - IhT,:"'Um) T
-

m T T
h m+1 sm
(&2 — €
—m h h
:_/ IhT*U h,*( _IhT*U ) Mh,*
m
h,*
m, m my, m mam m m, . m
—d (e'u,h) -J (6v,h) - B (eh aev,h) - K (e'u,h)
em+1 ém em+1 ém
N m+1 h - ©n m_m T m+1 A h — Ch m_m
_Ah,*<eh 77—1}17‘; v )_Ah,*<eh _eh7f_IhT* v )

=S TE ) + AN L@ I T els) + B e I T elt) + QT (In T els)

i=1

ho L emtl _ gm
—ér B B
< _/ (7}‘ — IhT*mvm) A INT 0™ - g
I

m T
hy*

—d™(ey'n) — " (enin) — B (én' enn) — K™ (eyin)
N ettt —ep

— AN, (é;? L Tme™, S - JhT,:”v’")
T eyttt —e

— AT, (TIhT,:nvm7 S - IhT,Z”vm)

T
(4.63)

3
= STFMel) + AN T el + BT (er InTiels) + QT (I T el),
i=1
where we have dropped the following two non-positive terms from the right-hand
side of the last inequality:

emtl _gm emtl _gm
— A (e e, L
? T
m+1 ~m m—+1 ~m
e — € e — €
T h h h h
and  — TA,L,*( — LT e IhT;%m).

The first term on the right-hand side of (4.63) can be estimated by using the
orthogonality between I;T;", v™ and ny", at the nodes, which implies that I, T} v™ -
ny', = (LT — [y ™) -ny", at nodes and therefore

h em-i—l _em
‘/ (—h — —IhT,[”vm>-ﬁZf*Ith”vm-ﬁZf*
.

<\NLLT™ —T™ R GZnH — éZFL L, T™y™ =m
N|| hty — h,*HL}QL(FZL*) —Ipd, v * Ny,

¥

Ly (Th,)

m+1 _sm
(4.64) < th (g . IhTmm) LA

N b
L%L(FT,*

where the last inequality follows from Lemma [3.8] The second and third terms on
the right-hand side of (4.63) can be estimated by using the results in (A7) and
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@32), ic.,
m+1 ~Am
(& — €
(5 )
T
(4.65)
m—+1 ~m m—+1 ~m
e — € e — €
5 TH h h IhT*mUmH A hk+1H h h IhTInUmH A ,
T LZ(FZL,*) T Hl(F;:*)
m—+1 ~m
e — €
P )
T
(4.66)
ezn-‘rl _em

h —IhT*mUm‘

< .ol .
S IWVep ez L@y’

The following result can be obtained by using the triangle inequality and the
boundedness of I, T v™:

||vf7hff*62n+1“1:2(f;;f*) S ||Vf;;;*ém|L2(f;ﬁ;*)
emtl _gm
+THVAZ7, (7h h

T

. + 7.
L2y )

By substituting the above inequality into the right-hand side of (4.28) and (4.27),
the following estimates of K™ and Q™ can be verified:

- IhT*mvm)‘

m+1l _ sm B m+1 _ sm
e () for (e (B )
T

p
eyttt —em
N AT m_m
5va;;f*6h |‘L°°(f;l'f*)(||vf;l'f*eh HLz(f;:Ly*)-l“Tva;y‘*( . = IT,"v )‘ L2y )-FT)
m+1l _ sm
o (555 e,
By T L2(L )
k 62”“ —én
AT m 1
RN & lpaqr) Vi, (P = BT ey )
—1/2 k m m e;LnJrl - é;Ln | m_.m
SO Vg & loe iy Vi €8 sz | 2 = T
(4.67)
+1 sm
~ N N ~ ehm — €p _ m m)‘ 2
+ T||vr;;t*eh ||L00(F}L";*)Hvl"m* ( - IyT L2y
By the definitions of the bilinear forms A}, (-,-), AL ,(-,-) and B™(-,-) in @I0)-EIR),

we have
(4.68) AR (un,vn)| + | Al (un, v)| + | B™ (un, 0n)| S IVem unlipz@p )llvnllm e ),
for any up, v, € Sh(f‘;l”*) By substituting these estimates together with the esti-

mates of [ (ey?,) from (.34)-(4.36) into the right-hand side of (4.63), and then
using the estimate in (4.61]), we obtain

2

m+1 _ sm
h eha* — [, TMy™) . gm
hlye U nh,* L2 (fm
T G4
emtl _em
k+1 PN h h,* m, m
SR e g )| S |
s 3k h.%
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em+1 _em 2
N pmm . . h h m, m
+ Ve &l qepey | Ve, (P T )’Lz@;y*)
emtl _gm
+ h’“H (7*” h o _ IhT*mvm) -ﬁ;”*
T ’ (Fh .

eptt —em
B é N S
Sh 1<T+ pE+1 4 va‘;:L*e/}r‘Ln||L2(f‘ZL*))HIhN;Lr}*(i _ IhT*m,Um)’

T L2(f;;f*)
m
R Ve &l )||Vep T (Pt gz
L4 L2(T,) L4 > T * L2 ()

m—+1
— e —em
. m . R m h h m,,m
7V en ”L°°(F;:‘,*>HVFH‘,*I*LT’%*( T I )Hm(rm )
+1 sm
_¢ 2
h —IhT,:%’”>H

L2 ) (inverse inequality)
ho

m
— ~ — eh
B2V g & oo i |0 NE

emtl _em
+th(7h — —IhT,:%m)-ﬁ;f

L2 (Dm

h,*

e
— p— A T 7*
Sh'r+hF +h 1||vmez"||L2(f%)>Hth;7*( - = 1,1 |

L2y,
~ k .
S G A P [ i R | 2 PP
L+ h™2 Vo &l papom )| 0N (eznﬂf e g ™| ]
+( + || Fm*eh ”Lz([‘zn*)) hiVh x hiy U L2(f";l"*)
N sm R k+1,\2 R Am (|2
+ 7V ey & ||LW(Fm*)[(T+h P Ve e
emtl _gm 2
-2 R Am R 2 N h h,x m, m
OBV ey (F— Wity )Hmfzu)}
m—+1 ~m
-2 N sm . gm (Ch ~%n _ ™, m H
S N P A 1,1 st
-1 — k —1 5 -2 N 2
S (W T B R IV e ey R I Vg 6 ||L2(f%))
k+1y2 _ amy2
+(T+h ) +Hvr‘m*eh ”Lz(fzn*)
5 N e;bn‘f’l _ ém
e+ 2 Vg &l oo e )| 10 N7 (P = T m)HLz(pm )
—1;— —1;— . —1;—4
e thT2(r + hFTH2 L et 2||V1;Zt*ean2Lz(f‘m*)+e Ih va;ﬁ*eh ”LQ(fZﬁ*)
emtl _gm 2
W2V e )| (o = T A
(et h 2T Ve &l )| (P o) A

where, in the derivation of the last inequality, we have used the equivalence between
continuous and discrete norms for finite element functions, as shown in (3.46).
Under the stepsize condition 7 < ch**1, for sufficiently small & and ¢, the last term
on the right-hand side above can be absorbed by the left-hand side. Then we obtain

emtl _ gm
h h, _
|(F— = e

T

2

L2 (fwn )

(4.69) ST+ K2+ h 7|V 67 P

where we have absorbed h™ 4||V ™ eh HL2(F’" into h™2||Vy ™ eh HL?(fm ) by using
h,*

the estimate ||Vf;z*eh ”LQ(fo*) S hin (Im) By con51der1ng the square root
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of (4.69) and using the norm equivalence relation in (3.46) again, we obtain the
following result:

_ et —em,
(4.70) thzv;;}* (f _ Ith”vm)‘

LA(T7.)
ShTHr + R 4 h—1||vf;,f*é21||p(f;ﬁ*).
From (4.61) and (4.70), we get an H' estimate for the tangential velocity, i.e.,
”va IhTh " (e m+1 _ €y — TIhT:lvm)”L%fm*)

+ h 3HVF'" eh HL2(F7” ) (T+ hk?-‘r].) +h T||VF7” eh ||L2 l—wn

where we have used h=2(7 4+ h¥*1) < 1 in the last inequality.
Furthermore, by decomposing the velocity into its normal and tangential com-
ponents, we can obtain an H' estimate of the full velocity, i.e.,

e+t —em — TJhT:”LvmnHl(ﬁm )

SATIRNEL (e = e =TT ey + AT (= & = 7T e
(4.72)

< h*ZT(T + hkﬂ) + }r?THVf? é}?”LQ(f‘ZL )

where the last inequality follows from (A.T71)), the Poincaré inequality in Lemma
[B.10 and the estimate ||VFm én'llpz( ) S < LTS,

An important apphcatlon of the veloc1ty estimates in (4.62]) and (4.70)—(4. 1)) is
the following estimate of He?“”m(f,hn )

+1
llen’ HL?(fm )

m+1

S lerlipeqy,y +llen™ = exllpe o
() ()

5 ||eh : nh,*HLi(f"'L"*) + ||e;1n+1 - éZL - TIthn”mHL’z(fzf*) +7
(B.44) and the triangle inequality are used)
R P PSR S

(4.73)
SleR - mllps ey + 75

where we have used the induction assumption ||Vrm eIl pa( ) S < BL75 in the

last inequality. Inequality (4.73) will help us to convert ||e}" +1|| to ||ép -

L2(fye)

ny, m |12 L2 ) on the right-hand side of the error estimates. The latter will be ab-

sorbed by the left-hand side by using the discrete version of Gronwall’s inequality.
Via the inverse inequality and the stepsize condition 7 < ch**1, inequality (4.73)
also implies that

(4.74) ler ™ e gy ) S B
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From (B.33)—(8.34) we also see that
@T3) N g S I gty IR ) SR

Furthermore, the following inequalities can be proved by using (8.33)—(8.34) and

(E74):

ler e ) S leb ™ iz
(476) am—+1 < m+1 m+1
1er™ N ey y S Men™ Npeop ) + Ve €™ llram )-

By substituting (4.73) into the right-hand side of (4.76]), we can obtain the
following result:

@I N ey S 7+ I A gy + Vg 6 e

We can also prove the stability in the other way round (cf. [2, Egs. (5.68), (5.69)]):
(4.78) llex" +1||L2 fm )~ < llex! ||L2(Fm y+ T

(4.79) ey’ +1||H1 P )~ < llex! ||H1(fgf*) +

They can be shown by the velocity estimate (4.72) and the stepsize condition 7 <
chF+1:

m+1

et = el gy S 7+ Nt = e = PRI i

5 T+ hiQT(T —+ hk+1) + h727-||vf‘}1";*é21”L2(fm*)

< || .
S llen HLZ(FZL,*) +7
and then (4.78)-(.79) follow imminently from the triangle inequality.

m—+1 m+1
Iy I

. In

m—+1
and I'}")

4.6. Norm equivalence on the curves I'}’, o
this subsection, we show the equivalence of LP and Wl’p norms on the curves
rp, Tt F}’f*, Fm'H and T'}"" by using the velocity estimates established in the
previous subsectlon. In view of the norm equivalence results in Lemma [B.1] it
suffices to show that the distance between these curves are small in the W1
norm.

From the velocity estimate (4.72) we can derive the following result by using the

stepsize condition 7 < chF*1:
(4.80) eyt — ey — 7L, T ™| 1 ) S 2.

Then, using the triangle inequality and (4.73)—(4.76), we get

(4.81)

\lehm+1||H1 fm) ~ Heh —é - TIhT:nUm||H1(f7hff*) + Héhm”Hl(f)T;*) +7 SRV,
(4.82)

L P s Y
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By utilizing relation (8.38) and the two estimates above, we have
HX;TJI - X/T*HLx(f;;ﬁ*)
< ||X;7Ln*+1 - X}T+1||L°°(f;l'f*) + ||X;7Ln+1 - XfT”Loo(f;;f*) + || XR - XfT*HLw(f;g*)
= ||é2n+1\|Loc(f;;g*) + H€Zn+1 —ep — 7l (H"n™ — gm)“L‘x’(f;ﬁ;*) + ”éZlHLOO(fZ’;*)
S ||é2n+1HLoc(f;;§*) + HehmHHLoo(f;ﬁ*) + Héhm”Loo(f;;ﬁ*) +7

(4.83)
< h1.75-

From (B.35) we see that

1 %
(4.84) ||X;T: - X}T*levoc(f;;f*) ST

Lemma [4.8] essentially helps us to bound the L? norm of the tangential part of
the error displacement, i.e. e;’fﬂ — eyt — 7L, T[™v™, by the L? norm of its normal

part and the WP semi-norm of the tangential part which can be furthermore
controlled by (4.70) and (4.71) respectively. This lemma is needed to estimate
X5 = X0 e e -

Lemma 4.8. The following estimate for the error displacement e;l""’l —ep —
TIy T 0™ holds:

HIhT*””L(ehmJrl —éy — TIhTInUm)HWLp(f;Ln;*)

SN (et — e — TIhTInUm)”Lp(f;;@*)
(485) [V It — & = L) gy P € [2000).

Proof. Using the triangle inequality, we have
||IhTIn(e;n+1 —ép - TIhTvam)”Wl,p(le,*)
<MW T (e = & = DT ™ g
(T = T = 6 = LT g
ST = & =TI T ™) Iy )
+ h*1||T]T* - IhT:l”LOO(f;Z*) ||62"+1 —er — TIhT:nUm”LP(fg*) (here (3.14) is used)
< thT}T*(eZHrl —ép - TIhTﬁ:nUm)le,p(fgt*)
4 hk*1||ezl+1 —ém— TIhT,Z"vaLp(fm*) (Lemma [3.8] is used)
ST (e = &7 = T Ty
+ R HIR NG (e = & = T T o g
S Hszf*IhT;T*(EZl“ =& =TI TV ) o e
(4.86)
+ RN LN (et — e — 11, T™)

HLP(f;{f*)’

where, in the last inequality, we have applied Poincaré inequality (Lemmal[3.10). O
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The following identities have been proved in [2, Eqs. (A.15) and (A.17)]:

(4.87)
NMXE = Xg) = (X™ —id) o a™ + py, at the nodes,
(4.88)  where |py| < Com? + C’O|Tfl(f(;::1 - X,Z”*)\Q at the nodes,
(4.89)

TrHX = X)) = TP (X = X0 + TN — NMep ™ at the nodes,

where Cy is a constant that is independent of ;.

Note that n*! is a smooth extension of n(-,t;,,11) from I'"*! to a neigh-
borhood of I'™*! which contains I'™ for sufficiently small 7, and the gradient
of n™*! is bounded uniformly with respect to m and 7. By considering both

nm = n( tma) o X,le and n* = n(-,ty) o Xh . as functions defined on Fh s
and using estimates in (4.92]) and (4.84), we have
[ = | = (K ) = (KT )|
= X = a XL + nlHXGL) - TG
+ n(Xh :rl’ tmt1) — n(X,T*, tm)]
< |Xmle X+ X, — X7 + 7 at the nodes
(4.90) < |X,:’fj1 — X;"|+ 7 at the nodes,
where the second to last inequality uses the smoothness of n*! in a neighborhood

of T™%1 and the last inequality uses (4.84).
Combmlng (4.87)-(.89)) with the velocity estimates, we derive

L s
||)<,m+ XfT*le,oc(f\m )
<N X = X0 ) e, ooyt 1T (X = X lwree o)
ST+ bR+ LT X - X ||Loo(le*)) + [ LT (X~ XZ’,‘*)IIWW(W*)
mverse imequa 1ty an - are use
i i li d d
STH T = X0 ooy ) (EBD) is used)
ST AT (X = X)) e ey + LT (NI = NIDE) gy, o)

([E3R9) is used)
STHILTN (et = & = T ooy (@D is used)

— m o-m ~m+1 .
RN T HIXE = Xl oo e IR I poe oy (@) s used)
<T—|—Hvrm IhTh*( m+1—éZ’L—TIhT* v )‘|L°°(f;,fl*)
+ BN LN (et — e — T[hT’:nUm)HLOO(f‘;I“ ) (LemmaEL.8is used)
- m+1 o-m sm~+1
+h (7' + HX Xh,*HLoo(f;ﬁ*))Heh HLoo(f;Z*)
—3/2 k+1 —3/2 o —7/2 (|2
ST+h P r(r+ ) 4 h7Y THme*@THLZ‘(f;;f*) +h7 THVf;Ln;*eZle(f;Z*)

(inverse inequality, ({70) and (£7I) are used)
+ RN+ I X - Xh*HLoo(rm ) ||Am+1|‘L°°(f‘;1ft*)
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(4.91)

ST+ hojSHX}le - X;Lr}*HLw(f‘m*)’
where the last inequality follows from the induction assumption HVfo*éhmH Z
< R and the estimate ||é1f?+1HL°c(fgf*) < RY™ in (@82). By absorbing

h0'75\|X,Tj1 — X}T*Hmo(f?,*) into the left-hand side, we get
(4.92) ||X,T:'1 - X}T*le,oc(f;;t*) ST
This implies the norm equivalence between f‘;l”* and f‘;lnjl according to Lemma
[3.11 Moreover,

HX;T+1 - X}THwLw(fg;)

= [l — e — 7L, (H™n™ — gm)HWl“x’(f"}” ) (relation (B.38) is used)

_ 1 — ~

ST+ RVt lersqye,y +1 1/2||621HH1(1%;3*)

(4.93) < AM?

where the last inequality uses (8.10) and (481)). This implies the norm equivalence
between I'}* and I'}"™! according to Lemma B.11

The norm equivalence between I'}* and I'}", is a consequence of the induction
assumption [[€3"{|y1,00 ) S h1% in ([3.10), and the norm equivalence between
h,*

It and T3, follows from (A.84). Therefore, the norms of finite element functions

on I'}?, Fhm'H, fhm*, ff;:l and I‘Zf:l with a common nodal vector are all equivalent.
To distinguish the domain of definition more clearly, we temporarily denote by
Xty o = Iyt and YU I, — D) F the finite element functions with

the same nodal vector but defined on F(i)uf and f",?*, respectively. Then (4.92) can
be written as

\|Yhf7*+1 - idel,m(fgy’*) ST
As a result, for sufficiently small 7, the map Yﬂ“ =id+ (Y,ﬂ“ —id) is invertible
and satisfies that H(Yhmjl)_lﬂwlm(fm“) < 1. From (4.92) we conclude that, by
) By
using the triangle inequality and the inverse inequality,
(4.94)
omt1 o —kt1ly fmtl _

7 g o S T e g+ B HIEE = R ey S 1
Since X" =¥+ o X, it follows that

H(Xg,ljl)71||vv1,oo(fgﬁjl) = (X7t) e (Yh7*+1)71||wl,oo(fgfjl)
(4.95) < H(Xg,l*)*lHWl,oo(f;x*)||(Y;$+1)71\|W1,oo(f;;ijl) S

The estimates in (4.94)-(4.95) imply that the constant ; defined in (B.1) satisfies
that

(4.96) Ki+1 < Oy

As a result, all the estimates in Section [3 proved for fhm* also hold for f’hmjl (with
some constants depending only on ;). In particular, (3.7) and Lemma B.8 hold at
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time level m + 1, and therefore
(4.97) ||”m+1 Zf:lnm(f;ﬁjl) S hk.

4.7. Stability of orthogonal projection on the error. In this subsection we

establish the stability of converting |ef*** - Ay *||L2 ) to [ler Tt ﬁhmjlﬂLQ ()

at each time level. We decompose their difference into the following five parts:

||Am+1 —m-‘rlHL2 1‘"”*1) ||62n+1 -y *”LQ Fm 3

= lep - an . (e = lleg - mp . (b, (change of Dt to 1)
+ |lép sm+1 ﬁ;l":rlHLQ ) — ller el g *HLi(f’h'f*) (change of nh N ! to ny)
I A2 )~ Bt AR g (chiange of 7 to e )

(4.98)

By the fundamental theorem of calculus, (£.92]) and the norm equivalence of curves
b and Fm:rl in Section [.6] we know

_ ||pm+1 | —m+1 smA+1 —m+1
= lley ||L2 €k HLz

(it (F5e)

S ||vAm (X;Ln-H Xh )”Lw(rm )||ém+1||L2(f;1n;*)||eh 1||L2(f;1n;*)
(4.99) < T||Am+1|| 2om o (here (4.92) is used).
L2ty )

The estimation of MJ* and MJ" requires Lemma [4.9] which tells us that the L
norms of the quantities nl*, iy, and np', at adjacent time levels differ at most
O(7) from each other. This additional O(7) will help us to eliminate the factor &
in the fourth line of (4.113]).

Lemma 4.9. We have the following estimates for the difference between normal
vectors at two adjacent time levels:

(4.100) [n™ —n™ <1 at the nodes,
(4.101) lh st = Al e ) S 7
(4.102) Ih =l oy S 7

Proof. Note that n™T! is a smooth extension of n(-,¢,,41) from I'™*! to a neigh-
borhood of I'"*! which contains I'™ when 7 is sufficiently small, and the gradient
of n*1 is bounded uniformly with respect to m and 7. From (4.90), (£.92) and
([4.84), it follows that

I = SIX = X+ X, = X+ 7 at the nodes
(4.103) ST at the nodes.

The second and the third results in Lemma [4.9] follow from Lemma [3.14] (item
7), (A30)-#.31) and the norm equivalences in Section [4.6] i.e.,

3575 = A ey + I = AR
(4.104) S va;ﬁ;*(xﬁjl - Xh,*)HLoc(f;{f*) ST
where the last inequality follows from ({£.92). O
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The third result in Lemma [4.9] implies that

(4.105) Mg™ = |leptt - aprtt

nh* HL2(rm) HAm—H n

p *HL2(pm )~ THem-H”iz

@)

We decompose M3" into several parts as follows:

MS - ||AmJrl Iﬁ‘hm*”LQ Fm - ||em+1 Iﬁ‘hm*”LQ Fm
h
— /m (éZ"LJrl hm+1) 7—17]2 ( ~m—+1 +em+1) ’ﬁhm,*

m

h
— [ (et g ) A e

h
= [ BRI g, ) )
I

h
[ BE T ) )

h
4 / f - PR (ERFY 4 )
I

h
= [ B T g, - )@ )
I
= BT g BT G~ )
r

m
h,*

>

h
( / / VAT (AL — ) et g
r F;l"’*

m
h,*

3

_ / PL T - (AR, — ) (et et A,
I

Sk

>

h
b [ DI )@ e
r

m
h,*

>

+ fh ﬁz’f (Am+1 +em+1) ﬁzm

m
.

(4.106)
6
=) Mg,
=1

where we have applied ([8.33) and (3.16) in the third equality, and have used the
nodal orthogonality relation in the fourth equality.
Lemma [4.9] directly implies

(4.107) Mzt S Tl gy + len ™ ey )
(4.108) M S 7 ooy + 1em ae )
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By the velocity estimates in (A.70)-(.11), we derive that

M3 < 'rth T m‘

~m+1 +1
L2(fm )(”ehm ||L2(f;:1*)+||ezn ||L2(f;ff*))
srh’H(r+h’€“>(||e'"“||L2(rm )+ e ey )

+rh’“(h*1||vfm enllzzp )

-3 sm+1 +1
+h ”vf‘;l” €h HLZ(Fm )) ” n ||L2(f‘7n )"F”@Zl ”LQ(f‘;L,L’*))

SR+ RN I e ) + e 2 e )

+ T(hk71||vf*zl*éhm||L2(fm*) + hk73”vf;y €h ”L2 Fm ))

& +1 +1

SRR (r 4 hEH

U 2 + 1€l e )

(4109) +Thk IHVFm eh ||L2(Fm )(“Am+l“L2(f‘Zt*) +||€Z’L+ ”L?(f‘ﬁ*))

+ Thk70'25||vf"’" é?"i?(f‘m )’
h,*

where we have used the estimate [|¢}" " 22 oyt llen' HHL2 fy) < h2%75 which

follows from ([L.76), (L.18) and the induction assumption in (IED The super-
convergence estimate in Lemma [3.5] leads to

(4.110) M3g < Thk+1(||em+1“Hl ) + ey’ +1||H1(rm ))
and, applying Lemma 4.1} we obtain
(4.111) M} S TR s ey + 168 s i)

Finally, by using the estimates in (3.34) and Lemma [4.9] as well as the relation
(1 —=n"(n™)T)éy =0 at the nodes, we have

h
Mé’é:[ o AIL(EMH et R

s
m

m m m—+1 Am 1 m—+1
< =P ) e g ey U6 o oy + 16 o)

T 1 Am+1 1
SHA=nT ) )R = ez oy NE™ oo ) + e ey )

m m—+1\T m m Am 1 m—+1
+ [T I T —nl (") e +1||L2(rm y(ller™ ooy +len™ ooy )
< T2 €n m+1 e;n+1 1 Tm m (||Am+1|| + Hem+1H R )
S B — Ly, ) Lo (i) Lo (i)
ST (”AmHHLZ’ o )Jr ||em+1||L2(fm ))

~m+1
(”Vrm et HL’A’(Fm y+ ||Vrm eh+ HL"’(F’" ))

emtl_gm . .
where the boundedness of H %’ — I, T o™ comes from a combination

HL?(I”‘;Z*)
of the velocity estimates (4.62) and (A70) as well as the induction assumption
lleml HiEp ) S < hY75. Therefore, by using Young’s inequality, we have

Mg S T2(‘|éT+1||L2 tm) T ller” +1||L2 e )

(4.112) + e 4 eIV G gy ) + Ve eh T ey )
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By collecting the estimates of M3}, j = 1,...,6, we obtain the following estimate:
M S ettt T(||Am+1||L2(Fm y T ||6m+1||L2(Fm )T HéT||2L2(f;:L’*))

+ (6+hk70.25 +h2k 2)7_

UVep & ey + 10 e o ) + Ve & 172 )
(4.113)
T ey 16 o)
4.8. Error estimates. Note that
(H""+1 ‘m“\ILz(pm+1 — e 'ﬁh,*HL2(pm )+ Apu(ep et
1 _ o —
= (”eerl m ||L2 Fm - ||e;zn 'nh,*”L? Fm )+Ah *( K eZLJrl)
(4.114) (IIAerl ‘m“IILz () — et ﬁZZIILz P )

where the first line on the right-hand side above can be estimated by choosing
¢n = " in the error equation (£.21) and using the estimates of the linear and
bilinear forms developed in Sections 4.1]and 4.2l The second line on the right-hand
side above can be estimated by using (4.98) and the estimates of M j=1,...,3
in Section 4.7l This leads to the following result:

N 1 - 1 - = 2 3 +1
eyt ap g ety = 10 AT ey )+ An (e e
:

< AT (émvéwn) _ Bm(éa}fln)e;n+l) _ Jm(ezl«l»l) _ Knl(e;:l+1) _ dm(ezl+1)

- Z F(ep™) + AL L@ In Ty e ™) + B™ (e In T et ) + QT (In Ty e )
3

1
+ = g M  (here ([£98) is used)
-

i=1

71 k+1 ~m—+1 m—+41 A2 m 2
( +h + ) +e (H + HLQ(rm ) + ”6 + HLQ(f*m*) + ”eh ‘ILQ(fm*) + ”eh |‘L2(f‘m*))
(4 115)
~m—+1)2
+ 6(Hvrm eh HLQ(Fm W) + ”Vr‘m eh HLQ(Fm W) + ”Vr‘m e}:H'lHLz(f;:,,*) + va;:’/*eh + ”L2(1’~;Ln*))'

Then, by using the results in (3.44), (4.73) and (A.TT), we can simplify ([ALI15) to

the following inequality:

et A2 sy — IR AR 2 gy

2T
(4.116) < e l(r 4 hFH2 4 ter - an *||L2 ) + eHVFm éy ||L2 Py

B 4 O g 7

where € is an arbitrary small constant. The last term in (4.116) can be absorbed by
its left-hand side. Then, by applying the discrete Gronwall’s inequality, the norm
equivalence in Section [4.6] and (Imb, we obtain the following error estimate:

(@17 max 6 2 g )+ Z TVt 7 By S Ol HEH2

For h?¢ < 7 < hk*! and sufficiently small h, from (4117) we can recover the
induction hypothesis (3.9) at time level ¢,,1+1. In view of (LZ8)-(LT79), we also
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obtain the following result:

(4.118)  max e}’ ey + Z TIVep e gy < O+ A2

Note that the constants C' on the right-hand side of (4.117) and (4.118]) depend
on the k; defined in (3.I)), and the condition on the mesh size under which the error
estimates are established is h < hy, (for some constant h,, which may depend on
k1). In order to conclude Theorem [2.1] it remains to show that the constant &
defined in (3.1)) is independent of 7 and ! (though possibly depending on T'). This
is presented in the next subsection.

4.9. Uniform boundedness of ;. For any j =0,1,...,k, we can prove that
ma. o <CHif max || X |-t <
0< }él H h, *”WJ (9 ¢ = Co 1 Ogmél || h,*”vvg L ) = Co,

where Cy and C{ are constants which are independent of 7, h and x; (with C{
depending on Cy). For illustration, however, we only prove HX,T*HW;C,OO(FO ) < C}
’ h h,f
under the condition || X}, ||,yx-1.00qp0 v < Co. The case j # k can be proved
Wy (Th¢)
similarly; see |2, Appendix].
In this subsection, we regard Xi and X;" as the maps from the piecewise flat

curve F%ﬁf to f‘}’f* and I'}?, respectively. Let vi"® = v o X,T* and gi" =

g™ oa™o X}T*, which are functions defined on the piecewise flat curve Fg’f. By

using relations (4.87)—(.89), we have

N 1 N
”X}T:r - X;:,L*”W:’”(Fg,f)

m

< NI —id) o a™ o X llysoe oy + llon 0 XiL Ny o )

+ || Tn [T (T o )A(,T*)Ih(Nle ° X;le N o Xh pEptto X}T*)]Hw,’j’x(rg o)

T o X)X = X0yt g
= B+ By + B}

By using the stability of I, on CO(T) ;) N W,]f’oo (T} ¢), chain rule, the inverse in-
equality and (4.88)), we have

1. o o
EimSCQH(Xm-F _1d)oamoX;T*HW:,oo(F%’f)—|—thOX£r}*H koo(F "

m—+1 . m >m k o-m
< COHVf;:’;* (X —id)oa™]o X}, VFQ’th1*||Lz°(F%,f)

k1
+Co Y IX™ ! —id||ws e (pmy + Coh™"[lpn 0 Xill oo o )
=2

< Corl[Rillyboo o+ Cor + Coh™ (7% + I T (K3 = R0 G o)

(
< cor||f(;:j*||W},f,m(Fg )+ Cor + Coh™™|| LTI (X — X, — TIhT,:”W)H;l(le*)

-m
< COTHXh,*HW}I:,oo(F?L’f) + Cor,
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where the last inequality follows from the velocity estimates (4.70), (A.T7I) and

Lemma [4.8] Furthermore, using the inverse inequality, we have

B3 < Coh™ 3| L [Ln (T2 0 X ) In (NI o X7H — NI o XJ2,) (6 o Xz s )
< Coh™F 73 Q7 Cly (7 + WY,

where we have used the estimate |[N™*! o X;L”jl —No X’T*”Lhao(r‘?l,f) < Cy,7

which follows from (£90) and (£92), and the estimate ||&]""" o X;L"* L2y ) <

Cy, (T + h¥*1) which follows from the error estimate (AI117). Under the condition
7 < ch**! we obtain

E3r < C,ﬂh%T < Co7t under the condition C,ﬂh% <1
With the above estimates of ET* and E3*, we have

Xt = X

HW;?OO(F?L,f)
< Cor(1+ IR kg )+ Col LT 0 XP)KPH = Xl

Using relation (4.40) we can estimate the last term in the above inequality as
follows:

ML o X3 ) (X = Xyt g

< LT o X ) (X = X3 = 5o~ g

+ T IW[(Ty" o X7, )vf ]||W}’j’°°(rg’f)

= 1T o R (e = et =TI + g e oo

+ 7|\ In (T OXh,*)Uf ]”W}’;W(P%f)

< I o ) et = et = T T ) e

—k+1 o
+ C()T(th T+ 14+ ||X,T||W}1:,QO(F?L1£)),
where the last inequality follows from the following estimates:
HIthTIIW:,oo(F%ﬂ < h*k+1uzhg;n||wl,x(rg,f) < Cuoyh ™ e (in view of (8.37)),

(T o X3 o < Co(1+[IX72,

oo oo chain rule of differentation).
Wy ) S weeewy o) )

Therefore, by using the inverse inequality, under the condition 7 < ch**! and
C’mh% <1, we have
ML o X3 ) (X = X e
< Coh™ "ML [(T1" o X3 ) (ep ™ = & — T T ol g )
+ Cot(1+ HX}THW:M(F%))
< th_k_l/zT(T + hk+1) + Cm h_k_1/27'||vf‘;bﬂ’*é?“m(f‘;ﬁ*)
+ b5 Ty B )+ Cor(L+ 1K ey )

where Lemma 4.8 and (4.70)—(.71)) are used in the last inequality. Then, using the
error estimate in (4.117) and the stepsize condition 7< ch**1, and ||szl em ||L2(f7h” )
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< Cy,h' ™, we have
IR [T 0 X3 ) (X = Xy g
(119) < Cuh ™ V20|V g + O™ 20 Vg e
+ Cor(1+ || X7 .oy )y

where we have used the mesh size condition C’,ﬂh% < 1 again. In view of the
estimates above, we have proved the following result:

m-+1 o-m
||X Xh,* (F}Olyf)

(4120) < cmh*’“/?rnvméﬁ||Lz(f;n;*) O Vi
+ Cor (1 + [ X3 lwr.oe rg )-
Therefore, by using the triangle inequality,

”Xerl”WkOO(FO ¢ ”Xlg,*”W;’f’oo(r?L’f)

S HX]—H

T30

m

m
< th#ﬁlﬂ ZTva;y*é;mn||L2(f;p*) + thikism ZT”VfM €h ||L2 )
§=0 ' ' §=0

m
+Co+ > Corll X7 llybos o
j=0 ’

< O h 12 (0 4 WY 4 € bR 2 (1 4 hEPD2 (here (@IT7) is used)

+ CO + Z C()THX}JLV*”W}IS’OO(F?L ¢)
=0 |
(4.121)

m
p . 1
< Cp+ z;) C’OTHXfL’*HW:,oo(F?L’f) (under condition Cy,h2 < 1).
=
By applying the discrete Gronwall’s inequality, we obtain the following result under
the condition C’,ﬂh% <1

< Cp.

m—+1
(4‘122) OI<na§l HXh * ||W}’f»°°(r(}3“ )

The proof of ||(X,T:1)_1||W1)x(le+1) < Cy is simpler, i.e., the same as [2, Appen-
dix], and therefore omitted. This i)roves that
ki1 < Co,

with a constant Cy which is independent of 7 and [. This proves the boundedness
of the quantity &; defined in ([B.1)). Moreover, the condition C’,{lh% < 1 is essentially
requiring h < hg for some constant iy independent of [. This completes the proof
of Theorem [2.1] O
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5. CHARACTERIZATION OF PARTICLE TRAJECTORIES (PROOF OF THEOREM [2.2])

Let {z;x(t) : t € [0,T]} be the trajectory of the particle under the flow de-
termined by (L10), with initial position x? €TV, Let X'y be the finite element
function with nodal vector (z1 4 (tm), ..., 24 (tm)) . Thus X'y maps the initial
curve I'Y to some finite element curve F h 4 which interpolates the smooth curve
'™ at the nodes x; #(tm), j=1,...,J.

Let Ij, be the interpolation operator onto the initial approximate curve I’%. Then
the following identity holds at the nodes of I'):

Xyt = Xity + h[o™ 0 Xi, 1 + O(7%),
which is simply the Taylor expansion of the flow in (L.I10) at the nodes. Therefore,
the error e}, = X", — X} satisfies the following relation:
ek = g — (XF = X7t =TI o™ 0 XiL]) + TInfo™ 0 Xily — 0™ 0 XL] 4 O(r)
=y — (et — e — TL[(T ™) o Xi] + TIng™)  (here (@AD) is used)
+ I [™ 0 Xi'y — o™ o X 4 O(T7).

By using the smoothness of v™ on I'™, we have [v™ 0 X}, —UmOX;T*| < CO(lepyl+
|é]) and therefore the following inequality holds at the nodes of I'9:

et < (L+COmlepyl + et — & =TI [(T0™) 0 XjL]| + O + Oy,

By taking the discrete L? norm on I') and using the equivalence between discrete
and continuous L? norms on F?L, we have

|‘621,:¢1||L%(F2) < (14+C7)llep: 7x;£||L2(1“0)+C||6erl ey — T [(T" ™) OX;Z?*]HL?(FQ)
+ O+ O||ey 22 (ro)
<(1+ CT)Hehm#HLz oy + ChilT(T + hk+1)

+ OV Vg llpaqi ) + Ch 7 Ve oy
where [|€}"[| 2 (ro) is estimated by using (4.117). By iterating the inequality above
with respect to m (equivalently, using the discrete Gronwall’s inequality ), we obtain

l
H6m+1”L2 ) < Ohil(T + hk+1) =+ Oh71 Z 7'||vf‘;ﬂ*é;7”L2(f;,"*)
m=0
l
+Ch 3 Z THV m eh ||L2 Fm

m=0

< Ch* +Chk + ch?F1 < Chk,

where we have used 7 < ch¥*! and the error estimate in (4117). This proves
that the particle trajectory produced by the stabilized BGN method converges
to the particle trajectory determined by (LL.10). The latter minimizes the rate of
deformation while maintaining the shape of the curve under curve shortening flow at
every time ¢ € [0, T]. This fully characterizes the particle trajectory produced by the
stabilized BGN method and gives the first rigorous explanation to why parametric
FEMs of the BGN type could maintain mesh quality of the surfaces/curves evolving
under curvature flows.
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TABLE 1. Rate of convergence of the error with 7 ~ hF+1

N LEmen, ”éhmHLQ(f’Zf*)
k=1 1| k=2 | k=3
21 1.11e-1 | 4.55e-2 | 4.46e-2
2° 3.30e-2 | 7.11e-3 | 3.60e-3
26 8.90e-3 | 9.18e-4 | 2.2be-4
Convergence rate | 1.89 2.95 4.00

6. NUMERICAL EXPERIMENTS

We test the convergence of the proposed stabilized BGN method in (L5) for
approximating curve shortening flow with the following benchmark example (see
[6l, Section 4]) of dumbbell shape curve as the initial data

z()Y _ cos(27E)
(-1 (y(f)) N (0.9(6082(27r§) +0-1)sin(27r§)> , £€10,1].

We solve the problem numerically by the stabilized BGN method on the time
interval [0,7] with T = 0.15. Since there is no closed expression for the solution
with initial data (6.1), we instead compute the reference solution with very fine
time and space grids, i.e. N = 21, N, = 222 and k = 1. Although our proof
of Theorem [2.1] only guarantees the convergence of numerical solutions for finite
elements of degree k > 2, we perform numerical experiments for finite elements of
degree k =1, 2, 3.

The time stepsize condition 7 = O(h**!) is imposed by choosing the number
of mesh points N and the number of time levels /Ny in a consistent way. Namely,
for N = 2%,25,26 we choose N, = 2°,27,29 for k = 1, N, = 25,28 2! for k = 2,
and N; = 25,29, 213 for k = 3, respectively. The discrete L°°(0,T; L?) errors of the
numerical solutions, i.e.,

ST
OSIE%XM ([ Hm(f;[j*)
are presented in Table [Il where the convergence rates for finite elements of degree
k = 2,3 are consistent with the theoretical result proved in Theorem [2.1] The
numerical results show that the stabilized BGN method has optimal-order conver-
gence also for piecewise linear finite elements. The proof of this result is different
from the current paper and therefore needs to be studied in future work.

It is also desirable to test the sharpness and necessity of the CFL condition
7 < ch**t1. To this end, we compute the errors and rate of convergence in the
regime of 7 ~ h (in the experiment we simply take N = N;). The results are shown
in Table 2] which indicates a linear rate of convergence for all cases. This means
the convergence might hold for a larger regime of weaker CFL condition.

Besides, we examine the convergence of the stabilization term. Since the stabi-
lization term is in the weak form, we denote by Stab the Riesz representation of
the stabilization term, defined as follows:

Stab - ¢y, = Vrzlid . vF}fIh[(bh = (¢n -0 )ap] Veor € Sp(TH).

i oy
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TABLE 2. Rate of convergence of the error with 7 ~ h

N ISIE%XM ||é2nHL2(f;;f*)
k=1 | k=2 | k=3
27 1.47e-2 | 1.34e-2 | 1.34e-2
28 7.34e-3 | 7.01e-3 | 7.01e-3
29 3.68e-3 | 3.59e-3 | 3.59e-5
Convergence rate | 1.00 0.96 0.96

TABLE 3. Rate of convergence of the stabilization term

N | Jnax, [[Stab| Loy

k=11 k=2 | k=3

27 7.57e-2 | 4.18e-2 | 1.62¢-3

28 1.86e-2 | 1.18e-2 | 1.96e-4

29 4.67e-3 | 3.06e-3 | 2.41e-5
Convergence rate | 1.99 1.95 3.02

The L°L° norm of Stab are presented in Table 3] with fixed N; = 25,25 26 for
k =1,2,3, respectively. The numerical results in Table[3]show that the stabilization
term is O(h2) for k = 1 and O(h*) for k = 2,3.

4 (1] (1) [ ] [ ]
o4 O e . o A o o.. ‘e * ..o
4 [ ] [ ]
0.3 ° ° 031 °
0.2 o’ ° 021 e ® o’ °
0.14 oo’ o| 011 o ®ece® R
0.04 ° 0.01 o °
—0.11 e®%0 ® | -01q ® e®%, L4
-0.2 ®e ® | -021 ® o’ ®e °
°
-0.3] . o | -03f °® . o
° ° % ° °
—0.4 ®e0 -0.4 o0 ®

—1.00 -0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
(A) k=1, N=2°

~1.00 —0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
(B) k=2, N=2°

FIGURE 1. Initial nodal distribution
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FIGURE 2. Mesh distributions of different methods at T" = 0.15,
with N = 26 for finite elements of degree k = 1, and N = 2° for
finite elements of degree k = 2

In addition to testing the convergence rates of the proposed method, we test
the performance of the stabilized BGN method in improving the distribution of
mesh points of curve shortening flow with initial condition (6.I). For the initial
distribution of mesh points shown in Figure [I, we test the performance of Dziuk’s
method, the BGN method and the stabilized BGN method proposed in this paper.
The distribution of mesh points at T' = 0.15, with number of time levels IV, = 27,
is presented in Figures [2] for finite elements of degree k = 1,2, where N denotes the
total number of finite elements. The numerical results in Figure [2 show that, while
Dziuk’s method leads to clustering of mesh points, the stabilized BGN method can
keep the mesh quality (distribution of mesh points) good similarly as the BGN
method. To be more quantitative on the mesh quality, we present the mesh ratio
hmax/Pmin in Figure [3] which shows that the stabilized BGN method has similar
mesh quality as the BGN method.

7. CONCLUSIONS

We have proposed a stabilized BGN method with possibly arbitrary high-order
finite elements based on mass lumping techniques using Gauss—Lobatto points, and
proved the optimal-order convergence of the method in the L? norm under the
stepsize condition 7 < ch¥t1. The stabilized BGN method differs from the classical
BGN method from a stabilization term, with the same effect as the BGN method
in improving the mesh quality, with an additional stabilization term helping to es-
tablish stability estimates for the artificial tangential velocity. We have found the
underlying geometric PDEs to which the stabilized BGN method converges, i.e.,
the system of equations in (LI0)), which is used to establish stability estimates for
the artificial tangential velocity and to characterize the limit of particle trajecto-
ries produced by the stabilized BGN method. The convergence of the method is
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FIGURE 3. Mesh ratio hmax/Amin

supported by the numerical results, which also show that the proposed stabilized
BGN method has the same effect as the original BGN method in maintaining good
mesh quality of the evolving curve.

Our analysis requires the projected normal vector n}* to be defined as a con-
tinuous finite element function, which is essential for applying integration by parts
in many places throughout this article. Additionally, the quadrature points must
coincide with the nodes used to define n}* to ensure that the terms Ll(IhT,T¢h)
and Lo (I, /" ¢p,) vanish on the right-hand side of (&41]); see the text below (4.41)).
These requirements necessitate that the quadrature points include the endpoints
of each finite element, thereby excluding Gauss quadrature. Instead, the Gauss—
Lobatto quadrature satisfies all these requirements. The underlying framework and
techniques established in this paper may be applied/extended to other geometric
flows and parametric finite element approximations which contain artificial tangen-
tial motions of the BGN type.
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