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ABSTRACT. The regularity of solutions to the stochastic nonlinear wave equation plays
a critical role in the accuracy and efficiency of numerical algorithms. Rough or discon-
tinuous initial conditions pose significant challenges, often leading to a loss of accuracy
and reduced computational efficiency in existing methods. In this study, we address
these challenges by developing a novel and efficient numerical algorithm specifically de-
signed for computing rough solutions of the stochastic nonlinear wave equation, while
significantly relaxing the regularity requirements on the initial data. By leveraging the
intrinsic structure of the stochastic nonlinear wave equation and employing harmonic
analysis tools (particularly low/high-frequency decomposition) to enable convergence
analysis under low regularity, we construct a time discretization method that achieves
robust convergence for initial values (u®,v°) € HY x HY~! for all ¥ > 0. Notably,
our method attains an improved error rate of O(7?Y7) in one and two dimensions for
v € (0,3], and O(7™2x(1:27=37)) in three dimensions for v € (0, 3], where 7 denotes
the time step size. These convergence rates surpass those of existing numerical methods
under the same regularity conditions, underscoring the advantage of our approach. To
validate the performance of our method, we present extensive numerical experiments
that demonstrate its superior accuracy and computational efficiency compared to state-
of-the-art methods. These results highlight the potential of our approach to enable
accurate and efficient simulations of stochastic wave phenomena even in the presence of

challenging initial conditions.

1. The stochastic wave equation

We consider the numerical solution of the following stochastic nonlinear wave equation in
a rectangular domain O = [0, 1]d with the periodic boundary condition, with a multiplicative
noise of It type, i.e.,

Opu — Au = f(u) + o(u)dW in O x (0,77, .

0 0 in O, (L)

where W(t) denotes an R-valued Wiener process defined on the filtered probability space

(Q, F,{Fi}o<t<T,P); the nonlinear functions f(u) and o(u) are assumed to be smooth with
respect to u.

The nonlinear stochastic wave equation emerges in various fields of physics, including the
motion of a strand of DNA suspended in a liquid, heat flow around a ring, and the internal
dynamics of the sun [I2] 26]. Since an analytical expression for the solutions to the stochas-
tic nonlinear wave equation in is not available, there has been significant interest among
researchers in developing numerical approximations to the solution. A key distinction from
deterministic problems lies in the term o(u)dW, which represents the increment of a Wiener
process scaled by v/dt. This scaling introduces considerable challenges in constructing efficient
numerical methods for solving the stochastic wave equation. Over the past few decades, vari-
ous time-stepping schemes, such as the Euler scheme, Crank-Nicolson scheme, Stormer-Verlet
leapfrog scheme, trigonometric schemes, and others, have been extensively studied in the liter-
ature [2) @, [7, 9, (10, [T, (13, (16, 18, 24] 27, 28, 29].

tlt=o = u’ and Oyuli—p = v
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For instance, Walsh [27] was the first to prove strong convergence of the Stérmer—Verlet
leapfrog scheme for the one-dimensional stochastic wave equation with multiplicative noise,
establishing an error bound of O(T%), where 7 denotes the stepsize of time discretization.
Strong convergence with an error bound of O(7) was achieved in [2, 4], 29] through the use of the
stochastic trigonometric scheme and a variant of the Stormer—Verlet leapfrog scheme. Recently,
Feng, Panda, and Prohl developed a 1.5-order numerical scheme in [13] for the stochastic wave
equation, inspired by second-order time-stepping methods used for deterministic wave equations.

In general, existing methods for solving the nonlinear stochastic wave equation with mul-
tiplicative noise require the solution pair (u,du) to be at least in C([0,T]; H' x L?). This
regularity is required for the solution to achieve %—Hélder continuity in time, which plays a
crucial role in ensuring the convergence rates of the corresponding numerical methods; see, for
instance, Lemma 3.3 in [29], Lemma 4.6 in [4], or Lemma 3.3 in [13]. However, in practice, the
nonlinear stochastic wave equation is well-posed for initial data in HY x HY~! whenever v > 0
(see, for example, [29, Theorem 2.1] for the well-posedness result of the problem with L? x H~!
initial data). In particular, rough initial data—potentially with discontinuities—can prevent
the solution of from attaining the regularity required by the existing numerical methods.
This lack of regularity can significantly reduce the convergence order of the algorithms and, con-
sequently, diminish computational efficiency. The numerical computation of rough solutions,
especially those below the regularity threshold of HY/2 x H~1/2 remains a significant challenge
in the context of the nonlinear stochastic wave equation. Addressing this issue is crucial for
advancing numerical methods that can handle solutions with low regularity or discontinuities.

To address the issue of order reduction when computing rough solutions, various low-regularity
algorithms have been developed and analyzed in recent years for deterministic nonlinear dis-
persive equations. Examples include approaches for the Korteweg-de Vries (KdV) equation
[15, 30}, BT, B2] and the nonlinear Schrodinger equation [0l 21) 22, 25]. For the nonlinear wave
equation, the low-regularity algorithms constructed in [25], [20] have second-order convergence in
H' x L? under the regularity condition (u°,v") € H 9 x 19 for spatial dimensions d = 1,2, 3.
For the nonlinear wave equation with cubic nonlinearity in one dimension, a symmetric low-
regularity integrator was constructed in [6], achieving second-order convergence in H? x H7~!
under the condition (u®,v") € HY x H'"! for v > % In the case of Lipschitz continuous
nonlinearities in one and two dimensions, a high-frequency recovery low-regularity integrator
was proposed in [6], achieving convergence rates of 2y and 1.5y in one and two dimensions,
respectively, for rough solutions of the nonlinear wave equation under the regularity condition
(u®, %) € HY x H"=! with v € (0,1/2].

In addition to these works, Bronsard, Bruned, and Schratz introduced a new class of numerical
methods for approximating dispersive equations with randomness in low-regularity settings in
[1]. These methods employ resonance-based discretization, as described in [5], to approximate
the expectation of the solution when randomness is present in the initial data. Building on this,
Armstrong-Goodall and Bruned developed a class of resonance-based schemes in [3], specifically
designed to achieve targeted convergence orders for computing rough solutions to the stochastic
Schrodinger equation (half-order convergence for H' initial data) and the Manakov system
(half-order convergence for H? initial data). As far as we know, the numerical computation of
rough solutions to the stochastic nonlinear wave equation with a multiplicative noise, especially
those below the regularity threshold of H/2 x H~1/2 remains a significant challenge.

The objective of this work is to develop a novel numerical scheme for the stochastic nonlinear
wave equation to achieve higher-order convergence while significantly relaxing the regularity
requirements for the initial data. A key aspect that underpins the feasibility of our objective
is the ability to construct an algorithm without relying on the Holder continuity of the exact
solution in the time direction, extending the idea of low-regularity integrators as well as low-
and high-frequency decomposition techniques to the stochastic nonlinear wave equation. Unlike
previous research on numerical schemes for solving (1.1)), we do not approximate (u(t), dru(t))
over the time interval [t,,, t, + 7] using (u(ty), Oyu(t,)). Instead, we employ the solution operator
of the linear wave equation, denoted as e*’, to construct the approximation of (u(t), dyu(t)) as
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et (u(t,), dyu(ty,)), where L is a linear operator defined in (2.2). The advantage of this
approach lies in the fact that it allows us to provide a more accurate error estimate, which can
be expressed as follows:

=) (o)
Bt Byuty)

which is valid for low-regularity solutions (u,d;u) € C([0,T]; HY x HY~!) with v possibly ap-
proaching zero. By utilizing the estimate in ([1.2)), we utilize a second-order Taylor expansion
of the nonlinear term X (u(t), yu(t)) := (0,0 (u(t))) " at et (u(t,), dyu(t,)). By leveraging
the structure of the linear operator e(!~t)L we derive the following approximation result:

<t tal?, (13)

() > ()],
Oru(t) Opu(ty) Hlx L2

which holds for (u,du) € C([0,T); HY x H'~') with v possibly approaching zero. This sig-
nificantly relaxes the regularity requirements necessary for the numerical solution to achieve a
certain convergence rate.

Furthermore, by employing a low- and high-frequency decomposition of the solution, com-
bined with a detailed error analysis that leverages the structure of the stochastic nonlinear wave
equation, we construct a first-order exponential integrator that achieves an error of O(7%77)
in one and two dimensions for (u°,v°%) € HY x H"™! with v € (0, %] This convergence rate
is twice as fast as that of existing methods under the same regularity condition. In three di-

2
S [t —tal, (1.2)

~

Hx L2

mensions7 the proposed method is shown to converge with an error of O(Tmax(%%_%_)) for
(u,v%) € HY x H7~1 with v € (0, 3]. Importantly, in both cases, this work provides the first
proof of convergence rates for computlng rough solutions of the stochastic wave equation in the
low-regularity regime below H: x H™

To make our approach clear to the 1re3ude1rs7 we mainly consider an R-valued Wiener process in
. However, the theoretical results can be extended to more general Wiener processes, such
as the Q-Wiener process, provided suitable regularity assumptions are satisfied, as discussed in
Remark 211

The rest of the paper is organized as follows: In Section [2| we introduce the basic notations
and main results of this paper, including the proposed algorithm and its error estimates. Section
covers preliminary technical results that will be essential for constructing and analyzing our
method. In Section 4] we construct our numerical scheme and prove its convergence proper-
ties. Section [5| details the implementation of the fully discrete scheme and discusses its error
estimates. Finally, in Section [6, we present numerical examples that validate the theoretical
findings and illustrate the effectiveness of the proposed method.

2. Notation and Main results

2.1. Basic settings

By introducing U = (u,dsu)", we reformulate (1.1I)) into the following first-order system of
equations:

{ U — LU = F(U) +X(U)dW  in O x (0,T], 21

Ulpeo = U° in O,

where

U= (ai‘u) LU= @3) . FU) = (f(ou)> . S(U) = (O_(Ou)> - (g (1]) L (22)

For the simplicity of error analysis, which inspires us to construct the numerical scheme in
(2.10), we assume that the nonlinear functions f and o satisfy the following conditions for some
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constant C' > 0):
I+ O+ ()] + 1o ()] + 0" (s)| + 10" ()| S €, for s €R. (2.3)

In order to measure the error of the numerical solution, we define the following norm and inner
product of HY(O) x H'"1(O) for v € R:

N

101 = (lelo) + lel310))” for U= (un)T € H(O)x H7H0),  (24)

and
(U, Us) :/ T w1 (2) T Tua(z) + T oy () T Hog(x)da, (2.5)
(@)
where J7 := (1= A)2 and J7 ! := (1 — A)%
The Cy-semigroup generated by L is denoted by e*’, which is the solution operator of the
linear wave equation (i.e., the map from U to U(t) in the case F(U) = X(U) = 0), satisfying
the following estimate:

LU, < C|U|l, forall U e H'(O) x H™1(O). (2.6)

Under condition (2.3), it is known that for any initial state U? € H?(O) x H'"!(O) with
v > 0, equation has a unique solution U € L>®(0,T; HY(O) x H'~Y(0)) satisfying the
following variation-of-constant formula (see e.g. [23, Section 7.1] and [29, Theorem 2.1]) for all
t,s > 0:
S S
Ult+s) = eLU(t) + / IR (Ut +6))ds + / eCNER(U(t+6))dW (t+6).  (2.7)
0 0
Moreover, for p > 2, the solution has continuous sample paths U(t) = (u(t),v(t))" satisfying
the following estimate:

E < K(p), (2.8)

sup (Il + o(®)I, )
0<t<T

where K (p) is some constant depending only on p.
Throughout this article, we denote by A < B or A 2 B the statement “A < CB for some
constant C' > 0 which is independent of 7 and n”.

2.2. The numerical scheme and its convergence

Since any function in the Sobolev space L?(Q) can be expanded into a Fourier series. Ac-
cordingly, we introduce the finite-dimensional subspace
N

Sy = { Z Cnyye g €XP (2nymayi) - - - exp (2ngmagl) @ ey my € C},

ni,e ng=—N
and approximate functions in H*(O) by using the finite-dimensional subspace Sy. We denote
by Iy the L? projection operator onto Sy defined by
(w—Iyw,v) =0, YveSy, weHQ), (2.9)
and denote Il y := I-TIx and I, n,) := Hn, —Ily, for N2 > Ny. We denote by Iy : H® — Sy
the trigonometric interpolation such that for any function w € H*, s > 4, (Iyw) (z) = w(z) for
z € D?, with

n
D= {2N n=0,---,2N 1}.

Let t, = nt, n € {0,1,--- , M}, be a partition of the time interval [0, 7] with stepsize 7 =
T /M for some positive integer M. We propose the following filtered low-regularity exponential
integrator for the stochastic wave equation:

Ut = LU 4 ore™ L F(IL 1 U™) + eTHIL S (T, U™ AW, (2.10)
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with A, W = W(tp4+1) — W(tn). This method is constructed through the error analysis in
Section 1]

The main theoretical result regarding the convergence of the proposed numerical scheme is
presented in the following theorem.

Theorem 2.1. Let U be the unique solution of [2.7)) with initial value U° € H7(O) x H'~1(0)
under condition (2.3), and let {U"},>0 be the numerical solution given by (2.10). Then the
following error estimates hold:

1
it for ve€ (0, 5} and d=1,2,

1
n 2 1
OSISS}T(/T (E[”U(tn) -U ”(2)]) 2 ST for v € (0, 5} and d = 3, (2.11)

13
25 for € ( and d = 3.

21l
The proof of Theorem is presented in the following sections.

Remark 2.1. To clarify the main idea of this article, we primarily consider the problem with R-
valued noise. However, the results in Theorem can be extended to the case of more general
noise, such as an L?-valued Q-Wiener process. Specifically, let us assume that {W(t)};>o is
an L?(T%)-valued Q-Wiener process with respect to the normal filtration {F;};>0 on a filtered
probability space (T%, F, {F;}o<i<T,P). Under these assumptions, we can also derive the same
result as in Theorem provided that f and o satisfy the same conditions, along with an
additional specific condition on the covariance operator Q:

1 1 2
> max (@3 exll, 4. IQ%exl ) < oo (2.12)
kezd

where ey (x) = e?™k* for k € Z¢ is a complete orthonormal basis of L?. Below, we briefly
explain the reason for this assumption.
Because, for Q-Wiener noise, It6’s isometry becomes (see, e.g., [23], Section 4.2.1):

E U s MHf(s)Q%

where £(L?, H) denotes the space of Hilbert-Schmidt operators from L? to a functional space
H, equipped with the norm

s, (2.13)

/ Fe)aw(s) s 4 ]

H

1@l crz,m = | D I1®exll
kezd

Since in our analysis H may be chosen as H’ for £ = —1,0, or 1, we have:
1|2 1
2 = 3
TOLH N D) NOLIN
kezd
Following a similar argument as in the proof of Lemma |[3.5] one can prove that

|r@0ted|,, S1FE)Ine - max (IQFedl, . Q3 exlm )

for all £ = —1,0,1 and d = 1,2,3. By combining this inequality with (2.13]), , and the
condition on @ in (2.12), we conclude:

2
" (2.14)

E /0 " Hs) A (s)

2 t 9
< 2 1 1
H] SE | [ 161 3 max (1Q3ewl, . I Q%eudn ) s

kezd

<[ [ 1)
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which is exactly the same form as used in this article to estimate the stochastic integral with
R-valued noise. Thus, the analysis presented in this article can be directly extended to the case
of a @-Wiener process, provided the condition holds.

Additionally, if we assume ) has a diagonal form, i.e., Qex = Agey, the condition
simplifies to:

S (1 k) <o (2.15)
kezd

3. Preliminary estimates for the error analysis

In this section, we present several technical lemmas that will be used in the subsequent section
for the construction and analysis of the numerical scheme.

Lemma 3.1. Let U be the unique solution of under the condition , with initial data
UY € HY(O) x H'"YO) for v > 0. Then, for any t, and 0 < s < 7, we have the following
estimates:

E[|U(t, +s) — e LU (t)|3] < Cr, (3.1)
and

E[||U(t, +s) — eSLU(tn)Hﬂ < Cr2, (3.2)
where C' is a constant that depends only on o, K(2), and K(4).

Proof. Using the equality (2.7)), the property (2.6), and Itd’s isometry, we obtain the following:
B (10w +) - U1 <E | [ 128 e +0) 10
L/ O

—5| [ IE@e.+) H%da] (3.3)

—5 | [l ultn + ) 32.08]

Using the condition (2.3)), we get the following estimate:

S S
B | [l tutta +0) 122 6| SE| [ 101 + fute, + )12 a5
0 0
<7 <1 +E | sup |U(ty +96)|2 > , (3.4)
0<6<s
for each v > 0. Combining (3.3)) and (3.4)), we obtain the estimate ([3.1)).
For the proof of (3.2)), recalling the variation-of-constant formula, we apply the Burkholder-
Davis-Gundy (B-D-G) inequality (see, e.g., [I7], Section 3.3, Theorem 3.28) to obtain

4
E[|U(tn +5) = e U(ta)[l1] = E

H/o IR (Ut + 6)) AW (t + 0)

1

s 2
su|( [ 1t @i, + o) ) ]
0
<72 (1 +E | sup [|U(t, + (5)H§ ) , (3.5)
0<6<s

for each v > 0, which yields (3.2]). O

To construct low-regularity integrators for ([2.1)), it is crucial to utilize the following calcula-
tions for the time derivatives of the auxiliary functions, as established in [20].
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Lemma 3.2. Let U = (u,v)' and U(s) := e*LU = (u(s),9(s))". Then the following identity

holds:
A L)) = 6_8L< ot ) (3.6)
ds o' (u(s))o(s)

We now present some useful results for estimating the consistency errors.

Lemma 3.3 (Bernstein’s inequality; cf. [I4, Theorem 2.2 and pp. 22|). Let f be a function
such that J7f == (1 — A)3f € LP(O) for some v > 0 and 1 < p < co. Then the following
estimates hold:

ITM<nT " flle S N7 fllLes
TN fllze S NTTNT7 fll e

Lemma 3.4 (Standard error of trigonometric interpolation; cf. [I9, Theorem 11.8]). Let f be
a function such that f € HY(Q). For 0 < s <+~ and vy > g, we have

If = Infllzrs S N"O79| fll v

Lemma 3.5 (Negative-norm estimates for the product of two functions when d = 3). For
d = 3, the following estimates hold:

1 glla— S llglla—r (1fllzee + 1V FlL3) (3.7)
gl SUAI 5 (IF = + IV A1) ™ llglr- (3.8)

Proof. By the dual argument and Sobolev embedding in three dimensions (i.e., H! < L), we
have

Ifgllg-— = sup (g,fw) S sup |lgllg-1llfwlpm

l[w]] 1 =1 l[w]l 1 =1

S osup lgllg—r (Ifwllpz + 1/ Vwllpz + [wV £l 2)
[wll =1

S osup lgllg— ([fllzeellwll gy + lwl[ o]V £l L3)
l[w]l g1 =1

S osup gl ([fllzee + 1V Fllzs) lwll -
[wll gr1=1

Similarly, for (3.8]), we have
1fgla-= sup (g, fw) < sup |gllgo-rllfwllp-- (3.9)
l[w]l 1 =1 llwl 1 =1

By the interpolation inequality and embeddings H' < L5, and H 3 e L3, we obtain
fwle— < L fwllfa ol
S AT allwl e (e + IV Fllpa) = Jlwl 7
SIATy (Wl + IV £llzs) ™ Nl - (3.10)
Substituting into leads to . O

Lemma 3.6 (Negative-norm estimates for the composition functions when d = 1,2; see [6]).
Let d = 1,2, and (u,v)" € H'(O) x H"}(O). Assume that o satisfies the conditions in (2.3).
Then, the following estimates hold:
lo’ (Myu) ol -2 S NP2, for v € (0, 3], (3.11)
o' (M yu) vl -1 <1, for v € (3,1]. (3.12)
Lemma 3.7 (Negative-norm estimates for the composition functions when d = 3). Let d = 3,

and (u,v)" € HY(O) x H'"YO). Assume that o satisfies the conditions in ([2.3)). Then, the
following estimates hold:

o’ (Mnu) Ty -1 < N2727F, for~ € (0,3], (3.13)



o' (Mxu) Oyl g1 <1, for v € (3,1]. (3.14)

Proof. As in the proof of Lemma [3.6]in [6], we assume that logy N is an integer (otherwise, we
replace log, N by the smallest integer larger than it). Using the triangle inequality, we have

logg N—1
o’ (M) - Tyv| g1 < [lo'(Tpw) - Tnoll -2+ Y (10" (Mgrriw) — o' (Maew)) - Tyl -1,
k=1
(3.15)
where the first term on the right-hand side of (3.15]) can be bounded using (3.7)), as follows:
lo" (T2w) - Tyl -1 < [voll g1 (lo"(ow)| e + [|Vo' (aw) | 13) S 1. (3.16)

Here, the boundedness of || IIyv|| -1, and the smoothness of Tlou ensures that the first term of
(3.15) contributes at most a constant.

For the second term on the right-hand side of , we estimate it using and regularity
assumption ||u| g~ + ||v]| gr—1 < 1. Specifically, we have:

(o' (Mgr+1u) — o' (Tgeu)) - TTyv]| -1
1—
< [lo’ (Mgrsau) — UI(szU)”L% ([lo' |z + | Vo' (Hgrsru) || s + [[ Vo' (Hgru) || 3) T TN g
1_
S Mo’ (Tges1u) — U’(szU)HZ{% (o'l zoe + lo” [l oo (1VMgesrul|ps + |VIgrul[r3)] . (3.17)

We note that the term |0’ (Tyes1u) — 0"(1'[2ku)||H%7 can be bounded by the interpolation in-
equality and Bernstein’s inequality:

1 1
lo” (Myesru) — o' Mpewr) | 3 S Mo’ (Mgrriwe) — o (Myew) |22 [lo” (Maesru) — o' (Mgru) || 74

N
D=

S ("l 1My = Tl 2 ) * - (o'l goo + 0" oo (IMgeertullr + [Tyel ) )

S @)1+ @) s i

and the term ||VIIyrs1ul| s + || VIIgru|| s can be estimated by the Sobolev embedding H2 — I3
as:

3,
IVIgsrrul s + [VIgeul s S [[Morsrull 5 + [Tarull 3 S (2927
Combining these bounds with (3.17)), we conclude that
(0" (M) = o' (Iyew)) - Tyl 1 S ((2927)7(@5)27) 77 S @92 (3.18)

For v € (0, 2], summing the estimates for k = 1,...,logy N —1 in (3.18)), and combining them
with (3.16), yields the following bound for (3.15):
logy N—1
3 3
o’ (Myw) - Tyolg- ST+ Y (29272 S N2 - log, N. (3.19)
k=1
This proves the first result of Lemma,

For v € (%, 1], note that 5 —2v < 0, so the sum in (3.19)) converges, and we obtain (3.14)),
where the constant depends only on .

O

Lemma 3.8 (Negative-norm estimates for frequency localization). Under the regularity condi-
tion ([2.8) for U(t) = (u(t),v(t))", the L*(O) x H=1(O) error between L(U(t)) and S(TINU(t))
for any t € [0, T satisfies the following estimate:

N4+, ford=1,2,
E |:”E(U(t)> (HNU ))” ] {]\[min(Z'y,lll’H»)7 fO’f’ d=3. (320)

Proof. The estimate (3.20) for d = 1,2 follows directly from Lemma 6.1 in [6].



For d = 3, since

IEU#) = ZMNU @) g < llo(u(t)) — o(Myu(t)l| 2,

we have
E|[X(U®)) - E(HNU(t))H(ﬂ <E [[lo(u(t)) — o(Mnu(t))|7:]
S E (| vu(t)]|7:]

< NVE [ sup uu(t)n%ﬁ] | (3.21)
0<t<T
Next, decompose X(U(t)) — X(IIxU(t)) dyadically as follows (with M = [logy N1):
(U (1)) = SN () = S(U (1)) = S(Tgu yU (1) Z (B U @) — Sy 5T (1))
M—-1
=: g() + Z Gj.
=0

By the mean-value theorem, we obtain
1Gjllo S 241 yU(#) — X(Tys yU(8)) o
S max lo"(€) - (g1 n — Mos p)u(t) | -1,
where & = 01111 yu(t) + (1 — 0)Iy; yu(t). Using (3-7), we estimate
IGjllo S (M5 — Mo n)u(®) | -1 (Vo' (€)1 + [l0”][ <)
< @N) )l (@ V) () +1)
For Gy, we directly estimate:

IGollo < M v2u(®)llz2 £ N 72 fu(t)l|z.

Summing these terms, we have:

M-1
E [HE(U(t)) —E(HNU(t))II?)} <M | E[|IGoll§] + Z E [IIG;13]
7=0
M-1
SM|N 43 (@N)Y|E[L+ [ut)] ]
7=0
S NVEYFE |14 sup | (t )||j%ﬂ]7 (3.22)
0<t<

when vy > i. Here, M is absorbed into N° in the last inequality.

Combining (3.21) and (3.22)) completes the proof of (3.20) for d = 3. O

4. Proof of the main results

In this section, we construct the numerical scheme by analyzing the error in approximating
the variation-of-constants formula and then prove its convergence. The main challenge
in designing the algorithm lies in handling the multiplicative noise term 3 (u)0;W. To clarify
our approach and simplify the presentation, we first consider the case where f(u) = 0. For
the general case where f(u) # 0, we provide a brief outline of the proof of Theorem in
Subsection 4.3
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4.1. Construction of the numerical scheme in (|2.10]

We note from Lemma that approximating U(t, + s) by e*LU(t,) results in an error of

order O(T%) without requiring any additional regularity. Therefore, to construct a first-order
approximation scheme that relaxes the regularity requirement, we express (U (¢, + s)) using a
Taylor expansion around esF U(tn) up to the second order. Specifically, we have:

S(U(tn +5)) = S(esLU(tn)) + X' (e*LU (80)) (U (tn + s) — LU (tn))

(4.1)
+<R2(s) Uty + 5) — eSLU(tn))> AUty + 5) — LU (1)),
where
Y(V) = (U,&) 8) for V= Gg) (4.2)
and
/ / 92” estU(t,) + (1 — )SLU(tn)+9U(tn+s)}dgd9, (4.3)

here X"(V) = E”(V)Uk)QXQX2 = (0v,0v,%i(V))2x2x2 is a third-order tensor with X5, (V) =
o’ (V1) and E;’jk(V) =0 for (4,4,k) # (2,1,1). Then, substituting (4.1)) into ([2.7)), we obtain

Uty +7) =™ U(t,) + / eI (eSLU (t,)) AW (1, + 5)
0

+ / "I (LU (1)) (Ul + 8) — LU (1)) AW (6 + 8) + Ru(t) (D)
0
= e™'U(t,) + Li(ty) + La(tn) + Ri(tn),
where
Ri(ty) = /O " elr-at [(Rg(s) (U(tn +5) — eSLU(tn))> (Ut +5) — esLU(tn))} AW (£ + 5).
(4.5)

The remainder R;(t,) is estimated in the following lemma.

Lemma 4.1. Under the conditions of Theorem[2.1], the following estimates hold for d =1,2,3:
E [[|R:(ta) 1] S 7°. (4.6)

Proof. From the expression of ¥”(V) in ({{.2) for each V = (1 —&)e*lU(t,) +£(1—0)e*LU (t,) +
0U (t,, + s), we note that

(E”(V)(U(tn +s) — eSLU(tn))> (Ut + 5) — esLU(tn))

B 0 (4.7)
- <0”(V1)(U(tn +s)— esLU(tn))f> ’

where (U(t, + s) — eSLU(tn))1 denotes the first component of U(t, + s) — e*‘U(t,). Then
recalling the condition ({2.3)), we have

H(Rz(s)(U(tn—i-s)—eSLU(t ))) (U(tn + s) — esLU(t, H

(4.8)
S o) (Ut + 5) — LU )2 12 S [ (Utn + ) — LU ()[4
Since, according to the Sobolev embedding H'(Q) < L*(0) for d = 1,2, 3,
[(U(tn +5) — LU ), |54 S Ut + 5) — LU )|, (4.9)

it follows that
| (Bs(s)(Utn+5) = e LU 1)) ) - (Ultn+5) = LU ) || S Ut +5) = e LU )|} (4.10)
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Thus, by using the It6’s isometry and estimate (3.2) in Lemma we have
E[|R|3] <E [ (Rz(s)(U(tn +s) - eSLU(tn))> (U(tn + ) — LUty H }
0 (4.11)
<7 sup E [HU(tn +5) — eSLU(tn)Hﬂ <73

0<s<t
This completes the proof of Lemma O

Next, we show that I(t,) is also a small term that can be dropped in the design of the
numerical scheme. By substituting (2.7) into the expression of I5(t,) in (4.4), we have

I(tn) = / " elr-at [z’(esLU(tn)) Uty +5) - esLU(tn))} AW (tn + 5)

0

-
6(7'73
-

— / )L [E'(eSLU(tn)) / ) eI (U(t, + 8))dW (¢, + 5)] dW (t,, + s)
0 0

:/ T8Ik V (e LU )2 (U (tn + 6))dW (8, + 5)] dW (t, + s)
0 0

n /O o(r=s)L [Z,(ESLU(%)) /O (€<S_5>L _ 1>2(U(tn +6))dW (L, + 5)} AW (t,, + s)
:::]jl(tn) %*]ég(tn). (4.12)

Here, we have decomposed Is into the sum of a double stochastic integral term and a higher-
order small term. However, by examining the expressions for ¥’ and X, we observe that
¥ (eSLU (tn))Z(U(tn + 5)) = 0. This observation implies that the leading term of I2, namely
Is1, is identically zero, leaving only the higher-order small term I92. Based on this result, we
estimate I5(t,) in the following lemma.

Lemma 4.2. Under the conditions of Theorem[2.1], the following estimates hold for d = 1,2, 3:
E (| Lt)7] < 7 (4.13)

Proof. By using relation ( and Itd’s isometry, we have

E [l B (t)|1] // [1E/(*U (6)) (% — 1)S(U (8, + 8))||] dods
/ / s = o) sup (B |2 (U (1)) LEWU (1, + ) ] ) dsas.

(U vy 0)(a o) (o +a9)

(g (tn +5) a(u(tn + 5))) ’

We note that
Y (¥ U (t0)) LE(U (tn + 0))

Thus I, can be estimated by

E [|52(t)]2] // s— 6)2E

Srisup (B |1+ Ut + 03] ) -
19
This proves the result of Lemma O

In view of relation and Lemmas it remains to find a good approximation of
I1(tn). During this process, some error terms may involve derivatives of the solution. Given
that the solution has low regularity (where (u,v) € HY x H?~! with v potentially close to 0),
these errors can become unbounded, potentially causing instability in the numerical method.
To ensure the stability of numerical approximations, we introduce the frequency localization

SupHa( (tn +s))o(u (tn—i—é))HiQ] ddds
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operator II.-1 to decompose I;(t,) as follows:

) = [ SV ) AW 1 49 + Tl

= /T LY (T, -1 U (t,))dW (£, 4 8) + Rai(ty) + Raa(tn)
0

= eTLHTleJ(HTfl U(tn))AnW + Ro1 (tn) + Rgg(tn) + Rgg(tn), (4.14)
where
AW =W (ty, +7) — W(ty), (4.15)
and
Ry — / " r-s)L (LU (t,)) — S (e*LTL,1U (t,))] AW (£, + 5) (4.16)
0
Ry — /T oL [e’SLZ(GSLHT—lU(tn)) _ E(HT—lU(tn))] dW (t, + s) (4.17)
0
Roz = [e™'S(IL,1U(tn)) — €™ IL 1 S(IL, 1 U(8,))] A W. (4.18)

The estimate of Ra(t,) = Ra1(tn) + Ro2(tn) + Res(t,) is presented in the following lemma.
Lemma 4.3. Under the conditions of Theorem [2.], the following estimates hold for d = 1,2,3:
= for 4 e (0, %] and d=1,2,

1
E [|Re(ta)|3] S 71427 for ”E<O’§] and d =3, (4.19)

e for ~¢€ (%,Z] and d=3.

Proof. We first consider the case with d = 1,2. For the simplicity of notation, we define
(a(tn + 8),0(tn +5)) " := e*L(u(ty),v(t,))". Then, by substituting U = I1,-1U(t,) into (3.6)

we obtain
d —sL sL &(tn"i_s))
Hds E(e™M U (tn)) H( M, 14 tn s 10(ty + 5)

= lo(TL—1@(ty, + 8))|| 2 + Ha’(HT,la(M + )L 10t + 8) || ;-1 - (4.20)

Then, using the negative norm estimates in Lemma we obtain the following estimate:

0

d —sL sL 2y—1— 2 1
H&e (e HTflU(tn))HO ST U@ for 0<y <5 (4.21)

This implies that, using 1t6’s isometry,

/ (/ Hd5 Ly (LT, U (¢ H d(5> s]

1
STTEUW)IE] for 0<y <, (4.22)

E [[|Ro2(ta)[IF] <E

Similarly, Ra1(t,,) and Ra3(ty,) can be estimated by using It6’s isometry, negative-norm estimate
for the frequency localization in Lemma and Bernstein’s inequality in Lemma ie.,

B [1Ror (1) 18] + E [IRes)I] 5 | B[I2(0(0)) - B M0 )) s

+E{|]2(H7_1U(tn))—nf_lz U (t)] ]
ST LR U () [13) + 77 - Elllo (- vu(ta)) [ 71])
ST LE(U (t )H4]+T3+2”E[1+HU( ta)ll3). (4.23)

In the case v € (0, ] we obtain the first result of - from - and .
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In the case d = 3, the negative-norm estimate in Lemma implies that

3
o' (TL—1a(ty + )L -10(ty + S)HH,1 < et HU(tn)H% for 0<y< " (4.24)
and Bernstein’s inequality implies that
HU’(HTﬂﬁ(tn + S))HTfl'IN)(tn + s HH 1S HO’ ( —1U(t, + S))HTflﬁ(tn + S)HL2
<STOHNU®)|,  for > 0. (4.25)
Therefore, the remainder Ra3(t,,) can be estimated as follows (using It6’s isometry):
E [| Raa(tn)||2] < E [/ / er—ﬂz (XTI, U (¢ H dé) ds}
1
FE[|UE)|2] for v e (o, 5} (here (A.25) is used),
(4.26)

T4V7E[‘|U(tn)”fﬂ for ~e€ (%, g} (here is used).

Similarly, for Rgj(t,) and Ras(t,), it follows from the discussions in and Lemma that
E [ Ro1(ta)[13] + E [[1R25(ta) 3] (4.27)

P E[U()2] for e (o, %}
AEU@E] for ve (52]
Finally, combing the estimates (4.26)) and (4.27)), we obtain the 3D results in Lemmaft.3] O

Now, substituting (4.14)) into (4.4]), we obtain
Uty +7) = e U(ty) + e L1 S (I 1 U(tn) ) AW + Ritn), (4.29)

with a remainder

STPE[L+[[U)|] + (4.28)

R(tn) = Ri(tn) + Ra(tn) + L2(tn) (4.30)
satisfying the following estimates (according to Lemma 4.3)):

T for e (0, %} and d=1,2,
BRI S for ye (03] and d=3 (431)
- for ~ € (%,i and d=3.
Thus, by dropping the remainder R(¢,) from , we obtain the first-order scheme in .

4.2. Error estimates in Theorem

We compare the numerical scheme (2.10) with the equation (4.29)) satisfied by the exact
solution. The difference between the two equations is written as follows:
Ultni) — U =L (U (t,) = U™) + ™ L1 [2(I,-1U (t)) — 2(TL,-1U™)] AW + R(t,).

By iterating this relation with respect to n, we obtain

Ultngr) — U™ = e (U () = U0) + Y e, (4.32)
=0
where
L= e I [S(ILU () — S(LU7)] AW + R(t).
Then, by applying the || - ||o norm to both sides of and using relation U(ty) = UY, we

have
n

U (tns1) — U2 =3 (el gd eln=hrLeky (4.33)
J.k
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The expectation of the right-hand side of (4.33]) can be estimated by using Itd’s isometry and
the independency of the random variables £/, j =1,2,..., i.e.,

E(||U(tne1) = U"E]) = Y E[[leCD7EL7|[5]
§=0

n

S R[S U () = S U9)[F] + Y E[|IR()I5].  (4.34)
j=0 Jj=0
Since
ISAL U () = SALA U, = (o ult;) — o(Lad) -

S H0—<HT*1u(tj)) - U(HTfluj)H[ﬁ S.J HU(tJ> - U]‘

~J 07
it follows that Lemma [L.IH4.3] that
E[|U (tnr1) = U"H[5] S D TE[IU(#) - U/|5]
§=0
4 n 1
ZTLHL’Y_ for vye(0,=| and d=1,2,
o4
+ ZTHZV for ~e€ (O, %] and d =3, (4.35)
§=0
- 13
4y— - v _
JZ:%T for 76(2,4] and d=3,

under the condition U? € HY(0O) x H'~1(O). By using the discrete Gronwall’s inequality, we
obtain the result of Theorem 2.1} O

4.3. Proof of Theorem with f(u) Z0

In this subsection, we briefly sketch the proof of Theorem in the more general case, i.e.,
f(u) # 0. First, by comparing the variation-of-constants formula in (2.7 with the numerical

scheme ([2.10]), we obtain

Ultn+7) = e U(ty) + ™ L (I U(tn) ) AW 7™ L F(IL 1 U (t,)) + R(tn) + R (),

(4.36)
where R(t,) is defined in (4.30]) and arises from the approximation of the stochastic integral. Its
estimate has already been proved in ([.31) in subsection[d.1] The term R*(¢,) can be expressed
as:

R*(t,) = / TR (U(t, + 5))ds — Te™ ML F(IL 1 U(t,)). (4.37)
0
As before, R*(t,) can be split into two parts:

R*(tn) :/0 e(T_S)LF(U(tn +s))ds — /0 e(T_S)LF(eSLU(tn))ds

n / T (LU (1)) ds — 7€ L1 F (M1 U (£,))
0
=R*(t,) + R3(tn),

where F(U(t, + s)) can be expanded using the Taylor expansion around e**U(t,) as in subsec-
tion yielding

R*(t,) = /0 ’ TR (SEU (8,)) (Ut + 5) — eSFU (t,) ) ds
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[ [(Re(s) (Ut + 5) = HU(0))) - Ut +9) = PU(E)) ] ds
=13 (ty) + Ri(tn)
with

/ / 0F” 6esLU(t,) + (1 — 0)e*LU(t,) + 0U (¢, + s)} dedo

and F’, F" are the first- and second-order derivative tensors of the vector-valued function F.
Using the Holder’s inequality and following similar arguments as in the proof of Lemma [4.1]
we obtain

E[HR;(tn)HﬂgT.EU; (RF(s)(U(tn—l—s)—eSLU(tn))> (U(tn + 5) — LU (1, H }
<7t (4.38)

Here, the estimate includes an additional factor of 7 compared to the bound for R;, due to the
difference between a deterministic integral and a stochastic integral.
Likewise, by following the discussions in the proofs of Lemmas and we derive:

E (15 <7, (4.39)
and

1
2 o ye(o,ﬂ and d=1,2,

E ||R3(ta)ll5] < 72+ L = 4.4

IR5(t)l5) S 4 72 for ye (0.3] and d=3, (4.40)

1
= for 76(5,2] and d=3.

Next, iterating the relation (4.36[), we have:

U(tn—l—l) _pyntl — e(n+1)7‘L<U(tO) - UO) + Ze(nfj)‘rLﬁj + Z e(nfj)TLﬁ*,j’ (441)

where L is defined in , and:
L9 =1 ™ [P U(t))) — FIL-1U7)] + R*(¢)).
Noting the independence of the increments of the stochastic integral, we have:
(en=0)TLpi gm=k)TL pky o — (=)7L i =R)TLpxky — 0 for all j # k.
Thus, using (4.41)), the condition U(ty) — U® = 0, and n < T'/7, we deduce that:

E[|U (tnt1) — U”+1H ZE He(n J TLE]H +ZE{ (=)L pj, (n—j)TLE*,j>O:|

+ Z Z E [ (n—j)TLE*,j’ e(n—k)TL£*7k>0:|

S (I + 3 (EQle™=DmELw7 3] + E[lle~

)

j=0 j=0 k=0
S D TE[ISILU () = S U] + Y E[IIR()IE]
J=0 j=0
S PE[| P AU () — FOLA09)3] + - S B[R )13]
7=0 Jj=0
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S DOTE[IUE) - U] + Y EIRE)IF] + - D E[IR(¢))lIg]- (4.42)
j=0 j=0 5=0
Finally, combining the estimates of E[|[R(t;)[|3] from Lemmas [4.134.3) with the estimates of

E[||R*(¢;)|13] in (4.38)-(4.40), we arrive at the same inequality as (4.35). Applying Gronwall’s
inequality concludes the proof of Theorem for the case F' # 0.

5. The full discrete scheme and the algorithm implementation

In this section, we implement the proposed low-regularity integrator (2.10|) for the stochastic
wave equation ([2.1) and provide an error estimate for the fully discrete scheme.

5.1. Implementation of the algorithm

Firstly, we discuss the implementation of the algorithm with a specially designed Fourier spec-
tral method for spatial discretization, called high-frequency recovering method. This method is
based on low- and high-frequency decomposition of the semi-discrete numerical solution U"*!

through rewriting (2.10f) as follows:
IL U™ = ™ML U™ + €™ 0,1 F(IL -1 U™) + e™FIL, -1 X (IL 1 U™) AL, W,

M., U™ =™ I, U™,
where the low- and high-frequency parts of U"*! can be computed independently of each other,
and the stochastic noise appears only in the low-frequency part. The high-frequency part of the
solution at any given time level ¢, can be solved directly as follows (without relying on time
steppings):

I, U™ = el 0,

This inspires us to discretize the original problem with the Fourier spectral method and the
following high-frequency recovering scheme:

Uptt = INUR™ + 1y v Un™, (5.1a)
NNURT = e TINUR + 1e™ M INFTINUR) + e INS (TINUR) A, W, (5.1b)
H(N7NQ}UZ7\L[+1 = €(n+1)TLH(N7Na]UO, (51C)

where N = O(77!), and the high-frequency part (N, N U]T\L,le computed by ailms at
improving the accuracy of spatial discretization without essentially increasing the computational
cost, with @ > 1 being a parameter to be chosen in order to balance the computational cost
between the time-stepping scheme in and the computation of the high-frequency part in
(5.1c|). The implementation of is presented in the following table (Algorithm 1).

Algorithm 1: High-frequency recovered low-regularity integrator (5.1]).

Input: Initial value U°, final time T
1 Take o > 1, and decompose the initial state UY = IIyU° + H(NJVa]UO + s na U
2 forn=0to T/t —1do
3 Generate the random variable A,W ~ N(0,7), where N(0,7) denotes a normal
distribution with a mean of 0 and a variance of 7
4 Calculate INX(IINyUy) by using the FFT
5 Determine Iy U™ from U™ and INS(IINUR) by
6 end
7 Implement the high-frequency recovery process by taking II(y yeo)U T/T — oTLT]
Output: Final state UT/™ = IyUT/™ + H(NJ\/’Oz]UT/T.

(N7No¢] UO
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Since the nonlinear term InyX(IIxUy) can be computed with the Fast Fourier Transform
(FFT), the computational cost at every time level is O(N%log(N)9). Therefore, the total cost
for computing the low-frequency part at time 7' is O(N%log(N)9T/7). In contrast, the high-
frequency part of the numerical solution needs not be computed every time level. We only
need to compute eTLH( ~N,Ne)U Y once to recover the high-frequency part of U]:\F,/ . Therefore, the
cost of computing the high-frequency part at time 7" is O(N®?). Under the stepsize condition
7= O(N™1), one can choose either & = 1+ 1/d to balance the cost for computing the low- and
high-frequency parts, in order to improve the accuracy of spatial discretization through adding
the high-frequency part without essentially increasing the computational cost.

5.2. Convergence analysis of the fully discrete scheme

In this subsection, we analyze the error of the fully discrete scheme , which employs the
interpolation operator Iy to compute the nonlinear terms. Unlike the projection operator Iy,
which is bounded in H?® for all s € R, the boundedness of Iy in the H?® space is guaranteed
only for s > d/2. This limitation presents significant challenges when analyzing the convergence
of the fully discrete scheme under low regularity assumptions. To address this, we adopt the
approach proposed in [6l 20], splitting the estimate of Iy into two parts: the estimate of Iy
and the difference Iy — I .

In this article, we focus on the case d = 1. For higher dimensions, the estimates involving
In impose stricter regularity requirements, complicating the analysis further. Detailed error
estimates for fully discrete deterministic nonlinear wave equations in higher dimensions are
provided in [0, 20]. However, a comprehensive investigation of these higher-dimensional cases
is beyond the scope of this paper and is left for future work.

Theorem 5.1. Letd =1 and U be the unique solution of [2.7) with initial value U® € H7(O) x
H7=Y(O) for~ € (0,1/2] under the condition ([2.3). Let {U%}n>0 be the numerical solution given
by (5.1)) under the step size condition N = O(7~'). Then, the following error estimate holds:

0<n<T/T

) 3
max (E[|U(t,) — URI])* S E-+ Y B (5.2)
i=1

with the error terms defined as follows.

o7\ 3 1 : Lo :
(Bl - omR)* + (& | Hirap)) + (2| Sirwi]) |
which arises from the approximation of the semidiscrete scheme, and R(t,), R*(t,) are defined

in (4.30) and (4.37)), respectively. And
Eny = [HsnaU%o, Eng= N7,

Byg = max | (B[ — In)o(yu(ta) l])

E, = max
0<n<T/T

[NIES
N|=

+ (B[ (M — In) f (Mnu(tn))|7-1])

|

Remark 5.1. We analyze the total error of the fully discrete scheme, which consists of two
main parts. The first part, denoted as E, arises from the approximation of the semidiscrete
scheme. Its estimate is given in , where the convergence rate is shown to exceed the
regularity index of the solution to the original problem.

The remaining three terms, En,1, En2 and Ey 3, originate from the spatial discretization
error. Specifically, En 1 represents the high-frequency truncation error caused by the Fourier
spectral discretization of the initial data. Its error estimate is proportional to N~%7. The term
En is a higher-order residual term. Meanwhile, Fy 3 corresponds to the interpolation error
introduced when using the FFT for efficient computation of nonlinear terms. By applying the
classical interpolation error estimate Lemma [3.4) we obtain a simple upper bound:

Iy = In)o(Myu(tn)) | g-1 + My = In) f (Mnu(tn)) | g-1

are the errors arise form the spacial discretization.
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< |y = In)o(Myu(tn)) | 2 + |(Uy = In) f (U u(tn))ll 2
S N (lo@Myu(ta)lm + [1fMyultn))llg) S N7 (5:3)

Thus, the error contribution from Ey 3 is at least controlled by N~7. This estimate can be
further refined because we roughly converted the H~! error into an L? error to apply the
classical interpolation error estimate, which may lead to a suboptimal estimate for Ey 3 in
(5.3). For example, as rigorously shown in |6, Lemma 6.2], for one-dimensional problems with
discontinuous solutions (u(t,),v(t,)) € HY x H'~! for v = £— and u having bounded variation
(which includes jump discontinuities), the error can be improved to:

Iy — In)o (Mnu(ta) | g1 + My — In) f(Myults))l g1 S N7

In such cases, the error contribution from Ey 3 converges at a rate twice the regularity index
~. Combined with the semidiscrete error estimate in , the overall accuracy is primarily
limited by the high-frequency truncation error Ey ; if no high-frequency recovery is applied.
Specifically, setting @ = 1 in the fully discrete scheme , which excludes high-frequency
recovery, restricts the total error to an order of only N 7.

To establish the error estimate of the fully discrete scheme in Theorem [5.1] evaluated in the
L? x H~! norm, we first need to estimate the consistency error of the semi-discrete scheme
in higher-regularity spaces. Notably, even when the solution exhibits low regularity, such as
(u(ty),v(ty)) € HY x H'=! with + close to 0, the approximation of the nonlinear integral term
and the stochastic term can still yield a suitable estimate in the H' x L? norm.

Lemma 5.2. Under the conditions in Theorem[2.1}, the following estimate hold for d = 1:

max (B (IR + TE (IR @I ) < 742 (5.4

0<n<T/T

Proof. Recall the definition of R(¢,) in (4.30)):
R(tn) = Ri(tn) + Ra(tn) + LIa(tn). (5.5)

From the estimates of Ry (t,) and I(t,) in Lemmas and it suffices to estimate the error
term Ro(ty), which is further split into Ro1, Rao, and Res as defined in (4.16)—(4.18)). Using
Bernstein’s inequality, we can prove the following estimates:

H@fz_SLE(eSLHT_lU(tn))Hl - H <0'(H7jfg((n _Mé()l?l 77)()75 + s)) )
— oMt + 5) 1 + [0 (st + )Lt +5) [ o S 778 (56)

and
|S(e* U () — S(e¥ 1 U () ||, = ||o (@t + 5)) — o (-1t + 9)) ||, S 775 (5.7)
|21 U (tn)) = L 2L U ()|, = ||(I = 1) o (IL-1u(ty)

where ((t, + 8), 0(t, +5)) " = e (u(ty), v(ta)) .
Replacing the estimates (5.6), (5.7)), and (5.8) into (4.22) and (4.23) as in the proof of

Lemma, we obtain:

NSt (5.8)

E [ Ra(ta) 7] S 7177

Combining this with the estimates for Ry(t,) and I3(t,), we arrive at the result for R(t,) in
(5.4). A similar argument can be applied to derive the estimate for R*(t,), completing the proof
of the lemma. (]

Proof of Theorem [5.1. Without loss of generality, we can assume 7 = N. From the fully discrete

scheme (j5.1]), we have
UNtt = e™ M (y N UR + €T IINUR + 7e™ INF(TINUR) + e INS TINUR) AW, (5.9)
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By subtracting (5.9) from (4.36) and noting that Iy ne) Uy = e"TLH(MNa}UO = Iy naU™
for all 0 <n < T/7, we obtain
Ultng1) — Ut =™ o naUltn) + €™ Ty na) (U(tn) — U™) + €™y (U(ty) — UR)
+7e™ (My — In) F(INU(ty)) + €™ (My — In) SAINU (t,)) AW
+7e ™ Iy (F(IINU(t,)) — FIINUR))
+ eIy (S(MONU(t,)) — SAINUR)) AW + R(t,) + R*(ty,). (5.10)
Noting that s naU(t,) = IIs yo (U(tn) — U”) + s na U™ and s ya U = s yae™ LU0, we
deduce
Ultni1) — U = DT 00 4 BTy (U (f) — U™) + €Ty (U (k) — UZ)
+ M™ + M (5.11)
where

M™ =™ (Ty — In) STANU (t)) AW + eIy (STINU (t,)) — STNUR)) AnW + R(ty),

M= re™t (M — In) FIINU (t,)) + 7e™ In (FINU (t,)) — F(IINUR)) + R*(t,),
By repeatedly substituting (5.11)) into its third term on the right-hand side, and using the fact
that IIyIIs yo = I yIIs vy = 0, we deduce:

Ultni1) — Un™ =e" DI jo U0 + e Ty (U () — U™)

n n
+ ) emITEMIT £y el ITE A (5.12)
§=0 j=0

Since the interpolation operator Iy may not be bounded in cases of low regularity, it is not
possible to directly bound the terms || Iy (S(InU (t)) — S(IINUR)) o and || Iy (FIINU(t,)) —
F(IINUR)) o in M™ and M*™. To overcome this limitation, we decompose the estimate of
Iy into two parts: the contribution from Ily and the difference Iy — Iy, estimating each
separately. In particular, to obtain a more precise bound for Iy — I, we first need to estimate

the difference between IInU(t,) and IIxUYR in a higher-regularity space.

Applying the projection operator Iy to both sides of (5.12)), we have:

n n
INU (1) — INURT =3 e DT MI 43 7 e h Iy M. (5.13)
j=0 J=0
Using standard interpolation estimate in Lemma and Bernstein’s inequality, we note:

(T — 1) SN U, = [Ty — ol N o(Tyutts )l < ¥ o

and
| (Bvv ) - smavd)) |, = v (cmav) - o) |
< [l (o Hulty) = ol D+ ([ = 1o (e tvat) - o) |
LT (||0(HNU( D + H (HNUN_HNU( ) + yu(t ))HHl)
S [[rvates) - HNUNHL2 + N7 (Ivu(t) - + [ Mvu(t) - Ty | )
< (1+ N )|ONU () — ONU |, + N7 (5.15)

Similarly, we obtain:
My — In) FAINU ()N, S N7,

HIN( (INU () — F(TIyU) )H (1+ N[0 (t) - TN T ||, + N7,

S [mvett;) -
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Using equation (5.13)), and following the same reasoning as in subsections and while
incorporating the estimates derived above, we obtain:

E[|TyU (t1) — IO ] €371+ N7 B[y (t) — Ty 07 ] + S 7N~
i=0 ‘

+ZE [1R(t ZIE | R*(t; (5.16)

From Lemma and the fact that (1+N77) = O(1), we observe that

n

n
E[[TNU (tpg1) = TINU™HE] D7 - B[TINU(t) = TINUZ 3] + > 7N 727,
j=0 j=0
By applying Gronwall’s inequality, we conclude that

max  E[|IINU(t,) — ONU"|}] S N7,
0<n<T/T

Similarly, through analogous arguments, we can derive a higher-order moment estimate for
[HNU (tn) — ONU"|1:

E[||1I n) —ONUT4] < N, 1
o Jnax [IINU (tn) — ONU"|T] S (5.17)

We are now ready to estimate the error in the L? x H~! norm. Recalling the estimate ([5.15)),
we have

v (Bvv ) - sad) |
< || (o (vu(t) — oy | +]|0Tn = 1) (o (vu(ty) — o (x|

< HHNu(tj) . HNug'VHm + N HU(HNu(tj)) . g(nNug'V)HHl . (5.18)

L2

Using the boundedness of ||o’||z~ and [|o”| 1, we note that
oyt = o(myed)|| |
< |lou(t;) - o

< HHNu(tj) - HJ\fug\;HL2 + || VI u(t;) — VHNU{VHLZ

) T HUI(HNU(tj))VHNU(tj) - U/(HNugV)VHNugVHL?

+ H (Inu(t;) — H]\[ug\,)VHNu(tj)HL2
< IINU(8) — TN U]+ |[vu(ty) — Ty || o - [Tvat;)]
5 HHNU(tj) — HNUjul + Nli’YHHNU(tj) - HNUjH1 : ||u(t])||HW
< N1—7||HNU(tj> —TNU? ||, - [ludts) ]| 2o
Thus we derive from that
v (2 HNU< ) = Smnod)|

S ONU(t) = TINU? ||y + N7Y|TINU () = TINUY || - [fu) | o

Similarly, for ||Inx (F(HNU(tj)) - F(HNU%)> llo, we can derive the same estimate.
Next, starting from equation (5.12)) and following the same arguments as in subsections
and we obtain
E[IU (tns1) = U™ 2] S T e U3 + E[[U (t0) — U]

+ TR0 ~ V3] + 3N RE [N U () — T - () 3
=0 =0
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+Z (BTN — Tn)o (Mt -] + B[l = In) S (Tt 13-4 )

+ZE | R(t; ZIE | R* (t; (5.19)

Using Young’s inequality and the estimate for |[IInU (t;) — IyU?|y in (5.17), we find
E[|[UnU () = 07 - () 3 |
SE|NTUNU () = 07|y + N7 uty) 4
= NE[[UnU () — T 07 )] + N2 [Jlu(t) 4] S N7

By substituting this inequality into and using the definitions of ., En 1, and Ey 3 from

(5.2), we obtain:
n
E[JU(ts1) — U] § SO rE[U(t) — UIZ] + 2 + B3y + Bl + N9,

Finally, applying Gronwall’s inequality yields the error estimate in Theorem

6. Numerical experiments

In this section we provide numerical results which support the theoretical analysis and demon-
strate the advantages of the proposed method.

6.1. The stochastic nonlinear wave equation in one dimension

Example 6.1. We first consider the stochastic nonlinear wave equation (2.1) with o(u) =
16 sin(u) and f(u) = 0 under the following piecewise smooth discontinuous initial conditions:

(5,0)  for z € [0.3,0.425],
(u’(x),v"(x)) = { (2.5,0) for z € [0.575,0.7), (6.1)
(0,0)  elsewhere.

We numerically solve this problem using the proposed method in with parameters a = 2,
N =2 and 7 = IN~1. In Figure [l| (a) and (b), we present the evolution of the numerical
solution for ¢ € [0, T] across two different sample paths. The numerical results indicate that the
evolution of discontinuous solutions can vary significantly due to the presence of stochastic noise
in the equation. Our method effectively captures the evolution of these discontinuous solutions
across different sample paths.

For the two sample paths shown in Figures [1| (¢) and (d), we compare the numerical solu-
tions at T" = 0.25, computed using the proposed method (referred to as HR-LRI), with
those obtained using two well-established methods, all under the same Fourier spectral spatial
discretization. These methods are: Semi-implicit Euler-Maruyama method (SEM) given by

Ul = U + 7LURT + 7INF(UR) + INS(UR)A, W,  with UY = IxU°, (6.2)
and a stochastic trigonometric method (STM), described by equation (16) in [2], where we re-

place the finite element projection operator in their algorithm with a trigonometric interpolation
operator for efficient computation in the Fourier spectral method. It is expressed as:

Uptt = e™ UR + 1™ INF(UR) + e INS(UR)A, W, with UY =TIxU°  (6.3)

The stepsize of time discretization and the degrees of freedoms for spatial discretization are
set to 7 = %N ~land N = 27, respectively. The reference solution is computed using (5.1]) with
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T = %N —1 = 2714 The numerical results demonstrate that the proposed method achieves high
accuracy and effectively reduces the spurious oscillations caused by the discontinuities.

. . 2.5 2.5

2.0 2.0

1.5 1.5

1.0 - 1.0

A 05 0.5
0.0 0.0

Time
T|me

X

(a) Propagation of u(t,z) in Path 1 (b) Propagation of u(¢,x) for Path 2
\//\ —— stochastic trigonometric —— stochastic trigonometric
—— Euler-Maruyama 3.54 T —— Euler-Maruyama
2.0 \//\ /\ reference solution f\ ’/\«//\J reference solution
\ )i HR-LRI 3.0 J HR-LRI
[
151 2.5 V\‘“«J
- < 2.0 A 24
< ) S P
5 5 9] {’ [\
\ ' ™M w
0.51 /‘ ""' \.'I
0.07 A
001 I.\
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x€[0,1] x€[0,1]
(¢) Numerical results of u(T, z) for Path 1 (d) Numerical results of u(7,z) in Path 2

FIGURE 1. Numerical solutions of the 1D problem (Example .

In Figure [2, we compare the mean-square errors in the L?(O) x H~!(O) norm at time
T = 0.25 for numerical solutions computed by several methods with 7 = N~!/4. The reference
solution is obtained using the proposed method with a sufficiently small time step size of
T = N7'/4 = 2714 Additionally, the expectations of the numerical errors are estimated using
the Monte Carlo method with 1000 samples. The numerical results indicate that the proposed
method achieves nearly first-order convergence, which is consistent with the theoretical result
proved in Theorem2.I] In contrast, classical methods experience a significant reduction in
convergence due to the roughness of the exact solution. Figure [2| (b) demonstrates that the
proposed method offers considerably higher accuracy than the classical methods, even when
operating within the same computational time frame.

We observe that the proposed method reduces to the STM when o = 1. However,
as discussed in Subsection and Remark under low-regularity conditions, the numeri-
cal approximation error for the nonlinear integral term is substantially smaller than the error
associated with approximating the initial values. By incorporating an additional linear high-
frequency component in with a = 2, the proposed method improves computational
efficiency by significantly reducing the error from high-frequency initial value approximations,
while keeping the overall computational cost nearly unchanged. This refinement results in a
notable improvement in the overall accuracy of the method.
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FIGURE 3. Numerical solutions in H3 x H~% and H x H? (Example [6.2).

Example 6.2. We consider the stochastic nonlinear wave equation (2.1) with f(u) = o(u) =
16sin(u) for the following initial state in HY x H7~1:

(u®(z),v%(x)) = <Z ay (k)etk®, Z av(k)eikx), (6.4)
keZ keZ

where
{ G/u(k) = au(—k) = %rand(o’ 1)|k’*’7*0.51’

ay(k) = ay(—k) = %rand(o,l)’kyfv+049_

We solve this problem numerically using the method proposed in , with parameters o = 2,
N =20 and r = %N‘l. In Figure |3 we present the graph of the solution in one sample path,
with v = 0.5 and v = 4, respectively. These graphs illustrate the evolution of the solution under
different levels of regularity.

Figure [4 illustrates the errors in numerical solutions computed by various methods for differ-
ent values of v, using stepsize 7 = N~!/4. The reference solution is provided by the proposed
method with stepsize 7 = N~1/4 = 27 and a = 2. A Monte Carlo simulation with 1000
samples was conducted. The numerical results show that the proposed HR-LRI method has
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FIGURE 4. Errors of the numerical solutions by several methods (Example [6.2)).

1/2

higher convergence rate than other methods in computing rough solutions in H'/2 x H=1/2, and

the same convergence rate as other methods in computing smooth solutions in H* x H?3.

6.2. The stochastic nonlinear wave equation in two dimensions

Example 6.3. In this example, we present numerical results for the stochastic nonlinear wave
equation in two dimensions. We first consider the problem with o(u) = 16sin(u) and f(u) = 0,
subject to the following piecewise smooth, discontinuous initial condition:

0.5,0), for z € [0.375,0.625]°,
(W) @) = § P [ ]
(0,0), else where.

We solve the problem using the semi-implicit Euler-Maruyama method in and the proposed
method in (5.1]) with & = 3/2. The numerical solutions for two different sample paths are plotted
in Figure here we choose the time step 7 = N~!'/4 = 278, The results demonstrate that
the proposed method offers a significant advantage in accurately capturing the sharp interface
of the discontinuous solution.

As in previous comparisons, we evaluate the mean-square errors in the L?(0) x H~'(O) norm
at time 7' = 0.25, for the numerical solutions obtained using several methods with 7= N~!/4.
The reference solution is computed using the proposed method in with 7= N71/4 = 2710
and o = 3/2. The expectation of the errors are computed over 1000 sample paths and prseented

(6.5)
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in Figure [6] where the numerical results are consistent with the convergence rate proved in
Theorem [2.1] and demonstrating that the proposed method retains an advantage in the two-

dimensional case.
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Example 6.4. We consider the two-dimensional stochastic nonlinear wave equation with f(u) =
o(u) = 16sin(u), with a more general initial state (u°,v°) € HY x HY~! given by

(W(@), (@) = [ Y aulk)bu(D)e’F=Hm2) N ", (k)b (1)e!Frrtte) ) (6.6)

k,lcZ k,€Z
where
au(k) = au(—k) = 3rand(0, 1)[k[~7705, by (l) = by(—1) = rand(0, 1)]1| 7051,
ay(k) = ay(—k) = grand (0, 1)|k| 77049 b,(1) = by(—1) = grand(0, 1)[7] 77049,

For v = % and v = 4 (corresponding to initial states in H?xH"% and HYx H?3, respectively),
we solve the problem using the method proposed in with o = % and 7 = %N*I =278 1In
Figure [7] we present the numerical solutions for different regularities. The results demonstrate
the propagation of rough waves governed by the semilinear wave equation.

Figure [8] illustrates the rates of convergence of the mean-square L?(O) x H~1(O) error for
various numerical methods with the CFL condition 7 = N~1/4. In the proposed method
, we choose @ = 3/2 to balance the computational cost between high and low-frequency
components, as discussed at the end of Section The reference solution is obtained using
the same method , with 7 = N71/4 = 2710 and the expectation is computed by averaging
over 1000 samples. The numerical results show that the proposed HR-LRI method has higher
convergence rate in computing rough solutions in H'/2 x H~1/2 and the same convergence rate
as other methods in computing smooth solutions in H* x H3.

0.0 0.25 0.5 0.75 1.0
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FIGURE 7. Numerical solutions in two dimensions (Example [6.4)).
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7. Conclusion and extended studies

By leveraging the structure of the stochastic nonlinear wave equation and utilizing harmonic
analysis tools such as low- and high-frequency decomposition techniques, we have developed
an efficient numerical algorithm for computing rough solutions of the stochastic nonlinear wave
equation, while significantly relaxing the regularity requirements for the initial data. Specifically,
we have proved that the proposed method achieves an error bound of O(72Y7) in one and two
dimensions for initial values (u’,v°) € HY x HY~! and v € (0, 3], where 7 represents the
time discretization step size. Notably, this convergence rate is twice as fast as that of existing
methods for the stochastic nonlinear wave equation under the same regularity conditions. The
effectiveness of our approach is further demonstrated by the numerical results presented in
Examples [6.146.4, which highlight the practical significance of the method.

We believe that the techniques developed in this paper can be extended to design higher-
order convergent numerical methods for the stochastic wave equation (with relaxed regularity
conditions on the initial data). For simplicity, we illustrate the basic idea by considering the
case I' = 0. The results established in this paper allow us to embed our first-order scheme
into the approximation of the nonlinear term X(U (¢, + s)) in the variation-of-constants formula
(2.7) as follows:

S(U(ty + 5)) = E(eSLU(tn) + UL S (T U () (Wt + 8) — W(tn)))
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+ /01 > (Up(tn, 5)) (U(tn +5) = e LU(ty) — LT A S (T -1 U () (W (tn + 5) — W(tn))>d0,
(7.1)
where
Up(tn,s) = (1 —6) (eSLU(tn) + e LS (T U () (Wt + 8) — W(tn))> +0U (t, + 5).

Thus, by treating the second term on the right-hand side of ([7.1]) as a higher-order remainder
term and dropping it, we obtain a higher-order approximation of the stochastic integral that
requires less regularity on the solution:

/ ’ eTILS(U(ty, + 5))dW (tn + 5)
0

~ / ’ e (U (1) 4 IS (I U (1) (W (b 8) — W(t)) ) AW (1 + )
0

At this point, we note that the integrand only depends on the value of U at the left endpoint
of the integration interval. Therefore, it becomes possible to further approximate the integrand

6*3L2<68LU(15”) + eSS (IL U () (W (it + 5) — W(tn))) with a suitable high-order ap-
proximation with a suitable higher-order approximation to construct high-order low-regularity
numerical schemes, see [6, 20] for an example of a high-order low-regularity approximation of
e % (e*FU(t,)). These extensions and the design of higher-order numerical methods will be
explored in our future work.
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