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Abstract An artificial tangential velocity is introduced into the evolving fi-
nite element methods for mean curvature flow and Willmore flow proposed by
Kovdes, Li & Lubich in [40,41] in order to improve the mesh quality in the com-
putation. The artificial tangential velocity is constructed by considering a lim-
iting situation in the method proposed by Barrett, Garcke & Niirnberg in [7-9].
The stability of the artificial tangential velocity is proved. The optimal-order
convergence of the evolving finite element methods with artificial tangential
velocity are proved for both mean curvature flow and Willmore flow. Exten-
sive numerical experiments are presented to illustrate the convergence of the
method and the performance of the artificial tangential velocity in improving
the mesh quality.

Keywords Evolving surface, mean curvature flow, Willmore flow, finite
element method, artificial tangential velocity, stability, error analysis

1 Introduction

The evolution of surface under geometric curvature flows has been intensively
investigated in the past decades. The most well-known examples are mean
curvature flow and higher-order geometric flows driven by curvature, includ-
ing Willmore flow and surface diffusion. The numerical computation of such
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geometric curvature flows originates from the pioneering work of Dziuk [26],
who proposed the first parametric finite element method (FEM) for mean cur-
vature flow. It is known that the velocity of an evolving surface I" under mean
curvature flow is determined by

v=—Hn = Apid, (1.1)

where id denotes the identity function on I' € R3, H and n denote the mean
curvature and the outward normal vector of the surface I', and A denotes the
Laplace—Beltrami operator on the surface. Assuming that I'(¢,,—1) is already
approximated by a piecewise triangular surface I ,’L”*l, Dziuk’s method is to
find a parametrization of the surface I}, denoted by u}" : F}’L”_l —R3 ina
finite element space Sy (I7"')? satisfying the following weak formulation:

M' + \% wup -V ixp=0 V ES(Fm_l)S
e Xh oy ViU - Xh Xh ndy, .

T h
(1.2)
The methods of parametrizing the unknown surface I}" by finite element
functions on the known surface F,:”_l are later referred to as parametric FEMs.
The idea was widely adopted for approximating other geometric curvature
flows, including surface diffusion, Willmore flow, Helfrich flow, and so on; see
[ ’ ? ? ? ]'

The parametric FEMs can successfully compute the evolution of surfaces
under curvature flows within a short time, but the nodes may cluster and
mesh may become distorted as the surface evolves. In this case, certain mesh
redistribution technique may improve the computational results; see [3]. In or-
der to improve the mesh quality without using mesh redistribution technique,
Barrett, Garcke & Niirnberg proposed a different weak formulation for mean
curvature flow, surface diffusion and Willmore flow in [7-9], with an intrinsic
tangential velocity that is promising to make mesh points distribute more uni-
formly. The method of Barrett, Garcke & Nirnberg (BGN method) has been
successful in improving the mesh quality in practical computation and adopted
by many others in developing numerical methods for curvature flows, e.g., in
the simulation of solid-state dewetting problems with anisotropic surface en-
ergies and contact line migration [4,51]. The idea of BGN method was also
used in computing the interface of two-phase flow by an unfitted or fitted bulk
mesh; see [10, 1 1], and by the arbitrary Lagrangian—Eulerian (ALE) method,;
see [34,35]. The tangential velocity in the BGN method appears only in the
fully discretized scheme and the lack of counterpart in the continuous formu-
lation increases the difficulty to prove the convergence of the BGN method.
For mean curvature flow, an alternative approach to introducing tangential
velocity was proposed by Elliott and Fritz [33] using the DeTruck trick. The
additional tangential velocity of the continuous flow can be interpreted as a
special re-parametrization under the harmonic map heat flow scaled by an
adjustable parameter, and can generate good mesh properties as in the BGN
method.



In the semidiscrete case, the parametric FEMs can be formulated into
evolving surface FEMs [30] and then written into matrix-vector forms by using
the notation of [12]. For example, in the semidiscrete case (as 7 — 0), Dziuk’s
parametric FEM for mean curvature flow can be written as (see [44]): Find a
vector x(t) € R®Y which collects all nodes in the triangulation of the surface
(N is the number of nodes) satisfying the equation

dx
M(X)E + A(x)x =0, (1.3)
where M(x) and A(x) are the mass and stiffness matrices on the surface
I',[x] determined by the nodal vector x. Dziuk’s fully discrete method (1.2) is
equivalent to a semi-implicit scheme for (1.3), i.e.,

m _ m—1
M HE "X LA™ Hx™ = 0. (1.4)
T
The matrix-vector formulation has been a powerful tool in [40-42] for error

analysis of evolving surface FEMs when the evolving surface is unknown.
The convergence results of different parametric and evolving surface FEMs
for mean curvature flow and Willmore flow of curves were proved in [13, 17,
,27,33,47] and [43,49,53] for semidiscrete and fully discrete methods, re-
spectively. For mean curvature flow and Willmore flow of graph surfaces, the
convergence results of FEMs were proved in [15, 16,21, 29]. Convergence of
finite element semi-discretizations for the surface diffusion flow of graphs and
axially symmetric surfaces has been proved; see [2,19,20]. For mean curvature
flow of closed surfaces, the convergence of an evolving surface FEM using finite
elements of degree > 2 was proved in [40] by using the evolution equations of
mean curvature and normal vector field discovered in [37], i.e., by considering
the following equivalent formulation of (1.1):

X =volX, (1.5a)

v— Apxjv = —Hn + Apx)(Hn), (1.5b)
ofn — Apixjn = |Vp[X]n|2n, (1.5¢)
OyH — Arx1H = |V rixn|*H, (1.5d)

where X (-,t) : 'Y — R3 is the flow map which maps the given initial surface
I'° to the current surface

IIX(-t)] ={X(p,t) :pe '},

Opn and O H denote the material derivatives of n and H, respectively, along
the particle trajectory of the evolving surface. This treatment brings additional
(about twice) computational cost, but provides full-order approximations to
mean curvature and normal vector, and allows people to obtain rigorous error
estimates for the numerical approximation. The techniques turn out to be also
successful for constructing an evolving surface FEM for Willmore flow with rig-
orous convergence proof; see [41]. More recently, Dziuk’s semidiscrete method



for mean curvature flow of closed surfaces was proved to be convergent for
high-order finite elements of degree > 6 in [44]. All these methods, which were
proved convergent for mean curvature flow or Willmore flow of closed surfaces,
do not contain tangential velocity to improve the mesh quality. For conver-
gence analysis of algorithms with tangential velocity, there are some recent
results which apply the DeTurck trick to introduce a tangential velocity and
obtain optimal convergence order for mean curvature flow of two-dimensional
axisymmetric surface [0, 22] and torus type surface [45].

In this article, we propose a new evolving surface FEM for mean curvature
flow of closed surfaces, with a tangential velocity to improve the mesh quality,
and then prove the convergence of the proposed method. The velocity of the
surface consists of normal and tangential components, where the tangential
velocity is determined by requiring Ap(xjv to be parallel to n, i.e.,

v-n=—H, (1.6)

Apixjv = kn  for some auxiliary function k. (1.7

Our idea of determining the tangential velocity by (1.7) is inspired by con-
sidering the temporally semidiscrete version of the BGN method in [8]: Let
u™t! and H™*! denote the position and the mean curvature of the surface
'™+ parametrized through I'™. Then the temporally semidiscrete version of
the BGN method can be written as

Apmu™t = —gmtipgm (1.8)

where n™ denotes the normal vector of I'™. Subtracting the identity Apmid =
—H™n™ from (1.8) and dividing the result by the temporal step size 7, we
obtain o —
Armum 7ld:_Hm —Hmnm7
T T

which tends to the form of (1.7) as 7 — 0. At the discrete level, since the BGN
method can improve the mesh quality, it follows that the derived equations in
(1.6)—(1.7) may similarly improve the mesh quality.

At the continuous level, it is easy to verify that solving equations (1.6)—
(1.7) is equivalent to minimizing the energy functional

Bl = [ Vrof
rix]

under the constraint v - n = —H, with k denoting a Lagrangian multiplier
in this constraint optimization problem. For an evolving surface I'(t), t > to,
the deformation tensor V ()X (z,t) between the two surfaces I'(t) and I'(to)
satisfies the following equation:

8th(t0)X(Z‘, t) = Vr(tO)U(X(x, t), t).

By setting ¢ = t¢ in the equation above we see that V r(;,yv(z, to) represents the
instantaneous rate of deformation at time to. Therefore, minimizing the energy
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functional Efv] = [, rixg 1V rv|? is equivalent to minimizing the instantaneous
rate of deformation. Equivalently speaking, solving equations (1.6)—(1.7) is
equivalent to minimizing the rate of deformation under the constraint v - n =
—H (so that the mesh can be less deformed).

For mean curvature flow, the evolution equations governing H and n are
used to couple with the velocity equations in (1.6)—(1.7):

OX =volX, (1.9a)

v-n=—H, (1.9b)

kn = Apxv, (1.9¢)

Ofn —v-Vpxn— Apixn = |Vp[X]n|2n7 (1.9d)
OH —v-VrxH — ArpxiH = |V rxn|*H. (1.9¢)

In other words, we have replaced the velocity equation in (1.5) by (1.9b)-
(1.9¢). This can yield a tangential velocity which has similar effect as the BGN
method. Due to the presence of tangential velocity, the flow map X in (1.9) is
different from that in (1.5). It is noted that (1.9e) can be found as a special
case of [12, Lemma 39]. We temporarily distinguish the two flow maps in (1.5)
and (1.9) by X and X, respectively, and add them to the subscripts of the
associated material derivatives. Then, for f defined on Gr = Ucpo,r)(I'(t) x

{t}), which can either be parametrized by X or X, we have
Oxf—v-Vrf=0xf—vr-Vrf=0xf=0 (1.10)

where v denotes the tangential part of v, 0EX denotes the normal time deriva-
tive defined in [12, Section 2.4]. The last equality in (1.10) holds since the
velocity field of X, regarded as a vector valued function on Gy, is exactly the
normal part of the velocity field of X, see also [12, p. 18, Remark 29].

For Willmore flow, by using the evolution equations of n and H found

in [41], we have the following closed system:
WX =volX, (1.11a)
v-n=7V, (1.11b)
kn = Apxv, (1.11c)
V= ArxH+Q, (1.11d)
OH—v-VrxH=—ArxV — AV, (1.11e)

Ofn—v-Vpxnm= —Apxjz+ (HA— A%z + |VF[X]H|2n
—2(Vrx) - (AVrx H)) n— AV rixH — Vi Q,
(1.11f)
z = Apxn + |A|*n, (1.11g)
where A = Vpxn, Q = —3 H3>+|A|?H, and |A|> = |V p(xjn/|*. The above new

system simply replaces the velocity equation v = Vn in [11] by (1.11b)—(1.11c¢).
Setting @ = 0 in (1.11) would yield a closed system for surface diffusion flow.



In the evolving surface FEM, the systems (1.9) and (1.11) can be rewritten
into matrix-vector forms as in [40-42,44], and the stability estimates for the
equations of n and H have already been established in [40,41]. The stability
analysis for the velocity in (1.9b)—(1.9¢) is the main contribution of this ar-
ticle. This is obtained by choosing test functions associated to the tangential
projections of some proper functions. By combining the stability estimates of
the velocity equations (i.e., Theorem 3.2) and the equations of n and H, we
obtain optimal-order error estimates of the evolving surface FEMs for finite
elements of degree > 2 for both mean curvature flow and Willmore flow; see
Theorems 2.1-2.2. Extensive numerical experiments are presented to illustrate
the convergence of the proposed method and the performance of the artificial
tangential velocity for improving the mesh quality.

The rest of this article is organized as follows. In Section 2, we introduce
the basic notations and propose the modified systems of equations with ar-
tificial tangential velocity for mean curvature flow and Willmore flow. The
continuous problems are then spatially semi-discretized in the framework of
evolving surface FEM and the matrix-vector formulations. Then we present
the main convergence results of the spatially semi-discretized evolving surface
FEMs. In Sections 3 and 4, we prove the convergence of the evolving surface
FEMs for mean curvature flow and Willmore flow, respectively. In Section 5,
we present numerical results to support the theoretical analysis in this article.

2 The numerical method and main results
2.1 Basic notations for an evolving surface

Given a smooth surface I' C R3, the surface gradient for a scalar function
w : I' — R is a column vector denoted by Vru. In the case of a vector-
valued function v = (u1,uz,u3) " : I' — R3, we use the following conventional
notations:

(Vrur)"
Du= | (Vru)" and Vyu= (Du)" = (Vrur, Viug, Vius).
(Vrug)'

The mean curvature of I is defined as the trace of the extended Weingarten
mapping A = Vpn, which is expressed as

H =tr(Vrn),

where n denotes the unit exterior normal vector of I'.

The evolving surface is described by the flow map X(-,¢) : I'° — R3,
t € [0,T], which is a diffeomorphism from a given initial surface I'° to the
current surface

I(t)=IX( ] ={X(pt) :pel}



For any fixed p € I'°, the set of points {X(p,t) : t € [0,T]} is a trajectory
starting from p. The velocity of the surface at the point X(p,t) € I'[X(-,t)]
along the trajectory is

U(X(p7 t)’t) = 8tX(p7 t)

Throughout this article, we denote by C and hg two generic positive con-
stants which are different at different occurrences, possibly depending on the
norms of the exact solution and 7', but are independent of the mesh size h.

2.2 The evolving surface FEM

We assume that the given closed smooth initial surface I'° C R3 is partitioned
into an admissible family of shape-regular and quasi-uniform triangulations 7,
with mesh size h; see [30] for the notion of admissible family of triangulations.
Let x° = (p1,--+,pn) € RN be the vector that collects all nodes p; € R3,
j = 1,...,N in the triangulation of I'® by finite elements of degree k, as
defined in [23]. The nodal vector x° determines an approximate surface I, [x°]
that interpolates the surface I'° at the nodes.

We evolve the vector x° in time and denote its position at time ¢ by
x(t) = (z1(t),- - ,xn(t)), which determines a surface I [x(t)] by piecewise
polynomial interpolation on the plane reference triangle. There exists a unique
finite element function Xj(-,t) of piecewise polynomial degree k defined on
I, [x°] satisfying

Xn(pj,t) =z;(t) for j=1,...,N.
This is the discrete flow map, which maps the discrete initial surface I7,[x"]
to Iy [x(t)].
If w(-,t) is a function defined on I, [x(¢)] for t € [0,7], then the material

derivative 07, w on I'y[x(t)] with respect to the discrete flow map X}, is defined
by '

a,zhw(x,t) = %w(Xh(p, t),t) for x = Xp(p,t) € I'n[x(t)].

The finite element basis functions on I',[x] are denoted by ¢;[x], j =1,..., N,
which satisfy the following identities:

¢i[x)(xi) = di5, 4,5 =1,...,N.

The pullback of ¢;[x] from any curved triangle on I';[x] to the reference plane
triangle is a polynomial of degree k. It is known that ¢;[x(t)] satisfies the
following transport property (see [30]):

O noi[x(t)) =0 on I[x(t)], j=1,...,N. (2.1)

The finite element space on the surface I, [x] is defined as

N
Sh[x] = Sh(ITh[x]) :== span{ chgbj[x] tej € R}.
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The evolving surface FEM for (1.9) is to find X, (-, t) € Si[x°]® and
(0n (1), in (s t), a5 1), Ha (1)) € Splx(t)]® x Sp[x(1)] x Spx(t)]® x Sp[x(t)],
such that

8tXh = Up O Xh, (223)
/ Vp MR Xk = — Hyxs, (2.2b)
Fh[x] Fh[x]
/ KnMh * Xo +/ VXV - VI, xXe =0, (2.2¢)
Fh[x] Fh[x]
/ Of M~ Xn + V. xmh VI, [x)Xn
Iy [x] Iy [x]
= / ([AnPnn + vn - Vi, pgnn) - Xns (2.2d)
Iy [x]
/ Or nWHuxm + VrxHi - Vi, xXH
Iy [x] I [x]
= / (IARIPHp + vn - Vi H ) X1, (2.2e)
Iy, [x]

hold for all test functions

(Xos Xy Xns X01) € Sulx(t)]® x Sulx(t)] x S [x(t)]* x Sy [x(t)],

where Ay, = V, xnp is the discretized Weingarten map. The initial value for
the system (2.2) can be chosen as follows: Xp,(-,0) = id on I,[x"]; ns(-,0)
and Hp(+,0) are chosen as the Lagrangian interpolations of n(-,0) and H(-,0),
respectively, or any other approximations such that

Inn = Innl| L2 (r, )y + Rl — Dol g, ey < CRETE, (2.3a)
|Hp, — InH| 2(ry (x7) + P HR — InH || g1 (1 ) < CRETL (2.3b)
Remark 2.1 We define a discrete Laplacian-Beltrami operator Ay, 15 : Sh[x] —
Sh[x] via duality by
(A, rxvn, wh) = —(V i, Vi, xWh)  Ywp € Splx].

Let Pp,x : L*(I'h[x]) — Sh[x] be the L?-orthogonal projection onto the finite
element space. Then, replacing the test function . in (2.2b) by —A;, r, (x]Xx;
we obtain

VFh,[x] (Uh ’ nh) . VFh,[x] Xk
Ip[x]

=- V. xHr - Vi, x Xk

F}L [X]

+ . Vrix) (U - — Pry x (Va - 1)) - Vi, Xk (2.4)
Iy [x

Equation (2.4) is derived from (2.2b) and will be used only in the error analysis.



Similarly, the evolving surface FEM for the reformulated equations of Will-
more flow in (1.11) is to find Xp(-,t) € Sp,[x°]® and

(U}L(" t)r ’ih(" t)7 Vh(') t)’ Hh(" t)v nh('a t)’ Zh('v t))
€ Sulx(t)]® x Spx(t)] x Splx(t)] x Sulx(t)] x Su[x(t)]> x Sp[x(1)]’,

such that
01 Xp = vp 0 Xy, (2.5a)
/ Vp MR Xk = ViXr, (2.5b)
Iy [x] I'n[x]
/ KrMp * Xv + Vr,xh Vi, xXe =0, (2.5¢)
Iy [x] I [x]
/ Vixv + thy[x]Hh : vl’h[x]XV = Qnxv, (2-5d)
Inx] I [x] Iy [x]
/ Or nHp X — VrxVa - Vi xXH
Fh[x} I"h[x
= / (vn - Vi, Hp — [ An* Vi) xa, (2.5e)
F;L[x]
Of WM * Xn — V2 - Vi, xXn = / (vn - Vi, xmh) - Xn
Thx] I [x] I [x]

+/ (HpAn — A7)zn - xn + 2/ (AnV 1, Hn) - (V1 [x)Xn 70)
Thx] I [x]

+/ . (IV g Hn*nn + ARV 1, g Hi) - X
F},, X

+ QnVr,x " Xn — QnHpnp - Xn, (2.5f)
Fh[x] Fh[x]
/ Zne Xzt [ Vixnn s Vi xXz = / |AnlPnn - X, (2.5g)
Fh [X] Fh [x] Fh [x]

hold for all test functions

(X Xy XV XH Xy Xz) € Snlx ()] xS [(£)]  Sn[x(£)] x S [x(8)] x S [x(£)]* x S [x(1)].

In above, (2.5f) is derived from (1.11f) by integration by part, more details
can be found in [11, P 603].
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2.3 Matrix-vector formulation

Associated to the finite element space Sp,[x] on the surface I},[x], we define
the mass matrix M(x) € RV*Y and stiffness matrix A(x) € RV*YN by

M;;(x) = / di[x]p;[x] and  Ayj(x) = Vi.x %X - Vi, x 95,
Iy [x] Iy [x]

fori,j=1,...,N. Let K(x) = M(x) + A(x) and
MI(x) =M(x)®I; and Al(x)=Ax)® I,

where I is the d x d identity matrix. We denote by v, n and H the vectors
which collect the nodal values of vy, np and Hp, respectively.

Let B(x,n), D(x,n) € RV*3N he matrices associated to the left-hand side
of (2.2b) and (2.4), respectively, defined by

B, 3/ 1)sm(x,m) = / 611653 X] (1),

Fh [x]

D;3i-1)4m(x,n) = / YV x) (@5 X (nn)m) - Vi, x @il%],s

[‘h[x]

whered,j =1,...,N,m = 1,2,3 and (ny,), is the m-th component of n;, € R3.
Let fi(x,n,v) € R*N and fo(x,n,v,H) € RY be the nonlinear terms
associated to the right-hand side of (2.2d) and (2.2e), respectively, defined by

f1(x, 1, V)3(-1)4m =/ (vh'VFh[x]”h)m¢j+/ IV 1| (0 m @5,

Iy [X] Iy [X]
(2.6)
fo(x, n,V,H)j = / Vp VF;L[x]Hhﬁbj +/ |Vph[x]nh|2Hh¢j. (2.7)
Iy [x] I'n [X]
Let p(x,n,v) € RV be the nodal vector satisfying the following relation:
p(X, 10, V) Xy i= . VFh[x] [Uh “Np — PI’;L[x] (vp, - nh)] . th,[x]Xf{ VXr € RN7
Fh X
(2.8)
where x,, € Sp[x] is the finite element function associated to the nodal vector
Xk
By introducing u := (n, H) ', the spatially semidiscrete evolving surface
FEM in (2.2) can be rewritten into the matrix-vector form:
X =v, (2.9a)
B(x,n)v = —-M(x)H, (2.9b)
B(x,n) "k + ABl(x)v =0, (2.9¢)
M (x)a+ Al (x)u = f(x,u,v), (2.9d)
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where

_ ([ fi(x,n,v) 3NN
f(x,u,v) = (fg(x,n,v,H)) eR . (2.10)

Similarly, equation (2.4) can be written as
D(x,n)v=—-Ax)H+ p(x,n,v). (2.11)

The equations in (2.9) can be used for computation, while equation (2.11) is
only used in the error analysis. In the sequel, the superscript in the mass and
stiffness matrices will be omitted.

Similarly, by using the following notation introduced in [41]:

u= (H) eRY™N, w= (V) e RN,
n Z

the evolving surface FEM in (2.5) for Willmore flow can be written into the
following matrix-vector form:

X=v, (2.12a)

B(x,n)v = M(x)V, (2.12b)

B(x,n) k +APl(x)v =0, (2.12¢)
MU (x)u — A(x)w = F(x, u)w + £V (x,u, v), (2.12d)
M (x)w + A (x)u = g(x, u), (2.13)

where F(x,u)w, fV(x, u, v) and g(x, u) are some nonlinear functions of x and
u associated to the right-hand side of (2.5). Compared with the matrix-vector
formulation in [11, equation (3.5)], the only difference in (2.12d)-(2.13) is an
additional dependence on velocity of fWV. Similarly as [11], (2.13) is further
modified as

MU (x)w + A (x)u = g(x,u) + 9, (2.12e)

with
9 = MU (x%)(w*(0) — w(0)),

so that the initial value becomes w(0) = w*(0), where w(0) is the vector
obtained from (2.13) at time ¢t = 0, and w*(0) denotes the vector which consists
of the values of the exact solution w(0) = (V(0), 2(0)) T at the nodes.

2.4 Lifts

In order to compare the numerical solution defined on the approximate surface
Iy [x] with the solution defined on the exact surface I'[ X (-, t)], we need to lift
a function from I'y[x] to I'[X (-, t)].

Let x*(t) be the nodes on the exact surface I'[X (-, )] as the image of x°
under the flow map. From [42, Lemma 7.1] or [23, (2.15)-(2.16)] we know that,
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there exists a sufficiently small hg > 0 such that for h < hg and ¢t € [0, T, any
point z € I'y[x*(t)] can be lifted to I'[X(-,t)] as «*. This lift operator from
x € I,[x*(t)] to 2’ € I'[X(-,t)] is one-to-one and onto. Correspondingly, any
function w on I7,[x*] can be lifted to a function w* on I, defined as follows:

w'(zt) = w(x) Va € I[x*(t).

Moreover, there exists a constant C' > 0 such that the following estimates hold
uniformly for h and ¢,

071 ||50hHL2([‘;L[x*]) < H('O§L||L2(F[X]) <C HCPhHL?(F;L[x*]) (214)
o ||VF;L[x*}‘Ph||L2(rh[x*]) S HVF[X]SOleLQ(F[X]) <C ||vfh[x*]<PhHL2(rh[x*])

for all ¢, € L*(I[x*]) and ¢, € H'(I}[x*]). For any given finite element
function wy, € Sp[x| on the approximate surface I';[x], we denote its nodal
vector by w, which collects all the values of wy, at the nodes of I',[x]|. The
finite element function on the interpolated surface I},[x*] with the same nodal
vector w is denoted by @y,. The function 1w, can be further lifted to I'[X] as
(p,)*. The lift from Sy,[x] to I'[X] is denoted by wr = ().

2.5 Convergence of the method

The main theoretical results in this article are the following two theorems.

Theorem 2.1 Suppose that the exact solution (X, v, k,n, H) of the mean cur-
vature flow (1.9) is sufficiently smooth fort € [0,T], and the flow map X (-, ) :
I'" — I'(t) is a diffeomorphism for t € [0,T]. Then there exists a constant
ho > 0 such that for all initial triangular partition with mesh size h < hg,
the solutions to the evolving surface FEM in (2.2) with finite elements degree
k > 2 satisfy the following error bounds,

X5 (o t) = X ()l roys < CRE, ok (5 8) = o( )|l (rgeyys < ChF,
HH}lL/(7t) - H('7t)||H1(F(t)) < Chk’ ”nﬁ(’t) - n("t)HHl(F(t))S < Ohk7

where the constant C' is independent of h and t € [0,T], but may depend on
T.

Sufficient regularity assumptions are the following: we assume with bounds
that are uniform in time, X (-,t) € H**1(I'%), v(-,t) € H*Y(I'(X(-,1)))® and
for u = (n, H), we require u(-,t),0%u(-,t) € Wkt (DI(X (-, 1))

Theorem 2.2 Suppose that the exact solution (X,v,k,V, H,n,z) of the Will-
more flow (1.11) is sufficiently smooth fort € [0,T], and the flow map X (-,t) :
I'" — I'(t) is a diffeomorphism for t € [0,T]. Then there exists a constant
ho > 0 such that for all initial triangular partition with mesh size h < hg, the
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solutions to the modified evolving surface FEM in (2.12) with finite elements
degree k > 2 satisfy the following error bounds,

IXh (o 8) = X0l roys < CRF, o (5 8) = o( )| ryys < ChY,
IViECot) = VD ey < CRF HEC ) — H )l gy < ChY,
H?’Lﬁ(,t) n('7t>||H1(F(t))3 < Chk7 “Zﬁ(vt) - Z('vt)HHl(F(t))3 < Chk»

where the constant C is independent of h and t € [0,T], but may depend on
T.

Sufficient regularity assumptions are the following: we assume, with bounds
that are uniform in time, X(-,t) € H*(I°), v(-,t) € HY(I(X(-1)))3
and for u = (n, H), we have u(-,t),0*u(-,t), 0 u € Wkl (1 (X(-,t)))* for
w = (V, 2), we have w, 9*w € WKL (I(X (-, 1)))2.

The rest of this article is devoted to the proof of Theorems 2.1 and 2.2.

3 Proof of Theorem 2.1
3.1 Error equations and defects

Let X/ (-,t) be the Lagrange interpolation of X(-,¢) onto the approximate
initial surface I',[x"], and let x*(¢) be the nodal vector associated to the finite
element function X} (-, t), i.e., the vector which collects the values of X;(-, %) at
the nodes on I},[x"]. Then I',[x*] is the interpolated surface which interpolates
the exact surface I'[X (-, t)] at the nodes. Let k* be the nodal vector associated
to the Lagrange interpolation xj, € Sj,[x*] of the exact solution x on the surface
I'X(-,t).

Let u} € Sp[x*]* and v} € Sp[x*]* be the Ritz projections of u and v,
respectively, defined by

/ YV, x* U - VI,x9h +/ up, - P
Iy [x*]

F}l[X*]
= Vrxu s Vixeh + / u- g, (3.1)
r[X] x|
/ Vx4V - Vx4 ¥n + / Vp - Yn
I [x*] I [x*]
= Vrxv - Viex v +/ vy, (3.2)
x| rx]

for any o5, € Sp[x*]* and ¢, € Su[x*]?, and let u* and v* be the nodal
vectors associated to the finite element functions uj and vj. It is known that
the Ritz projection has the same order of accuracy as the interpolation, but
has an advantage for error analysis by cancelling a critical term in the defects;
see [39,40].
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Theorem 3.1 ([39, Theorem 6.3]) If u € H**1(I'(t))™ fort € [0,T)], with
m = 1, then there exists a sufficiently small hg > 0 such that for all h < hgy
the following estimate holds:

*,0 * .0 k+1
[ u”m(ru,)) +hjuy" — UHHl(r(t)) < ChMHlull s (e, (3:3)
where u’;L’K is the lift of uj, onto the exact surface I'(t) = I'[(X (-, 1)].

Remark 3.1 The maximum-norm error bound of Ritz projection can be ob-
tained by using Theorem 3.1 and an inverse inequality as follows. Combining
(3.3) and the interpolation error bound in [23, Proposition 2.7] by the triangle
inequality, we obtain

[ (Inw) || L2 (r ey < CRFTL,

where I, : C(I'[X (-, t)]) — Ih[x*] denotes the Lagrange interpolation operator
(the pullback of Iu from a curved triangle on I',[x*] to the reference triangle
is a polynomial of degree k). By using the equivalence relation in (2.14), we
obtain

[uh, = Inull L2y ey < CREFL

Applying the inverse inequality yields
llur, — IhuHW:vm(ph[x*]) <C, (3.4)

which leads to the boundedness of ||u;:||Wk,<>C( I x-])- BY using the inverse in-
h

equality and triangle inequality, one can derive the following L°° bound of the
Ritz projection error:

lup® = wll oo ey < Ch7H Ny = (Inw) Nl ze ey + le — (Tn) |l o (riey
< Ch*. (3.5)
O

The defects are defined by plugging the functions X;;, vy, ; and uj, into
(2.2). In particular, we define the defects d, € S,[x*], d.. € Sp[x*]® and d,, €
Sp[x*]* as the finite element functions which satisfy the following relations:

/ (05 - nl)xe = — / Hixo + / doxn, (3.6)
Iy [x*] Iy [x*] Iy [x*]

/ K’an “Xo + / th,[x*]U;z . V[‘h[x*]Xv = / dﬁX’Ua (37)
Iy [x*] T [x] Ip[x~]

and

/ O pUp, * Xu +/ Vrx=1Uh * Vi, [x*] Xu
Ip[x*] I [x*]

= / (|th[x*]nZ|2u; + v;: : th[x*]UZ) Xu + / duXu- (3'8)
Fh[x*} Fh[x*}
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The matrix-vector formulation of (3.6)—(3.8) can be written as

X" = v*, (3.92)

B(x*,n*)v* = -M(x*)H" + M(x")dy, (3.9b)
B(x*,n") k" + A(x*)v* = M(x")d,, (3.9¢)
M(*)a"+ A )u* =f(x*,u",v") + M (x") dy. (3.9d)

Then, subtracting (3.9) from (2.9), we obtain the following equations for the
error functions ey =x —x*, e, =v—-v*, e, =k —K* and e, =u—u*:
éx = €y, (310&)
B(x",n%)e, = (B(x*,n") — B(x,n))v

—M(x")emg + (M(x*) — M(x))H — M(x")d,

(3.10b)
B(X*v n*)TeH + A(X*)ev = (B(X*a n*)T - B(Xa n)T)K’

+ (A(x") — A(x))v — M(x")d, (3.10¢)
M(x)éy + A(x)ey = — (M(x) — M (x*)) 0" — (A(x) — A (x¥))u*
(

+ (f(x,u,v) —f (x*,u",v")) — M (x") dy.
(3.10d)
Similarly, the error equation corresponding to (2.11) is given by
D(x*,n")e, = (D(x*,n") — D(x,n))v — A(x")en + (A(x*) — A(x))H
— (p(x*,n*,v*) — p(x,n,v) + M(X*)av), (3.11)
where &v is the nodal vector associated to the finite element function Jv S
Sp[x*], which is defined by substituting v}, n} and x* into (2.4), i.e.,

/ Vrx1(Vh - 1h) - Vi, ] Xe
Fh[x*]

- /F Vel = Pl Ve
h|X*

_/ th[X*]HZ . Vph[x*]xﬁ —|—/ d'an- (312)
I [x*] I [x*]

3.2 Estimates for the bilinear forms

With the help of the mass matrix and stiffness matrix defined in Section 2.3,
we can represent the L? and H! norms of a scalar function Hy, € Sp[x] by
vector norms of the corresponding nodal vector H, i.e.,

IH|[ 310 = H M(x)H = HHh”i?(Fh[x]) )
2 T _ 2
[Hlax =H A(x)H = ||VFIL[X]HhHL2(Fh[x]) g

2
IHl% ) = H'KGOH = [|Hl31 1, ) »
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where K(x) = M(x) + A(x). To measure the defect function d, € Sp[x*], we

need to use the discrete H ' norm defined as follows (cf. [12]):
Mol sy e = SUP M,
hoAR 07p5 €Sp [x*] lonll e (rixe))

which can also be expressed in terms of the nodal vector &v as

[dy e = dl M(x*)K(x*) " "M(x*)d,.

In previous articles [10,42], some technical results concerning the norm
equivalence of || - [|m and || - ||a on different finite element surfaces were dis-
cussed. In this section, we extend those results to two matrices depending on
the normal vectors, i.e, B(x,n) and D(x,n).

For ex = x — x*, we consider the following intermediate surfaces between
I'h[x*] and I, [x]:

I = Mh[x* +0ey], 6€]0,1]. (3.13)

The finite element functions on the intermediate surface I g with nodal vectors
€x,€n, z and w are denoted by ez, efl, zz and wz, respectively. Let n;;’a be the

finite element function on I ,? associated to the nodal vector n*, and define

nf =ni? +0el € Sy[x* + ey,

which connects the Ritz projection nf, = n} € Sp[x*]* to the numerical solu-
tion n} = ny, € Sp[x]3. Similarly, we define vf = v:’e + 0¢ef.
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Lemma 3.1 The following identities hold:

(M(x) — )z - w = / / w Vpe )2y, (3.14)
Fé’

(A(x) — A(x*))z-w = / / v pow! - (Dpseg) I (3.15)
re h h h

(B(x,n) — B(x*,n"))z-w = // 20wl + 27 (;’9+9eﬁ)w,ﬂvpg-e§,
I"ﬂ

(3.16)
(D(x,n) — D(x*,n"))z - w
1
= / VFG(ZZ ely. V[‘Swh + Dpae V[’G(Z}L nf)- Vpng, (3.17)
o Jry
(p(x,n,v) — p(x*,n*,v")) - w
= [ ] Vgt nd— Py ) g
F@
" / Vralof - — Pro(uf) - ¢0)] - ¥ pout]
ry
- o Vrﬂprf’[(vz ”h PF9 (UZ ”h))(vrf’ '62)] : Vrng
+ Dl-vﬂe VFS ['Uh nh PFO ('Uz nh)] Vpew}e” (3.18)
[‘9
where ngez =tr (E%) I3 — (B + (Ee)T) and B = Vpee € R3%3,
Proof Identities (3.14)—(3.15) have been proved in [40, Lemma 7.1]. Hence,

we focus on the proof of (3.16)—(3.17). By using the intermediate surfaces I

defined in (3.13), we have
=1 1 d
:/ —/ (20 - nf)wlde.
9=0 0 d9 F}f

By using the Leibniz rule of differentiation, see [32, Lemma 3.1] and the trans-
port property of wz, zz and n;;’e, we obtain

(B(x,n) - B(x",n"))z-w= [ (z-nj)uw}

4
Fh

d (] (]
o bt = [ aeataput v [ apet - ntu
F,‘f e F}(f

h

L R R
e

h

,0
:/ 20 elwl + /9 zn - (ny? + GBZ)wZVFg el
re re

h
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This proves (3.16). Similarly,
=1

(DG m) =D )z w= [ V(- nf)V g
h

1
d
:/0 @/FS vFﬁ(sz'nZ)'vrngdﬁ,
h

0=0

where the integrand satisfies

d

— Vo (20 nl) Vi ew?
a0 o Fh(h h) Wy

= 0V (25, - nj) - Vr,ew?i + Ve (=1, - nj) - aévpgwi
re '
h
+ Vpg(zz nd)- VF)?/U}ZVFg el

To interchange the material derivative and the surface gradient, we use the
following formula, see [32, Lemma 2.6]:

08V o (0 - )
= Vo020 1Y) — (Vypevps —npe(nps) (Viovpe) )V e (29 -nf), (3.19)
NS CAS R vry ity vry IY\eh " Th)s ’

where vro and n re denote the velocity (as 6 changes) and normal vector of

the intermediate surface I'?. Since I'Y moves with velocity e’ as 6 increases,
it follows that vyp = ¢ and therefore

d
a0 /F’? Vr,f(zz : nZ) : Vp,ng

_ 6 6 6 6 0 6 6
= QVFS(Zh'en)'vFﬁwh‘FDFgevaﬁ(Zh'nh)'vl'fwh.
ry ) )

This proves (3.17).
The proof of (3.18) is similar. By using (3.17), we have

(p(X7 I’I,V) - p(X*7 I’I*,V*)) "W

1
d
= /0 0 /F@ Vpg[fuz nd — Prﬁ(vz -nf)] 'Vrng
h
1
B / Vyoled - nj — Pro(ed -nj)] -V pow),
o Jrg " h h
+/ Ve [UZ . efL — Pro (UZ . efl)] . vpng
re " h 4
+ /re Vo [Ppgaé(vz ng) — 95 Prs (W) -nd)] - Vpng
h

+ Dyoe?N polvl) -0l — Pro (vl - ni)] -V powl, (3.20)
F’? h h h h
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where the term 0p Ppg (v? - nf) can be more explicitly expressed by differenti-
ating the following identity for the L? projection:

/9 Ppgzewz = /8 2wl
Fh, Fh
which implies that

o5(Pry"yu = [ 030wl + [ = Pyl (Vg - D)
h

[ 6
Fh Fh

and therefore

ag(PF,fZG) = Ppgé);ze + PF;:’[(ZG - Pr}fze)(vrg -ef)]. (3.21)
Substituting (3.21) into (3.20) yields the desired result in (3.18). O
The following result has been established in [12, Lemma 4.3] and [0,

Lemma 7.2].
Lemma 3.2 Suppose that ||Vph[x*]eg||Loo(ph[x*]) < 1/2, then for 0 < 0 <1
and 1 < p < o0, wz on Fg 18 bounded by
lwhllo ey < pllwhll o, e (3.22)
IV rpwhll o (rey < ollV ree1wh |l Lo (e (3.23)
where ¢, is a constant independent of 0 and h and co = 2.

Remark 3.2 If ||V 5, €9 oo (rx)) < 1/4, we have ||VF562HL°°(F;3) < 1/2
for any 6 € [0,1], and

The norms || - [[ng(x+6e,) are h-uniformly equivalent for 6 € [0, 1], (3.24)
The norms || - || A (x*+6e,) are h-uniformly equivalent for 6 € [0, 1].

Then, by Lemma 3.1 and (3.24), we obtain
(M(x*) = M(x))z - W < C[|W|lmee) llexllace | 2hll e (1) (3.25)
(A(x") = Ax))z-w < Cl|wllage) lexll a1V r ey 2l poe (r ey, (3:26)
(A(x") = Ax))z - w < Cllea|lwre(r, x 12l A Wl axe)- (3.27)

Remark 3.3 The equivalence relations (3.22)—-(3.23) are not limited to the
space of finite element functions. Given three nodal vectors w € RN and
z,x € R3V, the associated finite element functions are denoted as wf € S =

Sp[x* + fex] and 2, x4 € (52)3. Under the assumption of Remark 3.2, we
have 0 .0 012 0..0 02
2 - X — wh||L2(r,§) = [lzn - xn — wh||L2(Fh[x*])

0
:/ 8;/ (27 - uj —wy)?dr
0 h
0
_ T T T\2 T
_/0 /T(zh-uh—wh) Vrr - epdr
h

0
<c / I - f, =l
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By Gronwall’s inequality, we conclude that

||ZZ : Xﬁ - wszLz(pg) < C||22 : X?l - w2||2L2(Fh[x*])' (3.28)

An analogous inequality can also be obtained for the H' seminorm, i.e.,

||th[X] (Zfll 'X}L - wflL)HQL?(rh[x]) < C”th[x*](Z}OL : X% - wg)”QL?(nL[x*])- (3.29)

Furthermore, this equivalence also holds for the multiplication of more ele-
ments, such as

1z - Xi)whll 2 () < ClCR - XBWRIZ2 (1, ey

By (3.16)—(3.17) and Lemma 3.2, we immediately obtain the following lemma.

Lemma 3.3 Assume that the following two conditions hold:

(A) IV €l pen < 1/4-
(B) 2z, nZ’O, ev, UZ’O are bounded in W1°°(I,[x*]) (uniformly with respect to
h).

Then the following inequalities hold for z € R3N and w € RY:
(B(x",n") = B(x,n))z - w < C([len|mex) + lex/lac) ) [Wlnx),  (3.30)
(D(x*,n*) = D(x,n))z- w < C ([len|lkxe) + lex/ax)) [Wllace, (3:31)
(px,n,v) — plx", 0", v")) - w
< C(hllevikee) + hllenlikee) + lexllac) IWlae)- (3.32)
If Assumption (B) is changed to

(©) Hn;70||wl,m(['[x*]) has a upper bound independent of h, and there exists
a > 0 such that

max{ e} |[w. (1, by, l€n lwroe (m ey < 2%
then the following results hold:

(B(x",n") - B(x,0))z- W < Ch*|z|aaper [Wlhnaerys  (3:33)
(D(x",n") = D(x,n)z - w < Ch°lzllier [Wllage).  (3:34)

Proof We first prove (3.33)-(3.34) under the assumptions (A) and (C). From
(3.16) we see that

1
(B(X,n) — B(X*7 n*))z W = / / zz . eng + Z?L . ('I’LZ’G _|_ 9679L>w2vp}9 . eg
o Jry '

< HZZ||L2(F,§?)||7UZ||L2(F,5)HGZHLOO(FS)
0
+ ||Zz||L2(F,f)”wZHL?(FfZ)||VF£€2~HL°°(F5)(””2 ||L<><>(r;j) + ||€Z||Loo(rg))
< Ch®||z||mx)

W”M(x*)
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Similarly, (3.17) implies that

(D(x,n) — D(x*,n"))z - w
1

:/ VFG(Z?L e ) VFewh+DF9€ VFG(Zh nh) Vpe'wh
0 Fe

< Ch?||zl| g (x+)

W”A(x*)-

For (3.30)-(3.31) under conditions (A) and (B), the proof is similar and there-
fore omitted. For (3.32), we apply the Hélder inequality to the integrand of
(3.18) and obtain

(p(x,n,v) - p(x*,n*,v*)) "W

1
< /0 {Hvrg [ef - nf, — Pro (el 'nZ)]HLQ(F,f)”VF,‘fwiozHL?(Fg) (3.35)
+ ||Vr,f [eg : efL - Pr}f (eg : efL)]”L?(F}f)HvF}waHlﬁ(Fﬁ) (3.36)
*,9 *,9
+ Vg ler, - on” = Pro(en - o N2 IV rowhll 2 rg) (3.37)
+Ch™ 1||(Uh nh PF" (Uh nh))(v[“’ ‘ez)”m(r,f)||Vr,fwz”L2(F,f)
(3.38)

+C||DF9€ VFS[”h nj — PF"(UZ "h)]HLZ(F")||Vf9wh||L2(F9 }d@.
(3.39)

By using (A.2), we obtain
(3.35)+(3.36)+(3.37) < Ch(|lev/lkx+) + lenllkee) Wl A

where the boundedness of nf, ¢! and v;’a are guaranteed by the norm equiv-
alence (3.24) and condition (B). For (3.38), we have

(v, - nfy — PF"(Uh ”h))(VFG' Q)HH(F,f)

< (o - = Pro (o - i) (Vg - €Dl arg)
+ H(e PFG( ))(V : H)HH(F,f)

< Clloy? - — Pro (v - )||Loo(r9 ||Vr,f€;?c||L2(rg)
+ CH@v : PF"( np)| g2 (re)

< ChHex”A(x*) + Ch?|lev |k (x+)
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where the L error of the first term in the last two line is analyzed by inserting
a Lagrange interpolation and using [23, Proposition 2.7] and (A.4), i.e.,

0 0
[ -nj, —Ppg(vZ '”Z)”Lw(r}f)
*,0 0 *,0 0
< ™ - m = Ipo (0™ - n) [l poe (o)
_ 0 0 0.0
+h 1||Ir;j(1’;; ) = Pro (v nip) |22 ()
0 0 00
<o - niy = I (v - nip) | Loe (1)
— 00 00
+h7 o nf, — Tro (0" 1)l L2 o)
0 ,0
< Chllvy lwr(rep Iy + epllw.os (r ) -

For (3.39), by inverse inequality and (A), we obtain
||DF,?BZVF§ [vZ : ni - Prg (UZ : ”z)]HL?(F,?)
*,0 *,0
< HVrg vy -nf — Prg(vh 'RZ)]||L°°(F,f)HDI‘562”L2(F,f)
+Cl Ve [} - nfh — PF,?(BZ : nZ)]”LQ(Fg)
< Cllex/ae) + Chlley[lkxe)-

Combining the above results, (3.32) is proved. O

3.3 Poincaré inequality for vector fields on the interpolated surface

In this subsection, we prove a variant of the Poincaré inequality which controls
the L? norm of a velocity vector field by the L? norm of its tangential gradient
and normal component (without using the tangential component). The key
ingredient is that the normal vector of a closed smooth surface cannot be a
constant vector field.

Lemma 3.4 Under the assumptions of Theorem 2.1, there exist positive con-
stants ho and C (independent of h and t € [0,T]) such that the following
inequality holds for h < hg:

/ |vh|2sc( [ Ve [ vh-n;;ﬁ) Von € H (D)),
Fh,[x*] Fh,[x*] Fh[x*]

where n} € Sy[x*]3 is the interpolation of the exact normal vector n defined
on I'.

Proof Let hg > 0 be the constant discussed in Section 2.4 to ensure the exis-
tence of lift mapping from the interpolated surface I'[x*] to the smooth surface
I' for h < hg and ¢t € [0, T]. It suffices to prove the following result:

/ |1)h|2 < C(/ |Vph[x*]vh\2 -I—/ |1)]l; . n|2) Yy € Hl(Fh[X*])?),
Fh[x*] Fh[x*] I
(3.40)
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where vf is the lift of v;, onto the smooth surface I'. If (3.40) holds then, by
using the norm equivalence of lift in (2.14), we have

/ Jon |?

Fh[x*]

<o( [ ol [ et P e [ e o-ni?)
Fh[x*] I

<o [ Wnwnl+ [ i el [ ol
T [x*] Tn[x*] Tp[x*]

C’(/ |Vph[x*]vh\2+/ |vh-n;‘;2) +Ch lop |
Iy [x*] Iy [x*] Iy [x*]

For sufficiently small h (adjust the constant hg and require h < hg), the last
term can be absorbed by the left-hand side. This proves the desired result of
Lemma 3.4.

The proof of (3.40) is by contradiction. Suppose that (3.40
Then there exists a sequence of interpolated surfaces I, =
I'(t,,) and functions v, € H(I%)3 such that

/ I e (3.41)

m

1
[ Oroal [ bl < o (3.42)
o F(tnz)

m

IN

0) does not hold.
D, [%5 ()] of

where n,, = np,,) is the unit exterior normal vector field on I'(t,,).

From the compactness of [0, 7], there exists a subsequence of {t,,} with
limit o, which is still denoted as {¢,,} for the simplicity of notation. Since
I’(t) is smooth and compact, I'(t,,) = I'(ts) uniformly. With the help of the
flow mapping X (-, t), we introduce a diffeomorphism f,, : I'(tso) — I'(ts) by

fm(X(p,to)) = X(p,tm), VpeI(0).

By lifting vy, from I to I'(t,,) and then pulling it back to I'(tso) by fm, we
conclude from (3.41)—(3.42) and (2.14) that there exist positive constants C1,
C5 and C5 such that

G < / |0, © fm|* < Cs, (3.43)
I(t)

C
/ IV ey (0 © fu) P + / 0l ) o ful2 < 2 (3.44)
I'(too) I'(too) m

Thus, v, o f, is bounded in H(I'(ts))?, which is compactly embedded
into LQ(F (tx))®. Therefore, there ex1sts a subsequence convergent to v, in
L?(I'(ts))?, which is still denoted as v%, o f,,. Moreover, (3.43) implies that
‘/‘F(toc) [Voo|? # 0. Since I'(too) is connected and

/ |vr(too)(vﬁ10fm)‘2_>0 as m — oo,
I'(tes)
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the function v, can only be a nonzero constant vector.
Since the flow map X (-, ¢,,) converges to X (-, %) uniformly together with
its derivatives, it follows that

||nm o fm — noo”Lw(F(tm)) =0, m— oo,

where n, is the unit exterior normal vector field on I'(ts). From (3.44) we
obtain

1 C
3 [ b s P < Sk [ (w0 ) (= )
I(too) I(teo)

m

By passing to the limit m — 0, we obtain fr(tw) [Voo * Moo |? = 0, which implies
that v - Neo = 0 on I'(ts ). However, since vy is a nonzero constant vector,
the normal vector n, cannot be perpendicular to v, on every point of I'(ts).
This leads to a contradiction. a

3.4 Estimates for the normal and tangential projections

Let u}; = (n}, H}) be the Ritz projection of u defined in (3.1). We introduce
an operator P} which approximates the orthogonal projection along nj by

Plup := v, — (vp, - np )0y,
for any finite element function v, € Sy[x*]® associated with the nodal vector
v € R3V. Since ny is not normalized, P} is not an exact projection. Let
Pr, x+) : L*(I'h[x*]) = Sk[x*] be the L*-orthogonal projection, which can also
be applied to a vector-valued function component-wisely. Thus Pr, [y« P; is

a linear operator from Sj,[x*]3 into itself. Then we can define two matrices
P, (x*,n*) € RV3N and P, (x*,n*) € R3V*3N by requiring

* * * * * —*>
P, (x",n")v = Pp,x-)(vn - nh;, P, (x",n")v = Pp, x=) P} vn, (3.45)

where the nodal vector associated to a finite element function wy, is denoted as
wy,. These operators can also be defined on the numerical surface I',[x] with
slightly modified notations, i.e.,

P —
P,(x,n)v:= Pr, (s -np), Pr(x,n)v:= Pr, Py,
P}, = U}L — (v}, - np)np,
where v € Sj,[x]? is the finite element function with nodal vector v € R3V,

and ny, is the numerical normal vector field computed in (2.2) (or equivalently,
the finite element function in Sy, [x]® with nodal vector n).
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Lemma 3.5 Suppose that ||np,||yw1.(r,x)) and [|[ny||wi.en,x)) are bounded,
with an upper bound independent of h. Then the following estimates hold:

[Pn(x*,n%)ev|[axr) + [[Pr(x",n%)ev[ax) < Cllev|lkx)
[P (x",n%)ev M) + [|Pr(x",n")ev M) < Cllev|mxr)-
Moreover,
||ev - PT(X7 n)ev”A(x)
< C(llew - il (r ey + llewllm (r ey (lenllwrios (o, ey + 1)) 5

where e, and e, are finite element functions on I'y[x*] with nodal vectors ey
and ey, respectively.

Proof From Remark 3.1 we know that the Ritz projection n} of n is bounded
in W1 norm. By using estimate (A.2) in Appendix, we obtain

IV 51 (ew - gy, = Pry, ey (€0 - 7)) 22 (1 (x0))
S Ch\|ev|\H1(ph[x*])

Inpllwres (1, (x)) - (3.46)

Then, using the definition in (3.45), the estimate in (3.46), and the triangle
inequality, we have

[P, (x*,n")ey| ax-)

= IV 1 Prxey (€0 - ni) |22 (o))

< |Vrxey(ew - i) ez (e + IV e (€0 - i — Py (€0 - m)) | 2 (o)
< Cllesllar(rxp + Chllesl mr(r,1x)

< Cllev|lxx)-

Similarly, estimates (A.1) and (A.3) in Appendix imply that
llew - 25, = Prypery(eo - 1) 22 (r ey < Ch?[lewll (e (3.47)
and

|V 1) (Propee1 Preo — Prey) ||L2(Fh[x*])

= [Vt (Cew - mi )k = Pry ey (e i) |

< Ohlley |l 5 (rp %))

L2 (In[x*])

|n2||%,v1,m(ph[x*]). (3.48)
In view of the definition in (3.45), by using the triangle inequality and the
inequality above, we have

[P-(x",n")ev| A

= IV 1 x*1 (Pry 1 Preo) | L2 (ra x1)

< IV r ey (P Prew = Pe) o, e + 11V, e (Pew) |22, o)

< Chlles|lmr(ryx)) + Cllew|lmr (rx)

< Ollevkx+)-
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This proves the first result of Lemma 3.5.
From the best approximate property of the L? projection, we obtain the
following estimates in M(x*) norm:

||Pn(X*,n*)eV||M(x*) = HPFh[X*}(ev : n;kl)||L2(Fh,[x*])
< lew -2, e < Cllevlivey s

[P-(x*,n%)ev M) = 1P, 1 (€0 — (v - mp)n3) |2 (ry x)) < Cllev|lvxe)

This proves the second result of Lemma 3.5.

Next, by utilizing the interpolation on I',[x] as a bridge, we prove (3.46)
which is concerned with the L? projection on I}[x]. We distinguish the in-
terpolation operators on I[x] and I'[x*] by I, [x) and If, x+], respectively.
Corresponding to the nodal vectors ey, n = n* + e, and e,, we denote by €?,
nY and e the associated finite element functions on I',[x*], and by e}, n} and
el the associated functions on I7,[x]. The key ingredient is

Il"h[x](( nllz)n}L) - Il"h[x*]((eo : ng)nh)a

which allows us to apply the generalized norm equivalence (Remark 3.3) in
the following estimation,

IVr,x (( i nh)nh Pr, (e 3; ”fll)"h]) | L2 (1, [x))

<NV g (e - )15, = Iy (e - ni) i) 22 (r, 1)
+Ch | I, 1 (e - 1)) — (ei'ni)nille(rh[x])

< C||V e (€9 - nf)ng — I, e (€9 - )y )||L2(Fh[x "

+Ch™ 1HIph [x*] ((€2-nd)nd) — (€2 - nf nhHLQ(Fh[x*]). (3.49)
Then (3.46) can be proved as follows:

lev — P (x, n)eVHA(X)
= IVrpa(es = PrpgPres)ll 2 (. x)
1 1 1 1
<NV, (ey = Prey)ll2 (i x)) + IV, i) (Prey = Pry s Preg) L2, x)»

where the first term can be estimated by the norm equivalence in Remark 3.3,
ie.,

IV 1 (€0 = Preg)llzac,ix) = 1V, (€ - )0 | 215, )
< ClIVr,pey (e - mi)n) L2y )

< Clley - nplla (ruixe)

[ [lw .o (1 x)

< C (€9 npllar rpeyy + €9 €l (e
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and the second term can be estimated by (3.49) and (A.5), i.e

IV 1 (Prey = Pr,pg Preg) | 22 Fh[x])
= V. ((en - np)ni — Prypa (e ”fll)"h)) 221 %))
< OV (€ - np)nd — I, e (€5 - n)mi, )HL?(Fh[x*])
+ Ch™ I, ey (€5 - mp)ny) — (en - nhHL2(Fh[x*])
< Chlledll mr (rnx))- (3.50)
Therefore, we obtain
lev — Pr(x,n)ey[[a(x)
<C (||€2 “nhllE e + ||eg||H1(Fh[X*])(”engWl’oo(Fh[X*]) + h)) :

This proves the last result of Lemma 3.5. O

3.5 Stability estimates

In this section, we present stability estimates for the error system (3.10). The
stability estimates for the equations of ex and e, in (3.10) have already been
established in [40, inequality (7.33) and p. 824], i.e., under the assumption
that

HexHWl’oo(Fh[x*]) S h(k_l)/Qa (3513)
lewllw oo xe]) < h<k71)/27 (3.51b)
lewllzos (mx+]) < pkF1/2, (3.51¢)

hold for ¢ € [0,¢.], the solutions of (3.10a) and (3.10d) satisfy the following
estimates for ¢ € [0, t,]:

t t
lex(®liceeoy < € [ vy s+ C [ (o)l 45, (352

t
2 2 2
lew® e < € [ (low (ke + len(s)ercay) d
t
+C [ lex(s) ety 95+ € llex(®lfcne o
t

+C llea(0)lixe o) +C [ duls)llRgeee s ds- (3.53)

(x*(0)) 0 (x*(5))
Remark 8.4 Equation (3.10d) and the equation considered in [40] have only

minor difference (i.e., the error from a low-order term vy, - Vp, (xjun), which
does not affect the stability estimate.
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The stability estimates for the equations of e, and e, in (3.10b)—(3.10c)
are the main results of this subsection, which are presented in Theorem 3.2.

Theorem 3.2 Suppose that k > 2 and (3.51) holds. Then there exists a con-
stant hg > 0 such that for h < hg the solutions of (3.10b)—(3.10c) satisfy the
following estimates:
levllk(xe)
< C(llexllace) + lleullkey + ldviimee) + [1dvlloxs + ldellvee)), (3.54)
e v
< C(lleallmpey +h 7 lexllage) + A7 levllage) + lldellvee))- (3.55)
Proof Since k > 2 and (3.51) holds, it follows that
||n2HW1,oo(ph’[x*]) S C and ||H}?Hw1oo(ph[x*]) S C, (356)
and
llenllzoe (o) < BV (3.57)
By applying Lemma 3.4 to the finite element function e, € Sy, [x*]? associated
with ey, we have
leviikxey < C (llevliace + llew  nhll2(r, ) - (3.58)

In the following, we present estimates for [le, - 1} |12 (1, x+]) and [|ev]|ax+)
separately. The latter requires us to obtain estimates for |le, - n} || z1(m, [x])
and ||ey || v(ce)-

(a) Estimation of |le, - nj,||L2(p, x+))- Testing (3.10b) by P,(x*,n*)e, and
using the relation

B(x*,n")e, - P, (x*,n")e,

:/ (e0 - 13) Pripeey (e - 17)

Iy [x*]

:/ |%mW+/ e0 -1 (Pry ey (€ 1) — € 1),
Fh[x*] Fh[x*]

we obtain
Wwﬁﬁmmm=ﬁ[fw%@m%—ﬂmﬂwwm
h[X*
+ (M(x*) — M(x))H - P, (x*,n")e,
+ (B(x",n") —B(x,n))v-P,(x",n")e,
—M(x")en - P,(x*,n")e,
—M(x")dy - P,(x*,n%)e,
=:J1+Jo+Jd3+ 4+ Js5. (359)
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The first term in (3.59) can be estimated by the Cauchy-Schwarz inequality
and (3.47), i.e.,

Ji < CR?|lew - |l L2 (r o)) llev ke xo) -

Since HH]?HWl,w(ph[x*]) is bounded, as shown in (3.56), the second term in
(3.59) can be estimated directly using (3.25), i.e.,

JQ S CHexHA(x*)||Pn(x*,n*)ev||M(x*).

The third term in (3.59) can be decomposed into two terms through v =
v* + ey and then estimated by using (3.30) and (3.33) with o = (k — 1)/2,
respectively, i.e.,

J3 = (B(x",n") —B(x,n))(v* +ey) - P, (x",n%)e,
< C(llenllmxe) + lexlaxe) + ¥ 2 ey [lnree)) 1P (X7, 07 ey v -
(3.60)
Substituting the following estimate into (3.59)—(3.60),
[P, (x*,n")ey|lmx+) = |1 Pr,x+(€v - 25) | L2(rux=)) < llew - [l 22, x#))
we obtain
lew nallee(r, ) < Cllleullme) + llexllaee) + ldvlime))
+ C(h* D2 ey M) + B2llev]kex))- (3.61)

By substituting (3.61) into (3.58), we find that the two terms h*~1/2||e, ||ng(x)+
h?|ley ||k (x+) can be absorbed by the left-hand side of (3.58). Therefore, we ob-
tain

levlike) < C(llevllamx + leullme) + llexllac + ldvlimx)).  (3.62)

(b) Estimation of |le, - n}|| i1 (r, (x+])- In order to obtain an H'-seminorm
estimate for e, - n};, we test (3.11) by P, (x*,n*)e,. By using the relation

D(x*,n")ey - P,(x*,n")e,

= / Vr,xe1(ew 1) - Vi, e Py xe) (€0 - 1)
[‘;L[x*]

— [ npeen P
[‘h[x*]

+\/F b th[x*](ev . n;kl) . th[x*](PFh[x*](eq, . nZ) — €y TLZ),
n|x*
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we obtain
IV 1 ey (€0 - ”Z)H%%m[x*])
:/F [ ] th’[x*](ev . n;;) . vfh[x*] (ev . ’I’LZ — PFh[x*}(erU . ’n;))
h[x*
+ (D(X*7 Il*) - D(X7 l’l))V : Pn(X*7 n*)ev
+ (A(x") — A(x))H - Py, (x",n%)ey
+ (p(xa n, V) - p(x*a n*a V*)) : Pn<x*7 n*)ev
—A(x")eng - P,(x",n")e,
— M(x*)dy - P,,(x*,n")e,
= J7+ 5+ I35+ + JE+ Jg. (3.63)
The first term in (3.63) can be estimated directly by applying (3.46), i.e.,
51 < Chllew e

The second term in (3.63) can be decomposed into two terms through v =
v* + e, and then estimated by using (3.31) and (3.34) with o = (k — 1)/2,
respectively, i.e.,

1951 < C (lenlloer + llexllace) + 2oy ke llevlioe:

Since ||Hp||w.0(r, x+]) is bounded, the third term in (3.63) can be estimated
by using (3.26), i.e.,

|J5] < CHeXHA(x*)HeVHK(x*)-
The fourth term in (3.63) can be estimated by applying (3.32), i.e.,
[Ji] < C(hllevllk ) + hllenllk o) + [lexlaee) [Pn(x", n)ev || A
< C(hllevllkx+) + hllenllkx=) + llex/lac))llevlkee)-
The last two terms in (3.63) can be estimated directly, i.e.,
|51+ 151 < Clllenllac) + lldv lev i)

Then, substituting the estimates of |J5|, |J3|, |J5], |5, |J&| and |Jg| into
(3.63), we obtain

*7x*)

IV 1,1+ (€0 - ”Z)||2L2(rh[x*])
< C(Hex”A(x*) + ||euHK(x*) + Hdv”*,x*)”ev”K(x*) + Ch§||ev||%{(x*)
B ~ 1
< O H(llexllae) + lleullkeery + l[dvllex-)? + (e + Ch2) ey [l ke, (3.64)

where € € (0,1) can be arbitrary. This can be combined with (3.61) to yield
an estimate for the full H! norm:

lew - il perpy < C€ M llexllager) + el + 1y lnaee) + l[dyllse)?
+ (e+Ch?) ey, (3.65)
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where € € (0,1) can be arbitrary.

(c) Estimation of |lex||mx+)- Testing (3.10c) with the nodal vector e, n =

Pr, x+1(exny;) and using the relation,

B(x*,n") e, exn = / exny, - Pr, x+(exny)
Fh[x*]
= [ demiPr [ i (Prpe(enni) — ean),
Fh[x*] Fh[x*]

we obtain

lewnt |2, ey = /F (o) (eani, = P e euni)
nx*

+ B(x*n")" —B(x,n) )k - exn
+ (A(x") = A(x))v - exn
—A(x")ey - exn
—M(x")dk - €xn
= JF+ I+ I+ I+ I (3.66)

From (3.5) and (2.14) we know that

12 = 1 oo ey = (00 — n=) - (nj, + n_e)”Loo(Fh,[x*])

= Cll(ny" = n)ll Lo ran (g + 1) | L (rey) < Ch2.
(3.67)

In above, n~¢ denotes the normal extension of n from I to I},[x*], which can
be regarded as the inverse of the lift from I';[x*] to I'. Thus, by choosing hg
sufficiently small, |n}|? has positive lower bound in L> (I} [x*]) independent of
h. Then ||ex|[n(x+) is equivalent to |lexny ||z2(p, x+])- By using estimate (A.1)
in Appendix with an additional inverse inequality, we have

TE < llewnillcarperpllexns, — Prope) (exni) | L2 ()
< llexny ||z, e Chllexl )

< Chllexni |2 )
By using (3.30) and (3.33), we obtain

J¥ =(B(x*,n*) — B(x,n))exn - (K* + €x)

=¢ (”e“”wx*) + llexllax) + h(kfl)/z\lenllwx*)) llewnh L2 (r, )
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Similarly as the proof of Lemma 3.5, for the nodal vector e, n = Pr,[x=](exn}, )

we have

llewnlla )

Vx4 Py e (€sm) | L2 (1, x0)
< IV xe(enny, = P x=1(exni) L2(m o)) + 1V r 1 (exmi) | 22 (0 (x#))
< Chllex

< Ch™Mex|lm@xr) (inverse inequality)

[k e Ik lwroo (1, 1)) + Cllewllg e [Inh lweo (1, )

< Ch™lewni |l L2 (r, ixe)-
Then, by using (3.26)—(3.27) and the inequality above, we obtain
T = (A(X") = AR))(v" +ev) - enn
< C (llexllape) + 52y ape ) llennllace)
< Ch7" (Jlexllage) + R 2lleyllaper) ) llewni iz rypeen-
The last two terms in (3.66) can be estimated as follows:

TP+ JF < Clev]axllexmllace) + Clldelnvee)llewnll v
S Ch_lHQVHA(x*)

exnp L2 ) + Clldillmee) llesns |z (r, xe))-
Substituting the estimates of Jfk, Jf, Jf, Jf and J5# into (3.66), we obtain
||@f~:”;§||2L2(rh[x*])

< C (lenllmxsy +h Hlexllax) + 2 evlax) llexnillzcrx)

+ Ch2? |lecl v llexnh |l L2 x+)) + Cllde lIvaee) ey | 2 (1, x#) -

Since [lex|nx) ~ llexn || L2 (1, (x+)), for sufficiently small A the term

1 *
h2 |lexlimecllesnill L2, )

on the right-hand side of the above inequality can be absorbed by the left-hand
side. Therefore, the following inequality holds:

e lner)
< Cllleallmexr) +h ™ lexllage) + 27 levllaee) + ldelmee))- (3.68)

(d) Estimation of ||ey| a(x+). We reformulate (3.10c) as

B(x,n) e, + A(x)e, = (B(x*,n")" —B(x,n) " )x*
+ (AKX — AX)V" - M(x")d,
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and test the above equation by P (x,n)e, = Pr, [y Pfez, where e} is the finite
element function on I [x] with nodal vector e,. Then we obtain

||ev||2A(x) = A(x)ey - (ey — Pr(x,n)ey)
—B(x,n) e, - P.(x,n)e,
+ (B(x*,n")T —B(x,n)")k* - P,(x,n)e,
+(AX") —AX)v"-P.(x,n)ey
—M(x")dy - P, (x,n)ey
= J+J5+J5+Ji+ J5. (3.69)
By using (3.46), (3.30) and (3.26), we have

JP < levllam)lley — Pr(x,n)ey||ax)

< Cllevlae) (lew - il peep) + h? levll ey ) (3.70)
I3 < C (llenllmeer) + llexllace)) llevime) (3.71)
Ji < Cllex|lawllevikxe), (3.72)
J§ < Clldelmee llevlivee)- (3.73)

Since Prel is approximately perpendicular to ny, we decompose J3 into the
following two parts:

Jy = / exny - (Prel — Pr, i Prey) — / etn; - Prel. (3.74)
Ty [x] In[x]

The first term in (3.74) can be estimated by using the generalized norm equiv-
alence as in (3.49) and the superconvegence property, i.e.,

[ cnk (Peel - PPl
Fh [X]

<lewnallz2 (i) 1 Pres = Pry s Preg ||z (1, )

< Cllesn |l 2(r I (ew - n)np — I, ey (€0 - ni)ni |22 (1))
< CR?|lexnpll 2 lleoll i (ru )

< Oh?|lex v llev Ik -

The second term in (3.74) can be estimated as follows:

—/ etny - Prel

Thlx]

— [ ke - 1)
Iy [x]

< Cllexndllrz(rx))

lewll 2 (e a1 = LlLeo (1 )

leull L2 (r, ey |70 1 = 1l oo (1, o)
lewllL2(r, 1) (CR + [len(nh, + 1) | Lo (1 7))
eVHM(x*)v (375)

< Cllexnpllp2(r, x+))

< COllexnillzz(r ey
< Ch"®|lexllmex)
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where the last two inequalities in (3.75) use (3.67) and (3.57). The two esti-
mates above imply that

Jy < Chl'SHeRHM(x*)||eV||K(X*)
< C(h"?|leullmxsy + hllexllaxe)) llevlik e
+ C(h*%|lev]lax) + hPlldwlime))lev]k i) (3.76)

where the last inequality follows from (3.68).
Substituting (3.70)—(3.76) into (3.69) and using (3.65), we obtain

||ev||i.(x*)
< Cllevla

< Cllew  ni |l (r ey levllace) + Ch2 llev]F ey

+ C(lleallnexe + lexllace) + lldelneey)levllx o)
< O(e? + e 2% ey [k e

+ 0 ([leulli i) + llexllape) + ldvlinmeer) + 1yl + [ldilnaee))?
< O(e? + e 2h)leylf3 o)

_3 1
+ 02 ([leullke) + llexlace) + lldvlivee) + lldvlloxs + lldilmee))?,

where the last inequality uses (3.62). By first choosing a sufficiently small
constant € and then choosing sufficiently small hy compared to €, the term
Clez + e’%h%)HevHi(x*) can be absorbed by the left-hand side of the above
inequality. Therefore, we obtain

llevliaxe < Cllleullkx) + llexllac) + ldviiveey + lldv[l«x + HdKHI\EI(x*);-
3.77

Then substituting (3.77) into (3.62) yields the desired result of Theorem 3.2.
O

3.6 Estimates for the defects (consistency errors)

The following estimates for the geometric perturbation errors were proved
in [39, Lemma 5.6] and will be used in estimating the consistency errors, i.e.,

[dvlinmeenys dvlser and [|de|nagse)-

Lemma 3.6 Under the assumptions of Theorem 2.1, there exists a positive
constant hg > 0 such that for h < hg the following estimates hold for all
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Wh, P € Sh[x*]:

/ WhPh —/ wﬁ%@i
Ty [x*] I[Xx]

/ YV x]Wh * VI, [x*]9h — / Vrxwh - Vrx)eh
Ty [x*] x|

< ChF M |wy |l 2 i 105l L2 crixy

< CRF Y rixqwh | 2 (rixep |V e @ 2 crpx -

Remark 3.5 In fact, Lemma 3.6 holds for any wy, ¢, € H(I,[x*]). Utilizing

(wp, - np)* = wf - nt, the results of Lemma 3.6 can also be generalized to the

products of three functions:

[ wnmen = [l nf)e
Ty [x] rx]

< Ch* M wp, - nllp2rpxe l19h 1 p2 (rpx)s (3.78)

and

/ Ve (W mn) - Vi )90 — / Vrixy(wh, - ny) - Viix) @
Ty [x*] I'x]

< OV pixy(wh, - n) |z rixp IV rixgh |l 2 (o) (3.79)
with wy, ny € Sp[x*]? and ¢p, € Sp[x*].

The upper bounds for the consistency errors are presented in the following
lemma and proved by using Lemma 3.6 and (3.78)—(3.79).

Lemma 3.7 Under the assumptions of Theorem 2.1, there exist positive con-
stants hg > 0 and C > 0 such that for h < hy and t € [0,T] the defects in
(3.10b)—(3.10c) are bounded by

vl s = ol ety < CP Ny llnery = Nl e

HduHM(x*) = ||duHL2([‘h[x*]) < Ch*,

p < ChF,
HdnHM(x*) = ||d’{HL2([‘h[x*]) < Ch*,
where the constant C' is independent of h and t € [0,T).

Proof Subtracting the following equation (satisfied by the exact solution) from
(3.12),

0= Vrx(ven) - Viexxs + VrxH - Virxxe
rix] rxj
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we obtain
/ dyxn = / V1 e (0 15 - Ve X (3.80)
Iy [x*] Th[x*]
- Vrx(v-n) - VixXe
rix]
+ / Vr,x 1 Hy - Vi, x)Xe — VrixH - V)X
I [x*] rixj

_ \/1:‘ - Vl—'h[x*][?);: . TLZ — PF;L[X*](U;: . n;;)] . VF}L[X*]XK,'

By using the geometric perturbation errors in Lemma 3.6 and error estimate
for the Ritz projection in (3.3), we obtain

/ Vi Hp - Vi e Xe — Ve H - Virxxs
Ip[x*] Iix]j

< (Cthrl + |V g (HE — H)HL2(F[X])) IV rpepxell e rix)
< CR™|V rigXEll acrx)-

The first term on the right-hand side of (3.80) can be estimated similarly
by using (3.79). The last term on the right-hand side of (3.80) can be esti-
mated by following the technique of (A.12) and using boundedness of the Ritz
projections ||v’;LHW:oo and Hn;‘LHW:oo, see (3.4). Then we obtain

/ (Z)XK,
Fh[x*]

[dy]4.x- < CR".

< Ch* x|l o (r ) -

This proves that

Similarly, subtracting the following equation (satisfied by the exact solu-
tion) from (3.6),

/ (v-n)fo/ Hx/, =0,
rix) rix)

and then using Lemma 3.6 and (3.78), we have

/ dy Xk
Fh[x*]

:/ <v;:'n;;>xﬁ—/ (v'n)xf;Jr/ H;:xﬁ—/ Y
Tafx*] rix) T fx*] rix|

< (Cth + oty — v n oy + 1HE - H||L2(r[x])) IXEl E2(rpx))

< CR¥|IXE N L2 (rpx) -
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This proves that
Idy [Imex) < ChE.

Similarly, subtracting the following equation (satisfied by the exact solu-
tion) from (3.7),

/ KX +/ Vrxv - Vexgx, =0,
rx] rix)

we obtain

/ dﬁxv:/ m;;n;;-xv—/ T
Th[x*] Th[x*] rixj

+/ V51V Vi, x )Xo */ Vv Ve
Ty [x*] x|

Since v is the Ritz projection of v defined in (3.2), the last line of the above

equality equals
—/ v;-xv—k/ vexh. (3.81)
Ty [x*] rix]

This removes the gradient in the consistency error associated to d,. Therefore,
we obtain

[di vy < CRF.

The estimate for ||dy|mx+) is the same as that given in [10, Section 8]. The
proof of Lemma 3.7 is complete. O

3.7 Error estimates
If x(0), n(0) and H(0) are obtained from interpolation or other approximation
satisfying (2.3), then the following estimates hold at ¢ = 0 for sufficiently small

h (as a result of the inverse inequality):

1, 1)

llex|lwi.oo (rxe]) < 3 , (3.82a)
1 4
llewllw oo xe)) < ih(k D7z, (3.82b)
1
lealseqrpery < 5h*HD72 (3.820)

With the finite element discretization in space, (2.2) is essentially an ordi-
nary differential equation (ODE) which has a unique solution locally in time.
If the solution exists and satisfying (3.82) for ¢ € [0,¢.), then the solution
remains bounded as ¢t — ¢, in view of (3.82). As a result, the solution exists
and satisfying (3.82) for ¢ € [0, t.]. We denote by t. € [0,T] the maximal value
such that the solution exists and satisfying (3.82) for ¢ € [0, t.].

If t,. =T then we set § = 0.
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If t. < T then, by the local existence of solutions to ODEs, the solution
continues to exist and satisfying the following estimates in a bigger interval

[0,t. + 4]

Hem HWI’OO(F}L[X*]) < h(kfl)/Q7

Heu||W1v°°(Fh,[x*]) < h(k_l)/27
lewll oo (rpx+]) < pk+D/2,

for some number § > 0 which may depend on h.

In both cases, the stability estimate in Theorem 3.2 and (3.52)—(3.53) hold
for t € [0, t. + ¢]. By substituting (3.54) into (3.52) + €x(3.53), we obtain the
following result for ¢ € [0,t. + 4]

t
Hex(t)“i(x*(t)) te ||eu(t)||§((x*(t)) < C/o (Hex(s)”i((x*) + ||eU(S)H?((x*) )ds
t
0 [ (106 ey + 1 (9) s

t
e / (1 () g + da(5) 21 )l

+ Ce [lex(t) s 1)) + C leu(0) e (o) -
(3.83)

By choosing a sufficiently small constant €, the term Ce Hex(t)||§<(x*(t)) can be
absorbed by the left-hand side. Then we can apply the Gronwall’s inequality
and use the consistency error bounds in Lemma 3.7. This yields the following
error bound:

llex ()i e (1)) + lea(®llicxeey) < CR® - for ¢ € [0, + 6. (3.84)
Substituting this result into (3.54), we also obtain
lev ()l se- (1)) < CR* for ¢ € [0, 1. + 4. (3.85)

Since the two dimensional closed surface I'(t) is compact, it is direct to
prove the Sobolev embedding in the borderline case, i.e, H*(I'(t)) C LP(I'(t))
for 2 < p < oo, by following the technique of partition of unity in [36, Theorem
3.5] and [51, Chapter V]. By using the norm equivalence of lift (2.14) and the
dependence of Sobolev constant on p analyzed in [52, Lemma 6.4], we obtain

lewllzo ey < Clleb ey < CPY2Nel N m ey < CY2(lewllm (r )

for all 2 < p < oo, where C is a constant independent of p. Combining the
inverse inequality as in [52, Lemma 6.4], and choosing p = log(1/h), we obtain

llewll oo xe)) < Ch*z/pH@uHLp(rh[x*]) < Cff?/ppl/z||€uHH1(rh[x*})
< C (log(1/h))""? [lewllk ey < C (log(1/h))"* h¥.



39

Thus, there exists a positive constant kg (independent of ¢, and ) such that for
h < hg the above error estimates imply that (3.82) holds for ¢ € [0, t.+4]. Since
t. € [0,T] is the maximal number such that (3.82) holds for t € [0, t.], it follows
that t, = T when h < hg. Therefore, the error bounds in (3.84)—(3.85) hold
for all ¢ € [0, T]. This can be combined with the error estimates for the Ritz
projection and the interpolation (see Theorem 3.1 and [23, Proposition 2.7])
to yield the desired results in Theorem 2.1. O

4 Proof of Theorem 2.2

Theorem 2.2 can be proved similarly as Theorem 2.1 by combining the sta-
bility results in Theorem 3.2 and [41]. For simplicity, we present the stability
estimates under the assumption that the errors in L> and W' norms are
sufficiently small. This can be made rigorous by using the arguments in Section
3.7 with similar assumptions as (3.82).

The error equations for the modified evolving surface FEM in (2.12) can
be written into the following matrix-vector form:

€éx = ey, (4.1a)
B(x*,n%)e, = (B(x*,n") — B(x,n))v
+M(x")ey — (M(x") — M(x))V — M(x")dy,

(4.1b)
B(x*,n*) e, + A(x*)e, = (B(x*,n*)" —B(x,n)" )k
+ (A(x") — A(x))v — M(x")d, (4.1c)
M(x)éy — A(x)ew = — (M(x) — M(x*))u* + (A(x) — A(x*))w*

x(0)) ew(0), (4.1e)

where (4.1d)—(4.1e) are taken from [11, equation (5.16)] with an additional
dependence of fV on velocity, and &y (0) = w*(0)—w(0). Note that w* denotes
the vector which consists of the values of the exact solution w = (V,2)" at
the nodes, whereas w* is constructed in [41] as a Ritz projection of w.

The following stability estimate for (4.1d)—(4.1e) was proved in [11, §5.4,
Part (A.3)]. The additional dependence of f" on velocity brings no essential
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difference.

et e ) + lew Dl oy
t
<€ [ (loxllcwe o + llewl) e b

t
0 [ (lealo) e + llew(s) e (o )
(4.2)
‘ 2 K 2
e () a0y + 1w ()12 e ) s
+ Cllex(t) ey + Ol 0o
£ C(llea(0) oy + llese 0) sy + 12 (0) ).

t
€ [ (1u(5) e + 10(5) 1 e ) s

The stability estimate for (4.1a) is the same as (3.52), i.e.,

t t
2 2 2
lex (D) < C [ llev(®)lkpey ds +C [ llex(s)lk ey ds- (4.3)
0 0
The stability estimates for (4.1b)—(4.1¢) are given by

leviikey < Clllex|lax) + lleullkx) + llewllkx+))

+ C(lldvlIneery + lldy e + lldellnaee): (4.4)
lexllmes) < Cllleullmee) + llewlli e

+ C(h_IHeXHA(X*) + h_1||eV||A(X*) + ”dMHM(X*))7 (4.5)

which can be obtained through replacing ||eu||k(x+) by [|€ullkx*) + lew [k x*)
in the stability estimates proved in (3.54)—(3.55).
The stability estimate for the whole system in (4.1) can be obtained by
substituting (4.4) into (4.3) + ex(4.2), which yields
2
llex (D)l e 17y + €lea(®) e ) + €llew ()1 1))

t
< C/o (”ex(s)”%{(x*(s)) + llew(s) & s)) + ||eW(S)||%((x*(s))>ds
t
0 [ (109 Bager oy + 1) B e )
t
+C [ (Idwl e + 18w I o)

t
0 [ (10 Rt 1900 B e+ e e o) 0
+ Cellex(t) &1y + Clldu®I 1)
+ O(lew(0) ey + lew(O)es) + 0w (0)2 o). (46)
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By choosing a sufficiently small constant €, the term Ce Hex(t)||§<(x*(t)) can be
absorbed by the left-hand side. Then we can apply the Gronwall’s inequality
and use the consistency estimates, which can be established in the usual way,
similarly as in [41]. This yields the following error bound:

llex (t) [l (1)) + leu@lxees 1)) + lew ) ke 1) < Ch*.
Substituting this result into (4.4), we also obtain
||eV(t)||K(x*(t)) < Ch*.

This can be combined with the error estimates for the Ritz projection and the
interpolation (see Theorem 3.1 and [23, Proposition 2.7]) to yield the desired
results in Theorem 2.2. O

5 Numerical examples

In this section, we present numerical results to illustrate the convergence of the
proposed method as proved in Theorems 2.1 and 2.2, as well as the performance
of the proposed velocity for improving the mesh quality in simulation of several
different curvature flows. All the numerical experiments are performed by using
the open-source finite element software NGSolve; see [50].

5.1 Convergence tests of mean curvature flow

We consider the evolution of closed self-shrinkers under mean curvature flow
(see [21]), with the following type of flow map:

X(p,t) =v1—-tX(p,0) for pe Iy, (5.1)

for which the exact solution of the velocity equations (1.9b)—(1.9¢) can be
written down explicitly. In fact, as a self-shrinker under mean curvature flow,
the normal component of the shrinking velocity (which can be obtained by
differentiating (5.1) in time)

1 id I'(t) (5.2)

vy = — id on .

2(1—t)
coincides with the velocity of the surface under mean curvature flow. Mean-
while, by applying the Laplace—Beltrami operator to the shrinking velocity
above, we have

1 . 1 .
Apayvs = mHn on I'(t), with k= mH in (1.9¢).

As a result, the shrinking velocity v is exactly the proposed velocity deter-
mined by (1.9b)—(1.9¢).
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We consider two examples of such self-shrinkers with flow map as in (5.1),
i.e., the self-shrinking sphere S? and self-shrinking Angenent’s torus T'2; see [1].
Both surfaces can be parametrized by

F(s,0,t) = V1 —t(p(s)cos(0), p(s)sin(), z(s)). (5.3)

The profile curve of the self-shrinking sphere S? is given by p(s)? + 2(s)? = 4,
where s is the arc-length parameter. The profile curve of the Angenent’s torus
T? can be solved from the following equations (by the shooting method):

p'(s) =sina(s), 2'(s) = cosal(s), (5.4a)
1
a(s) = (p(s) - p(;)) cosa(s) + @ sin a(s), (5.4b)
p(0) = po.  2(0)=0, a(0)=0, (5.4c)
where pg is a parameter to be determined to make the solution a closed curve,
see [24, (5.2)]. Since T? is a rotational hypersurface, its mean curvature can
be analytically expressed as
1 1
HoF(s,0,t) = Wi (p(s) cosa(s) — z(s)sina(s)) = 50 7t)F- (noF),
which implies that
1
H=——id- I't). .
2(1—t)1 n on I'(t) (5.5)
Moreover,
no F(s,0,t) =noF(s,0,0). (5.6)
— =0 t=06 - =09 — =0 t=06 - t=09

(A) Shrinking spheres (B) Shrinking Angenent’s torus

Fig. 1: Exact profile curves of the self-shrinkers at t = 0,0.6 and 0.9.
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The profile curves of the sphere and the Angenent Torus are presented in
Figure 1, which determine the surface through the parametrization in (5.3).

According to the exact position given in (5.1), the error of the numerically
computed flow map Xy (p,t) is given by (up to an interpolation error of the
initial surface)

eX(paT):Xh(p7T>7 VliTXh(p70)7 pEF}(L)

From the formulae of the exact velocity (5.2), mean curvature (5.5) and normal
vector field (5.6), it is easy to measure the errors of these geometrical quanti-
ties. The H'-norm errors of the numerical solution and the convergence rates
are presented in Figure 2 for finite elements of degree k = 1,2,3 at T' = 0.4.
The backward Euler method in (5.8) is used for temporal discretization, with
a sufficiently small stepsize so that the errors from temporal discretization can
be neglected in observing the convergence of spatial discretizations (when the
mesh size h is refined). From Figure 2 we can see that the proposed method
has kth-order convergence in the H' norm. The cases k = 2,3 are proved in

this article (similarly as [410,41]). The numerical results indicate that the result
still holds in the case k = 1, though it has not been proved yet. Rigorous proof
of the convergence of the method (as well as the methods in [40,41]) in the

case k = 1 is still challenging.

5.2 Convergence test of Willmore flow

We compute the convergence rate of the proposed method on Willmore flow by
using a stationary solution: a sphere with radius R = 2, over the time interval
T = [0, 1]. To compute the convergence rate, we generate a sequence of meshes
with mesh sizes hg = 0.4 and h,, =~ 2-1/2p,. 1. The backward Euler scheme
is used for time discretization, and the corresponding time steps are chosen as
to = 0.1 and t,,, = 27%/2t,,_; for evolving surface FEM of degree k in space
discretization.

The initial values for Hp(-,0), V4 (-,0), np(-,0) and zx(+,0) in (2.5) are set
by nodal interpolation of their exact expression in the case of a sphere. Then,
vp(+,0) and kp(-,0) are solved from (2.5b)-(2.5¢) after initializing Vj,(-,0) and
nh(~, 0)

The H'-norm errors between the numerical solution and the exact solu-
tion and their convergence rates are presented in Figure 3. When mesh size
decreases, the convergence rates of H'-norm errors match the theoretical or-
der O(h*) for k = 2,3. For k = 1, the first order convergence rate of H'-norm
errors can also be obtained in numerical experiment.

5.3 Performance in improving the mesh quality (for mean curvature flow)

We compare the performance of the proposed method (2.2) with the BGN
algorithm in [8] by considering the mean curvature flow of a two-dimensional
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10!

10°

O lexllmrs)
o |levllur
o |lenllux
- |lenllhr)
s 107! —0= llexlnsy
i —o— |levlnus?
T —o— |lenllns?
——|lenllmisy
-4- 0(h)
1072 e O(h?)
-+ o)
103
1074 10°° 10°¢

0.1 0.2 0.4 0.1 0.2 0.4 0.1 0.2 0.4
mesh size (h) mesh size (h) mesh size (h)

Fig. 2: The H! errors of geometrical quantities under the mean curvature flow
for scheme (2.2) with k =1,2,3 at T = 0.4.

surface with the following initial parameterization:

CoS
F(0,0) = [ (0.6cos? ¢+ 0.4)cosfsing |, 0€0,2r), ¢e0,x], (5.7)
(0.6 cos? p + 0.4) sin @ sin

which is a benchmark example proposed in [33]. It is known that the meth-
ods with tangential velocity to improve the mesh quality, including the BGN
algorithm in [7-9] and the method with DeTurck’s trick [33], can successfully
approximate the mean curvature flow with the initial parametrization (5.7),
which eventually evolves to a sphere. It is also known that the methods without
tangential velocity often fail to approximate this problem well, i.e., the mesh
becomes distorted and the nodes become clustered, which make the computa-
tion breakdown before the surface evolves to a sphere and necessitate a mesh
redistribution method, see [25, Example 4.4].

We present the numerical simulation in Figure 5 by the proposed method
in (2.2), or equivalently in (2.9), with a simple linearly implicit time-stepping
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10t 1072
10° 10734
10-! 10744
== llexllus?
—o= llevllnsy
s —o— llenlln sy
1072 107°4 —4— |lenllnsy
T -4- O(h)
-+- 0(h?)
-4- 0(h%)
1073 10-°
1074 10774
1075 108
0.1 0.2 0.4 0.1 0.2 0.4 0.1 0.2 0.4
mesh size (h) mesh size (h) mesh size (h)

Fig. 3: The H' errors of geometrical quantities for a sphere S? with R = 2
under the Willmore flow for scheme (2.5) with k =1,2,3 at T = 1.

method:
m+1l _ m
X X _ vt (5.8a)
Tm
B(x™,n™)v"tt = —M(x™)H™ !, (5.8b)
B(x™,n™) k™t + ABl(x™)vm T =0, (5.8¢)
um+1 —um
M[4] (Xm) + A[4] (Xm)um+1 = f(Xm, um7 Vm)7 (58d)

Tm

where the initial triangulation contains 2682 vertices and 5360 elements, and
the time step size is chosen as 7 = 0.05h2. Since the mean curvature and nor-
mal vector field are computed from the discretization (5.8d), the accumulated
errors during evolution may make the numerical curvature and normal devi-
ate from the geometrical quantities of the discrete surface. In another word,
the fundamental relation (1.1) that links position, mean curvature and normal
can be ruined. The incompatibility between the curvature and the position
may finally prevent the surface from shrinking to a sphere. To overcome the
drawback of the evolution equation during long time simulation, one solution
is to start with a better discrete surface approximation with small mesh size so
that the errors of the mean curvature, the normal and the position can be well



46

controlled. Another numerical remedy is to reset the mean curvature and the
normal according to the discrete position when the relative error between the
numerical curvature and the geometrical one in L? norm reaches a threshold.
In this experiment, once the relative error reaches 10%, we reset the data of H
and n according to the position of the discrete mesh. For polyhedral surface,
we reset the normal n}* at each vertex by the weighted normal introduced
in [8] and the mean curvature by solving

Hi'xu = [ Ve (np')xm, Vxa € Su[x].
r I

For high order discrete surface, we reset the normal and the mean curvature via
an L? projection of the geometrical mean curvature and normal of the curved
mesh. The re-initialization procedure only modifies the mean curvature and
the normal and leaves the discrete position unchanged so that it has little
influence in mesh quality. In this example, with a threshold of 10%, we need

to perform re-initialization 5 times at 1" = 0.086, 0.0904, 0.09086, 0.090975 and
0.090988.

BGN
10

8 fa ;

== In 1
6 1

-
e ey Sy ey Pt PPt Lt
T T T T T T T T T T
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10

Fig. 4: Mesh quality of the evolution of a 2-dimensional dumbbell surface (5.7)
under the mean curvature flow for the BGN method and (2.2). Re-initialization
procedure with a threshold (10%) is performed when using (2.2).

For comparison, we also present the numerical results computed by the
BGN algorithm in Figure 5. We see that the proposed method can successfully
approximate the surface until it evolves to a sphere with similar mesh quality
as the BGN algorithm. To measure mesh quality, we follow the treatment
in [8, P. 4926] and use the indices 7, and rj, to denote the ratio of the maximal
element area to the minimal area and the ratio of the maximal edge length to
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0 with area 6.310.

(A) T

VAVATA
TATAVAVAAY)

AAAANY
YAVAVAVAVAYAY

(C) T = 0.08 with area 0.7371.

(B) BGN at T'= 0.08 with area 0.7319.

XK

(E) T = 0.0909924 with area 1.379 x

10~5.

(D) BGN at T' = 0.0909924 with area

1.413 x 10~5.

the minimal one. The plot of mesh quality during evolution is demonstrated
x = [1+0.65sin(70)] cos b,

in Figure 4. It is clearly observed that the mesh quality is well preserved, even

around the singularity.
We consider the evolution of a “flower” shape curve under surface diffusion

5.4 Performance in improving the mesh quality (for surface diffusion of curve)
flow, with initial parametrization

with initial parametrization (5.7). The images are rescaled. Re-initialization

Fig. 5: Comparison of the proposed method (2.2) with the BGN method in [3]
procedure with a threshold (10%) is performed when using (2.2).
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prevent the nodes from clustering.
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We solve this problem by the proposed evolving surface FEM in (2.5) with
k = 2 for the system of equations in (1.11) with @ = 0, which is a reformulation
of surface diffusion flow; see [11]. The evolution equations (2.5¢)-(2.5f) are fully
discretized as follows:

H7rL+1 —_ g™
Zh Th oy — VF{L"V}:n+1'vF,:”XH

rm Tm rm
h h

- / (o Vo HIPFY— [TV xr =0,

m+1 m
n -n
h h +1
/ -xn—/Vr,;sz,T -Vimxn
Fm,
h
1 2 1
R T (AT — (A7)
1"7
h

—2 /F (AP o HI) - (Y e )

n
h

+ /pm IV Hy? Pt + (A7) Y rm HEY) - X

h

In this case, both the mean curvature and the normal vector of the initial curve
change rapidly at the concave corners, bringing great difficulty to accurately
compute Hj, and ny, via (2.5f)-(2.5g) for long time evolution. To resolve this
problem, we generate a fine initial mesh with 5040 nodes. A small mesh size
is crucial to obtaining accurate mean curvature and normal via the evolving
equations so that no re-initialization procedure is needed during evolution. As
for the initial data of H}, and ny, we use an L? projection of the corresponding
geometrical quantities of the discrete mesh by virtue of the curved element.
Moreover, we use variable time step (7 = 10737T; for t € [T};_1,T;] with T; = 10¢
and ¢ = —12,--- ,—4) to resolve the rapid smoothing process of H and n.
Afterwards, a uniform time step 7 = 107° is used for ¢ € [107%,8 x 1073].

The numerical simulation of the “flower” shape curve driven by surface
diffusion is presented in Figure 6 at 7 = 0,107°,1074,10~3 with local mag-
nification to show details of node distribution. The initial discrete curve has
smaller mesh size around the concave corners. As shown in the subplots (F),
(G), (H) in Figure 6, which are of the same scale, the nodes around the concave
corner become almost equidistributed at 7 = 10~3. For long time evolution,
the evolving curves at T' = 0.003,0.005,0.006 and 0.008 are presented in the
third row of Figure 6 to show the final stationary shape, which is a circle. The
mesh quality measured by the ratio of the longest edge length to the shortest
one is presented in the last plot of Figure 6. It demonstrates that the proposed
method can yield approximations with good mesh quality in this benchmark
problem, which in the case of no tangential velocity, will lead to clustering of
nodes and breakdown of computation.
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(A) T=0. (B) T =1075. (C) T=10"" (D) T =10"3.
\ ......
(E) T =0. (F) T =1075. (G) T=10"% (H) T =10"3.
(I) T = 0.003. (J) T = 0.005. (K) T = 0.006. (L) T = 0.008.
15
1 -—= Iy
i
10 4 I
1
1
1
544
\\ ______
! lé-4 0.001 O.C;OZ 0.604 0.006 0.008

Fig. 6: Evolution of the “flower” shape curve driven by surface diffusion. In
the first two rows, we present the evolving curves at 7 = 0,107°,10%, 1073,
and locally magnify the node distribution around the corner at § = 37/14
(see (5.9)). The last picture shows that the mesh quality rp, is well preserved
during evolution.

5.5 Performance in improving the mesh quality (for Willmore flow of surface)

We consider the evolution of a “cell” shape surface under Willmore flow, see
also [9,41]. In this experiment, the initial hypersurface is parameterized by

2 cos pcos b o
F(0,9) := 2 cospsinf , #e€l0,2m), @€ [—5, 5} ,
(1 —0.7(cos? p — 1)?) sin

which is generated by rotating a profile curve in x-z plane around z-axis. In
Figure 7(A), we present the initial profile curve and the rotational surface
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Fig. 7: Evolution of the “cell” shape surface driven by Willmore flow. We show
the evolving surfaces and their profile curves in x-z plane at T'= 0, 0.3, 1, 1.5.
In the last plot, we present the mesh quality measured by r, and 7, during
evolution.

which has 3008 elements and 1506 vertices. In this experiment, we use the
evolving surface FEM with k = 2 in space and a uniform time step 7 = 1073.
The initial data of Hy, np, Vi, and z;, are set by interpolating the analytic
expressions according to the initial parameterization.

In Figure 7, we show four screenshots of the evolving surface and their
profile curves at T = 0,0.3,1,1.5. It is observed that at T" = 1, the surface
almost becomes a sphere and stays stationary afterwards. The last plot in
Figure 7 demonstrates the preservation of mesh quality during evolution.

6 Conclusion

In this article, we have introduced an artificial tangential velocity, which is
constructed by considering a limiting situation in the BGN method [7-9], into
the KLL formulations of mean curvature flow and Willmore flow [410,411]. We
have proved optimal-order H'-norm convergence of the proposed method with
finite elements of degree k > 2 for both mean curvature flow and Willmore
flow. The numerical tests show that the proposed evolving surface FEM with
finite elements of degree k > 1 has kth-order convergence. The rigorous proof
for the case k = 1 still remains open. The numerical simulations in this article
show that the proposed method performs well and improves the mesh quality
for some benchmark examples.
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Appendix: L? projection of products of finite element functions

In this appendix, we prove the following results for any two finite element
functions wy, we € Sp[x*].

Lemma A

H’LU1UJ2 — PFh[x*] (w1w2)||L2(Fh,[x*])

< Ch2|Jwr || g (1, jx llw2 lwee (1 (x)) (A1)

IV 1, (x# (wiwe — P, e (wiw2)) || 22 (1 1+

S Chle HHl(F;L[x*]) |w2HW1,(x>(I“h[x*]). (A2)

Inequalities (A.1)-(A.2) imply that the L? projection of a product wjws
(of finite element functions) approximates itself with some kind of supercon-
vergence. These results are known for finite element functions on the Euclidean
space, but need to be proved for surface finite elements. These estimates can
also be extended to product of three functions by a similar proof, e.g.,

[V 1y ey (wiwaws — Pry, e (w1w2ws)) | 1 e
S Ch”wl||H1(ph[x*])Hw2||W1,oe(ph[x*])ng‘lwl,oo(ph[x*}). (A3)

Remark A.1 From the following proof we see that the L? projection in (A.1)-
(A.2) can be changed to interpolation, i.e.,

lwiws — I, =1 (W1w2) || L2 (1, (x*])

|wallyw.00 (1, 1x#]) 5 (A.4)

< Ch?[Jws |l g, xo)

IV 5, ) (wiwz — I, ey (wiw2)) [ L2 (1, (30

< Chllwi || g1 (1, o)) lwal[wee (0, 1x#)) - (A.5)

Proof (Proof of Lemma A) We take the piecewise linear interpolated surface
Il = I} [x*] as a bridge to transform the classical results on Euclidean space to
the high-order piecewise polynomial surfaces F,f = I'[x*] of degree k. To this
end, we recall the following construction of the piecewise polynomial surface
I ,f of degree k as well as the isoparametric finite element space on I ,f; see [23].

As discussed in Section 2.4, we assume that h is sufficiently small so that
there exists a lift mapping a : I} — I' along the normal direction of I'. Let
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Sk(IL) be the finite element space of degree k on the piecewise linear surface
I} Then I'} is defined as ax(I}) where ay, is the finite element interpolation
of a in SF(I'})3. The push forward by ay, defines a lift from I} to I'f, denoted
by a superscript £j. For any function ¢ on I}l we can define its lift o' as a
function on I }’f satisfying the relation ¢ o ap = ¢. The isoparametric finite
element spaces on I’} is defined through the lift, i.e.,

Sp(TF) = Sp(IH* = {v e HY(I}) :voay € SF(I}H)}. (A.6)
The following norm equivalence results induced by ¢ are shown in [23]: For
w e Wl’p(F,’f) and 1 < p < oo,
—1
Co HwHLp(F;j) = ||w Oak”Lp(Fg) < COHWHLP(F,’;')’ (A7)

Cl_l||VF}’waLp(F;:) < va}i(woak)HLp(Fﬁ) < CleF,'waLp(F}’f)' (A.8)

For a curved triangle T of the piecewise polynomial surface F}’f, we adopt
the standard notation for the Sobolev space W#P(T) of functions possessing
up to kth-order tangential derivatives in LP(T), as defined in [31, Definition
2.11]. Let T be the corresponding flat triangle on I} such that T = ax(T).
Then the following results hold (see [23, (2.20)]):

199 woan)liory < C; 3 IVfwlpuzy for 1<k (A9)

1<m<j
The finite element interpolation I : C(I'F) — Si(IF) is defined as
f,’iw = (Iﬁ(w o ak))ék,

where IF : C(I}) — Sp(I}) is the piecewise polynomial interpolation of degree
k on the piecewise flat triangular surface I} interpolating I". This implies that

w— IFw = (woak—l,’f(woak))ek. (A.10)
Therefore, for the L? projection Ppsx : HY(TF) — Sip(IF), we obtain the
following estimates for wy, wo € Sh(f’,’f):
[wiwg — P (wiws)|[ 2 (rpy
< JJwrws — I (wiws) || L2 ey
< Cll(wiws) o ag — I ((wiws) o ar) | p2(rp)

S C’hk+1|(w1w2) o ak‘lerl
h

()
k+1
k+1 1 k+1—1
<cpt Y Zvaﬁ(“’lo”’“)‘Lzm qu (wgoak)HLoo(T) (A.11)
TeTh i=0
k
k+1 7 k4+1—1
<Ch T; ;HVF&(wloak)’B(T) H bt (wgoak)HLoo(T) (A.12)
=

< Ch2||w1”Hl(l‘}’f)HwQHWl,w(F}’f)v (A.13)
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where (A.12) utilizes the property that w; o ax and ws o ay are polynomials of
degree k, i.e.,
V?hfl(wl oay) = V’li:{l(wg oag) =0,

and (A.13) uses the inverse inequality and the norm equivalence relations in
(A.8). The transformation from curved triangles to flat triangles in the above
argument is essential.

The tangential gradient of the L? projection error can also be transformed
to the piecewise flat surface I} as follows:

IV (w = Prrw)|2cry

< |Vpp(w = f}]fw)HL%F,’j) + IV (Iyw - Priw)|| g2 rpry
< IV g (w = Iyw) | 2y + Ch™ | Iyw — Pryw| gk
< |Vpe(w = I}]fw)HL%F,’j) +Ch | Ijw — W[ L2 ()

<C|Vpr(woa, — IF(wo ar))ll2ryy + ChYwoay —If(wo ak)|lL2(rp-

Then, by repeating the arguments in the proof of (A.13), we obtain (A.2). O
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