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Abstract The weak maximum principle of finite element methods for parabolic equa-
tions is proved for both semi-discretization in space and fully discrete methods with
k-step backward differentiation formulae for £k = 1,...,6, on a two-dimensional gen-
eral polygonal domain or a three-dimensional convex polyhedral domain. The semi-
discrete result is established via a dyadic decomposition argument and local energy
estimates in which the nonsmoothness of the domain can be handled. The fully dis-
crete result for multistep backward differentiation formulae is proved by utilizing
the solution representation via the discrete Laplace transform and the resolvent es-
timates, which are inspired by the analysis of convolutional quadrature for parabolic
and fractional-order partial differential equations.

Keywords Parabolic equation, finite element method, weak maximum principle,
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1 Introduction

Maximum principle serves as a fundamental mathematical tool for the study of elliptic
and parabolic partial differential equations (PDEs). The discrete counterpart of max-
imum principle associated to finite element methods (FEMs) has a well-established
history of research and remains an active field. However, unlike its continuous counter-
part, the discrete maximum principle is not an inherent property and is significantly
influenced by the triangulation of the physical domain [32, §5].

In two dimensions, the applicability of the discrete maximum principle for elliptic
equations is primarily confined to piecewise linear elements, as quadratic elements
necessitate uniform equilateral triangulation [11]. The scenario becomes more intri-
cate in three dimensions [2, 14, 15, 34]. Particularly, it becomes challenging to assure
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the discrete maximum principle for even piecewise linear elements. Nonetheless, a
large number of applications do not require a strong discrete maximum principle.
Schatz demonstrated in [26] that a weak maximum principle (also known as the
Agmon-Miranda principle) is applicable to a broad spectrum of finite elements on
general quasi-uniform triangulation in any two-dimensional polygonal domains. This
weak maximum principle has recently been extended to three-dimensional convex
polyhedral domains [19] and the Neumann problem in two-dimensional polygonal do-
mains [18,23]. The situation for parabolic equations is more complex, depending not
only on space discretization but also on time discretization.

This paper focuses on the weak maximum principle of semi-discrete and fully
discrete FEMs for the following parabolic equation:

Ou—Au=0 in (0,00) x {2,
u=g on [0,00) x 912, (1.1)
uly=0 = u(0) in 2.
Specifically, we are interested in determining whether the semi-discrete and fully dis-
crete finite element solutions of (1.1) are uniformly bounded by constant multiples of
9/l (82) and [[u(0)[[ Lo (02)-

The discrete maximum principle of fully discrete FEMs for parabolic equations was
initially addressed by Fujii in [7], demonstrating that the backward Euler method may
satisfy a maximum principle for specific families of acute triangulations. However, his
results require a lower bound for the time step size, and therefore do not imply the
discrete maximum principle for the semi-discrete FEM (which would necessitate the
step size tending to zero). In [31], it was established that without the application
of the mass lumping method, the strong discrete maximum principle for the semi-
discrete FEM does not hold, even for acute triangulation, thereby making the mass
lumping method a necessary requirement. These results were extended to more general
conditions as well as more general single-step time-stepping methods (again, with
a lower bound for the step size) and numerically illustrated in [3]. To the best of
our knowledge, the weak discrete maximum principle of the semi-discrete FEM for
parabolic equations has not been addressed, a gap this paper aims to fill.

The weak maximum principle of the semi-discrete FEM with respect to the initial
value is equivalent to the uniform boundedness of the finite element heat semigroup
in L*°(§2). The latter was proved in [27] for smooth domains by assuming that the
partition of the domain contains curved simplices which fit the geometry of the bound-
ary exactly. The extension to nonsmooth polygonal and polyhedral domains, thus a
standard triangulation with flat simplices can fit the boundary exactly, introduces
more technical challenges where the elliptic regularity theory and finite element error
estimates degenerate. A comprehensive solution to these issues, which emerge due to
the domain’s nonsmoothness, was presented in a recent paper [21]. However, the weak
maximum principle of the semi-discrete FEM with respect to the boundary value g re-
mains unaddressed, and this issue can’t be transformed into the uniform boundedness
of the semigroup in L°°(£2). This is proved in the current paper by the representation
formula via discrete Laplace transform, discrete resolvent estimates on the contour
and the consistency of discrete and continuous Laplace transform together with the
elliptic weak maximum principle developed in [19].

Regarding time discretizations, the maximal LPLY regularity for multistep BDF
and Runge-Kutta time-stepping methods, with 1 < p,q¢ < oo, was shown in [16]
and [22] for semi-discretization in time and fully discrete FEMs, respectively. The
authors utilized the R-boundedness concept to reduce maximal L? L4 regularity to set
inclusion [17, Theorem 1.11], which is further characterized by the concept of A(a)-



stability. In addition to BDF, the discontinuous Galerkin time-stepping method was
studied in [20], and the #-scheme was considered in [13]. These findings are closely tied
to the weak maximum principle of time discretizations with respect to the initial value.
However, the weak maximum principle of time discretizations with respect to the
boundary value has not been addressed. This question is answered affirmatively in the
current paper for k-step BDF methods with £ = 1,...,6. The analysis was particularly
challenging due to the existence of boundary data g, the domain’s nonsmoothness,
and the lack of A-stability for k-step BDF with 3 < k < 6. The two main points of
analysis in this paper are:

e The weak maximum principle of the semi-discrete FEM requires proving the fol-
lowing estimate:

I Th = I'l[1(0,00521 (Dn)) < s (1.2)
where Dp, = {z € 2 : dist(z,082) < h}, I' and I}, are the parabolic Green’s
functions with respect to the regularized delta function 0 (see [30, Lemma 2.2])
and the discrete delta function &5 (to be defined in Section 3.3), respectively.
This error estimate is not straightforward due to the lack of an approximation
property for the initial value I7,(0) — I'(0) = 6, — & = (P, — 1)é in the error
equation (where Pj, denotes the L? orthogonal projection onto the finite element
space), as the initial value b is only bounded by a universal constant C' in the
(very weak) L! norm. The standard nonsmooth data error estimate [29, Chapter
3] and the negative norm error estimate [29, Chapter 5] are both hindered in the
case of a nonsmooth domain. Note that the error estimate (1.2) is applicable when
the underlying domain is sufficiently smooth [27, Proposition 3.2]. However, for a
nonconvex polygon, the argument of [27, Proposition 3.2] is no longer valid due
to the degeneracy of the consistency error and the finite element error estimates.
The solution is to leverage the local Holder’s inequality, the smoothing property of
the discrete heat semigroup, and the lower bound o > %, where « is the indicator
of the domain’s smoothness [21, Lemma 4.2]. The lower bound 3 is sharp in our
proof in the sense that our proof does not work if o < %

e Weak maximum principle of time discretizations is accomplished by studying the
representation formula of u} in terms of the generating functions @(¢) = > 7, uf,
which may alternatively be understood as the discrete Laplace transform or z-
transform of the fully discrete finite element solution. For the representation of
uj, o the second part of the fully discrete solution readers are referred to equations
(5.17), (5.32), and (5.33).

However, it is crucial to note that a direct application of the L norm to the
representation formula of u} introduces a logarithmic factor. This factor emerges
from the summation process, which is a consequence of the discrete convolution

as in convolutional quadrature [25], [12, Chapter 3]:

|T/7]

Z % zlogg. (1.3)
j=1
In order to eliminate this logarithmic factor, a comparison is conducted between
the representation formulas of the discrete and continuous Laplace transforms,
as outlined in equation (5.34). This comparison necessitates the development of
consistency between these two types of Laplace transform.
We draw attention to a central correspondence relation concerning the boundary
data, as stated in Lemma 5.4:

e—TZ+eTZ_2
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Here, gn(¢) signifies the generating function (the discrete Laplace transform or
z-transform) of gy, while g, (z) represents the continuous Laplace transform of
gn(t). The latter transform corresponds to the piecewise linear reconstruction of
the nodal values g;'. The removal of the logarithmic factor is exactly accomplished
by utilizing this consistency, which improves (1.3) to the following result:

oo

> % <. (1.4)

=17
Furthermore, it should be noted that BDF-k is not A-stable for 3 < k < 6. This
instability necessitates the adherence to the BDF-1 symbol within the resolvent
operator, i.e., (1=<= — Aj,)~!. Consequently, to eliminate the logarithmic factor
for BDF-k, consistency of the solution maps associated with BDF-1 and BDF-k
is required, as outlined in Lemma 5.5.

The rest of this article is organized as follow. In Section 2 we state the two main
theorems regarding the weak maximum principle of semi-discrete and fully discrete
FEMs for parabolic equations. In Section 4, we introduce the notation and establish
the weak discrete maximum principle of the semi-discrete FEM. In Section 5, we prove
the fully discrete weak maximum principle of fully discrete FEMs with multistep BDF
time-stepping methods. Finally, in the conclusion section, we briefly discuss the exten-
sion to discontinuous Galerkin time-stepping methods with possibly highly variable
time step sizes, as well as the limitation of current approach and the possibility to
address it based on novel approaches developed recently.

2 The main results

Let Sp, 0 < h < hg, be a family of Lagrange finite element subspaces of H!(2)
consisting of all piecewise polynomials of degree r > 1 subject to a quasi-uniform
triangulation of a polygonal/polyhedral domain §2. We denote by S}, the subspace of
Sp with zero boundary conditions, and denote by Ij, : C(£2) — S;, the Lagrangian
interpolation operator onto .Sp,.
The semi-discrete FEM (FEM) for (1.1) is to find uj, € C1([0,00); Sy) satisfying
the following weak formulation:
(Byun (t), vn) + (Vun(t), Vor) =0 Yo, € Sp, Vit e (0,00),
up(t) = gn(t) on 052, Vit e [0,00) (2.1)
up (0) = ul) in £,
where uj, = Iu(0) € Sy(£2) and gj, € S;,(842) is the Lagrangian interpolation of g on
the boundary 9f2. If § is any extension of g from C(9f2) to C({2), then g5 = I;,§ on
012.
The first main result of this article is the following theorem.

Theorem 2.1 (Weak maximum principle of semi-discrete FEM) If {2 is a
polygon (possibly nonconvex) in R? or a convex polyhedron in R3, then the solution
of the semi-discrete FEM in (2.1) satisfies the following weak mazimum principle for
r>1inR? and r > 2 in R3:

[un | Lo 0,00 (2)) < Cllug |l (@) + ClignllLoe 0.7:L% (92
where C' is a constant independent of h and T



We denote by 6;,7 =0, ..., k, the coefﬁcients of the generating polynomial of the
BDF-k method (see [12, equation (3.5)]), i.

5(¢) = 211— J—Zac,

J
Jj=1

and use the notation §,(¢) = 7716(¢), where 7 denotes the step size of time dis-
cretization. The BDF-k method is know to be A(6y)-stable, i.e., the set {z € C\{0} :
|arg(z)| < 0} is contained in the stability region of the method (see [33, p. 251]),
where 6 = 90°, 90°, 86.03°, 73.35°, 51.84°, 17.84° for k = 1,2, 3,4, 5, 6, respectively.

For the BDF-k method, we assume that the starting values v}, n = 0,....,k — 1,
are given or computed from some other time-stepping methods (such as the Taylor
expansion method or the Runge-Kutta method).

Given any final time T' > (k — 1)7, we set N = |T/7]. For n =k, ..., N, the fully
discrete FEM with BDF-k time-stepping method seeks uj € S, such that

( Z(S’U,h vh)+(VuZ,Vvh):0 Vvheéh, n==k,...,N, ( )
2.2

up = gp on 912, n=k,...,N,

where g = I;g(t,) € Sp(012).
The second main result of this article is the following theorem.

Theorem 2.2 (Weak maximum principle of fully discrete FEM) If 2 is a
polygon (possibly nonconvex) in R? or a convex polyhedron in R3, then the fully dis-
crete solution given by (2.2) satisfies the following weak mazimum principle for r > 1
in R? and r > 2 in R3:

@y <C Mlime) +C .
Jax [luflle ) < € max fufllre o) + 0 max |lgill<oa),

where C is a constant independent of T, h and N.

Remark 2.1 From the proof of Theorems 2.1 and 2.2 in the following sections we can
see that, for a convex polyhedron in R? and finite elements of degree » = 1, the semi-
discrete and fully discrete FEMs satisfies the following weak maximum principle with
an additional logarithmic factor, i.e.,

1wl Loe0,7;000(2)) < CI(2+ 1/R)||gnllLe< 0. 1:L (802)); (2.3)
phax, [uklle (o) < C’Ogmax [upllre(0) + Cn(2+ 1/h) Ay 197 | 2= (852)-
(2.4)

3 Notation, finite element discretization, and regularized Green’s function
3.1 Function spaces and notation

We use the conventional notations of Sobolev spaces W4(£2), s > 0 and 1 < ¢ <
oo, with abbreviations L9 = W%4(Q2), W4 = W9(§2) and H® := W*2(§2). The
notation H~*(f2) denotes the dual space of H({2). The latter is defined as the closure
of C§°(£2) in H*(£2).

For any given W#%4-valued function f : (0,7) — W*?, we can define the following
Bochner norm:

Hf”L”(O,T;Wqu) = ||||f(')||W3*qHLp(Q7T)7 v1i< P,q <00, s € R. (31)



For any subdomain D C {2, we define

1 llwsa(p) = ﬂiﬂff I fllwes2), Y1<g<oo, seR, (3:2)
e

where the infimum extends over all possible f defined on {2 such that f = f in D.
Similarly, for any subdomain Q@ C Q = (0,1) x 2, we define

I fllLrweacq) :== f|mff I fllrrweay, ¥1<pg<oo, seR, (3.3)
o

where the infimum extends over all possible f defined on Q such that f = f in Q.
We adopt the following notations for the L? inner products on {2 and the space-
time L? inner products on Qr = (0,7) x 2:

T
(0, ) ::/ng(x)go(x)dx, [u, v] ::/0 /Qu(t,x)v(t,x)dxdt. (3.4)

Moreover, we denote w(t) = w(t,-) for any function w defined on Qr. The nota-
tion lg<¢<7 will denote the characteristic function of the time interval (0,7, i.e.
lo<t<r(t) = 1if ¢ € (0,T) while locter(t) =0 if ¢t & (0, 7).

3.2 Properties of the finite element spaces

For any subdomain D C {2, we denote by S (D) the space of functions of Sy, restricted
to the domain D, and denote by S}OL(D) the subspace of Sy, (D) consisting of functions
which equal zero outside D. For any given subset D C {2, we denote Dy = {x € 2 :
dist(z, D) < d} for d > 0.

On a quasi-uniform triangulation of the domain (2, there exist positive constants
K and k such that the triangulation and the corresponding finite element space S
possess the following properties (K and k are independent of the subset D and h).

(P1) Quasi-uniformity:
For all triangles (or tetrahedron) 7/* in the partition, the diameter h; of 7;* and
the radius p; of its inscribed ball satisfy

K 'h<p <h <Kh.

(P2) Inverse inequality:
If D is a union of elements in the partition, then
Ixllwew(py < Kh™UR=EA a0yl by, Y x € S,
for0<k<i<land1l<q¢g<p<co.

(P3) Local approximation and superapproximation:
There exists an operator I, : Hi(£2) — Sj, with the following properties:

(1) For v € H**(2) N HL(£2) the following estimate holds:
llv = Invl| 2 + AV (v = I0)|| 2 < KR o]l gira Va € [0,1],

(2) If d > 2h then the value of Iyv in D depends only on the value of v in Dg. If
d > 2h and supp(v) C D, then Iyv € S} (Dy).

(3) If d > 2h, w = 0 outside D and |9°w| < Cd~1P! for all multi-index 3, then
U € Sp(Da) = In(wibn) € SH(Da),
llwib, — In(wipn) |22 + hllwon — In(won) [ < Khd™[vn]|2(p,)-
(4) If d > 2h and w = 1 on Dy, then Ij,(wy) = ¢, on D.



The properties (P1)-(P3) hold for any quasi-uniform triangulation with the stan-
dard finite element spaces consisting of globally continuous piecewise polynomials of
degree > 1 (cf. [28, Appendix]). Property (P3)-(1) and the definition (3.2) imply
the following local estimate for a € [0,1] and v € H**(D4) N H} (£2):

[v = Iyl L2y + hllv = Il py < KR [o]|ieny)- (3.5)

_In addition to I, we will also need the orthogonal L* projection Py: L*(§2) —
Sp(£2) and Ritz-Projection Ry, : H}(§2) — Si(£2), which are defined by

(Prv,x)e = (v, X) e, Vx € gh(Q),
(VRpv, V)2 = (Vv, VX)ae, Vx € Sh(£2).

For v € H* () N H(2) with a € [0, 1], the following global estimate follows from
choosing D = {2 in (3.5):

lv — PhUHLz(Q) + hllv— Ph'U”Hl(D) < Kh1+o‘||v||H1+a(Q). (3.6)

Using (3.5) and a duality argument, we also have the following global estimate for
the Ritz projection:

Hv — RhUHLz(Q) + hQH’U - RhUHHl(Q) < Kh2a||UHH1+a(Q). (37)

3.3 Green’s functions

For any zg € Tlh (where Tlh is a triangle or a tetrahedron in the triangulation of (2),
there exists a function d0,, € C3(£2) with support in 7/* such that

X($0) = / ngod-ra VX € §h7
2

and
000 llwie < KR™TAA=YP) for 1 <p<oo, 1=0,1,2,3, d>1, (3.8)
sup/ |0, (2)|dz + sup/ |0, (2)|dy < C. (3.9
yeNR J N ze2J N

The construction of d,, can be found in [30, Lemma 2.2].

Let 6., denote the Dirac Delta function centered at xo. In other words, the fol-
lowing relation holds:

| ey = olan) Vi€ C@).
Then the discrete Delta function
5h73;0 = Phéxo = Phgaco
decays exponentially away from zq (cf. [30, Lemma 2.3]):
160,20 ()] = | Prdag ()] < Kh—e™ "7 Va9 € 0. (3.10)
Let G(t,xz,z0) denote the Green’s function of the parabolic equation, i.e. G =
G(-,-,xo) is the solution of
8tG(-, y (E()) — AG(, . ,CL’()) =0in (O,T} X Q,
G(--,20) =0 on (0,7T] x 042, (3.11)
G(O, ',.1‘0) = (510 in (2.

The Green’s function G(t, x, y) is symmetric with respect to « and y. It has an analytic
extension to the right half-plane, satisfying the following Gaussian estimate (cf. [6,




Lemma 2] and [5, Theorem 3.4.8]):

y|2

_ ==
IG(z,2,y)| < Cylz| 2 CalT, Vze Xy, Va,ye R, VOe(0,7/2), (3.12)
where the constant Cy depends only on 8. Then Cauchy’s integral formula says that
k! G(z,z,y)
Gt = —ied 3.13
PGtz 9) 2mi /Zﬂ_; (z — t)k+1 % (3.13)
which further yields the following Gaussian pointwise estimate for the time derivatives
of Green’s function (cf. [6, Corollary 5] and [8, Appendix B with oo = 5 = 0]):

C _le—=ol?
k S, VameeR, V>0, k=0,1,2... (3.14)

|0FG(t,z,20)| < rda® )

Let I' = I'(-,-, o) be the regularized Green’s function of the parabolic equation,
defined by
WhI(-,-,x0) — A'(+,-,29) =01in (0,T] x £2,
I'(,-,20) =0 on (0,7T] x 042, (3.15)
F(Oa 'axo) = 5360 in '(27
and let I, = I (-, o) be the finite element approximation of I', defined by
(O I (ty -, 20),vn) + (VIL(t, -, 20), Vop) =0, Vo, € gh, te (0,7),
Fh(oa ) .’Eo) = 6h,a:0~

The regularized Green’s function can be expressed in terms of the Green’s function
as follows:

(3.16)

[(t,,70) = /Q Gty 2)52, (y)dy — /Q Gt 2y (y)dy.  (3.17)

From the expression in (3.17) one can easily derive that the regularized Green’s func-
tion I' also satisfies the Gaussian pointwise estimate for k > 0:

C _|z—xg|?
tlc-rig/ze Tyt , Va,z9 € 02, Vt >0 for max(|z — x0],Vt) > 2h.

(3.18)

|8fF(t, x,x0)| <

4 Weak maximum principle of semi-discrete FEM

Since the problem is linear, the first part of the result, i.e., |[upl Lo (0,7;0(2)) <
Cllul | Lo=(02), follows from the pointwise stability of the semi-group established in [21].
To establish the second part of the result, i.e., [[un|r=(0,7:15(0)) < ClludllLe(2) +
Cllgn|lLe= (0, 1;. (92)), We will use the technique based on the dyadic decomposition
and local energy estimates.

4.1 Dyadic decomposition of the domain @ = (0,1) x {2

In the proof of Theorem 2.1, we need to partition the domain Q = 27 with T' =1, i.e.
Q = (0,1) x £, into subdomains, and present estimates of the finite element solutions
in each subdomain. The following dyadic decomposition of Q was introduced in [27].
For any integer j, we define d; = 277. For a given xg € {2, we let J; =1, Jp =0
and J, be an integer satisfying 2=7« = C,h with C, > 16 to be determined later. If
h <1/(4C,), (4.1)
then

2 < J, =logy[1/(C.h)] < logy(2 +1/h). (4.2)



Let
Q. (x0) = {(x,t) € 2p : max(|z — x|, t*/?) < dy. },
Ro(zg) ={x e R:|x—xo| <dj.}.
We define
Q;(x0) = {(,t) € Qp : dj < max(|z — xo|,t'/?) < 2d;} for j > 1,
Qi(xo) ={z € 2:d; < |z — x| <2d;} for j > 1,
Dj(zo) ={z € 2: |z —xo| < 2d,} for j > 1,
and

Qo(zo) \( J 1 Qg 900) U Q. (o)),

olx0) n\( 0) U 2,(z0).
For j < 0, we simply define Q;(zo) = Q] (mo) = (b. For all integer j > 0, we define
25(z0) = 2j-1(20) U 2(20) U 2j11(z0),  Qj(w0) = Qj-1(z0) U Qj(w0) U Qj11(x0),
27 (z0) = 2j_2(w0) U 2;(20) U 2j12(z0),  QF (v0) = Qj—2(20) U Q}(x0) U Qj+2(x0),
Di(x0) = Dj_1(x0) U Dj(xo), DY (x0) = Dj_2(x0) U D) (o).

Then we have

J J
2r =) Qj(x0) UQu(zo) and 2= 2;(z0) U (o). (4.3)
j=0 j=0

We refer to Q. (o) as the "innermost" set. We shall write >, ; when the innermost
set is included and E when it is not. When z is fixed, if there is no ambiguity, we
simply write Q; = Qg(xo) Q) = Qj(x0), QF = Qf(w0), 2; = 2(w0), 125 = £2(x0)
and 27 = 027 (xo).

We shall use the notations

oo = ([ 3 10 dx) Cble= () X |a%|2dxdt) )
la| <k @ |al<k
for any subdomains D C 2 and @ C (0,1) x §2. Throughout this paper, we denote
by C a generic positive constant that is independent of h, zy and C, (until Cy is
determined in Section 4.4). To simplify the notations, we also denote d, = d, .

4.2 Technical lemmas

Let §2 be a polygon in R? or a polyhedron in R? (possibly nonconvex), and let So'h,
0 < h < hg, be a family of finite element subspaces of Hg({2) consisting of piecewise
polynomials of degree r > 1 subject to a quasi-uniform triangulation of the domain
£2 (with mesh size h).

The first two of the following three technical lemmas were proved in [21, Lemma
4.1, Lemma 4.4] for general polyhedron that may be nonconvex. In the case {2 is a
convex polyhedron, o can be slightly bigger than 1. We include this slightly different
result for the convex case and omit the proof, which is almost the same as the proof
for general polyhedra except some minor difference.

Lemma 4.1 There exist o € (2, 2] and C' > 0, independent of h and xq, such that the
Green’s function G defined in (3.11) and the regularized Green’s function I' defined
in (3.15) satisfy the following estimates:

—d—a+d/2 —d—a
d. atd/ ||F(',',$O)“L°°(Qj(wo))+dj4 |||VF(771’

; 0l L2 (@, (2o))
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+ d;4|||F(., : x0)|||L2H1+a(Qj(IO)) + dj—2|||8t1“(-, ° x0)|||L2H1+a(Qj(zo))
—d/2—4—
10Ty 20l 2 1m0 oy < Cy 2747, (4.5)

d/2—1—a

(4.6)

||G(7 ~7I0)||L00H1+a(uk§ij(m0)) + d?”@fG(, '7x0)||LooH1+a(Uk§ij(x0)) < Cd]_

In the case d =2, a € (3,1]. In the case d = 3 and £2 is convez, a € (1,2].

In the rest of this paper, we denote by a a number depending on which case we
are working on, i.e., a € (%, 1] in the case d = 2, and « € (1, 2] in the case d = 3 and
{2 is convex.

Lemma 4.2 The functions I'n(t,z,x0), I'(t,z,x0) and F(t,x,20) := In(t, z,x0) —
I'(t,xz,x0) satisfy

S(UP : (10 (t, -, x0) || L1 (2) + LD (t, -, 20) | 22 (2)) < C, (4.7)
tc (0,00

S(U.p : (HF(t, -,Jio)HLl(Q) + tHatF(t, -,l‘o)”Ll(Q)) <C, (4.8)
te (0,00
10:F (-, -, 20) | L1 ((0,00)x 2) + 1E0 F (-, -, 20) || 1 ((0,00) x 2) < C, (4.9)
10,0 (t, -, x0)|| 1 < Ce™ 20!, Vi > 1, (4.10)

where the constants C' and Ao are independent of h.

Lemma 4.3 The following results hold:
LAIL@ 22 o0imr+e @)y + 10 222 00s 140 (2)) < C-
2. (—=An) " (Sh(2), ] - llr ) = (Sh(92), || - ll2(22)) s continuous.
1
3NV = D)lro,1520 () < Chz.
Proof To show the first result, we recall the estimate in [21, p. 27] which can be proved
by the standard energy method. Here we additionally allow ¢ > % instead of t > 1
in [21, p. 27]:
1000t w0) 132 + 19 D0t s 20)[3 + 104D (Es - 0) [22 + 94 Lt - o) |2
< Ce Mo(t=1)
Therefore from elliptic regularity theory, we get the following boundedness results
IO ey < CIAT W a3 oerzs) = CIAL Ol 123 00r12) < C:
10O vy < CIAAT W) 123 4y = CIOUT (Bl 2(3 rowizy < C-

1
To prove the second one, for any given fj € S‘h(ﬁ), we define uj, = (—A,) "L fn
and u € H}(£2) to be the solution of the elliptic equation
—Au = fh~

By the definition we have the relation u;, = Rpu. Ford = 2,3, fixp = 2* = % whose
Holder conjugate is p’ = 2% and we apply the Sobolev embedding W1? — L2,
the stability of Ritz projection Ry (see [19, equation (2.5)]), the elliptic regularity
theory on corner domain (see [4, Theorem 3.2, Corollary 3.10, Corollary 3.12]) and

the embedding W' s oo successively to derive
I(=21) " fullez = lunllzz < Cllunllwis < Cllullwis < Cllfullw-10 < Cllfallzr-
For the third result, we modify the quantity K in the proof of [21, Lemma 4.4] to be

1+d/2 —-1/2, —
K= d 2 (a7 PR Pl g, + N0 Fllg, + dillnFlly g, + llouFllg, )
J
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and then the same proof will show I < C. Sketch of the proof: The lowest powers of h
in the consistency part in the proof of [21, Lemma 4.4] are h® (see [21, equation (5.14)
and (5.15)]) and h'+t2=9/2 (see [21, equation (5.32)]). Therefore if we multiply h~=1/2
in the front, we get h~1/2te 4 p1/2+e=d/2 < O For the stability part, as [21, equation
(5.32)], we will get an additional power of h=1/2p1+e = p1/2+e in front of I 2l , and
an additional power of A% in front of || F[, ,, (note that according to the definition

of K, there already exists h~'/? in front of IFl, o, on the left hand side). Such
additional positive powers of h ensure the stability of K. a

4.3 Reduction of the problem

To simplify the notation, we relax the dependence of the Green’s functions on g
and denote

I (t) = Ii(t, -, x0), I'(t)y=T1(t,-,x9) and F(t)=Tp(t)—T(t).
If uy, is the finite element solution of
(Qun,vr) + (Vup,Vop) =0 Vo, € So’h, for ¢t € (0,77,
up = gn on [0,T] x 912, (4.11)
up(0) =0 in £,
then substituting vy, = I'h(s — t), with 0 < t < s < T, and integrating the result for
t € (0,s) yield

up(s,zp) = — /05 {(uh, WIn(s—1t))+ (Vup, VIn(s—1t))|dt

_ /0 [(uh = wp, 0:Th(s = 1)) + (V(up — wp), V(s — t))}dt, (4.12)

which holds for all w;, € L?(0,T; ,So’h), where the last inequality is a consequence of
(3.16). Let wy, € Sy, be the finite element function which equals wy, at interior nodes
and equals 0 on 0f2. Then

w(sa) == [ (@ 0Tn(s — 1) + (Van VI - )]ar, (4.13)

where gy, is the finite element solution which equals g, on 02 and equals zero at the
interior nodes of 2. Let Dy = {z € 2 : dist(z,942) < h}. Then

up(s,zp) = — /0S {(gh,ﬁtfh(s — t))D;L + (Vgn, V(s — t))D,L}dt. (4.14)

Let @ be the solution of the PDE problem

ot — Au=0 for te (0,7,

U= gp on [0,T] x 012, (4.15)

@(0) =0 in 0.
By the maximum principle of parabolic PDEs (see [1, Theorem 6.2.6] and [24, Chapter
I1]), we have

[l Lo 0,7:L) < [lgnllLos (0,152 (892))- (4.16)

Testing the first equation of (4.15) by I'(s —t) and integrating the result for ¢ € (0, s),
we obtain

(ii(5,), 62y) = /0 (@07 (s = ) + (Y&, VT(s — 1)) at
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_ —/ (1~ w.0,0(s — 1)) + (V(@ —w). VI(s — )]t (417)
0
which holds for all w € L%(0,T; H}(£2)). By choosing w = @ — g, we obtain

(U(8,°); 0zy) = — /O [(éh, oI (s—1t)+ (Vgn, VI (s — t))} dt
= - /O [(ﬁh, I (s —1))p, + (Vgn, VI (s — t))Dh}dt. (4.18)
Subtracting (4.18) from (4.14), we obtain

un(s,20) = (a(s, ), 04y) — /OS (Gh, OrTh(s —t) — 0L (s — t))tht

- /05 (Vgn, V(In(s —t) — I'(s — t)))D dt. (4.19)

h

From (4.9) we know that

/ / |0:Th(s —t) — O I (s — t)|dadt < C,
0o Jo
which implies that

fun (s, 0)]
< i) oo 1820 122 + C il =02 + \ / (Vin, V(In(s — ) = D(s — 1)), dt

< Cllgnl L= (0,52 (@2)) + [Gnll Lo (0,525 (2) ChH IV Fll L1 ()

<Cllgnll L (0,551 @2)) (L + B IV F | L1(ps)), (4.20)
where Dj = (0, s) x Dy, If the following estimate can be proved:
RV E | 110,00y x D1y < C (4.21)

then substituting (4.21) into (4.20) immediately yields

[un(s; 20)| < CllgnllLe=(0,5:L(02))- (4.22)
Since s and xg can be arbitrary, this proves the desired result of Theorem 2.1.
It remains to prove (4.21).

4.4 Proof of (4.21)

We need to use the following local energy error estimate for finite element solutions
of parabolic equations, which was proved in [21, Lemma 5.1].

Lemma 4.4 Suppose that ¢ € L2(0,T; HE (2))NH(0,T; L2(£2)) and ¢, € H'(0,T; Sy,)
satisfy the equation

(at((b - ¢h)7 X) + (V((b - ¢h)7 VX) = 07 vX € gha a.e.t> Oa (423)
with $(0) = 0 in 2. Then
19:(6 — on)ll, + 5 M6 — énll o,
< Ce(Ii(@n(0) + X;(Ing — ) +d; % llé — dnllg )

By
+ [C<d.> + 6*} (9e(¢ = en)ll g, + d; Ml — onllq): (4.24)

J
where €, = e+ € 1/C. and

1(60(0)) = 68 ()10 + 5 6Ol
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Xi(Ing = ¢) = djll0:(Ind = D)1 o, + 10:(Ind = D)l
a7 = 0l g + 4520 — gy
The positive constant C is independent of h, j and Cy; the norms |-|l,.o. and ||l o
are defined in (4.4).

In the rest of this section, we apply Lemma 4.4 to estimate h_1||VF||L1((O,oo)><Dh)-
The estimation consists of two parts: The first part concerns estimates for ¢ € (0, 1),
and the second part concerns estimates for ¢ > 1, which is a consequence of the
smoothing property of parabolic equations.

Part I. First, we present estimates in the domain @ = (0, 1) x 2 with the restric-
tion h < 1/(4C,); see (4.1). In this case, the basic energy estimate gives

10Tl 200y + 19 Tl 20y < CUTO) e + 1 Tu(O) 1) < Ch=4/2, (4.25)
1Pl 22(0) + Tl e 220y < CUT Oz + I Th(O)]]z2) < Ch=2, (4.26)
IV l2(0) + IV Thll (o) < CULO) 122 + [ T0(0)]12) < Ch=2, (4.27)
10 llz2(0) + 10Tl 2oy < CUATO) s + | AnT(0)12) < Ch=3~%2, (4.28)

IVOL | 2(0) + IV Tull2(0) < CUIAL(0)]|z2 + | A0 L3 (0)[2) < Ch™27/2,

(4.29)
where we have used (3.8) and (3.10) to estimate I'(0) and I, (0), respectively. Hence,
we have
0. T |||Fh|HQ* < Cd*”FHLooLz(Q*) + Cd*HFhHLOQL?(Q*) < Cd*h_d/Q < CC*hl_d/Q.

(4.30)

Since the volume of @Q; is C’d?“d, we can decompose
10:Fll L1 (pr) + 1806 F || 1oy + B HIVE L1 (o)
in the following way:
10:F | 111y + 1t F ll 1oy + R HIVE | i o)
<0F v q.npry + 110w F || 1 (@ DTy + h71||VF||L1(Q*ﬂD{)
+ Z (10:Fll 1@ npry + 1t Fll Lr(@,npry +h IVl (@,n0r))
j

d—1 1
<CdiE hE(H‘atFMQ*ﬂDT + dZ [0 F|

@.npr THIFN . pr)
1441 2
+ ZCd 12 (10:Fllg,mpr + 43100 Fllg,mpr + B I1F I g,qpz)

<colF 1, (4.31)
where we have used (4.25), (4.27) and (4.28) to estimate

d—1
od. 7 3 ()16, 210k
and introduced the notation
1+ _
#:=% (3) &7 PN, + 10PN, + 4110l o, + 0P,

(4.32)

N . Apr )

It remains to estimate .. To this end, we set “¢p, = I, ¢ = I', ¢1(0) :~Ph5x0
and ¢(0) = 6,,” and “¢p = Iy, ¢ = O I, Pn(0) = ApPrd,, and ¢(0) = Ad,,” in
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Lemma 4.4, respectively. Then we obtain
i 1 F g, + 10:Fllg, < Ce™>(L; + X; + d7 * | Fllg, ) (4.33)

2% -
wlo(f) +e] @ g +10r1g)
J

and

GI0F I, g, + BllouFllg, < Ce* (T + X + [19:Flg,) (4.34)

N
+ [C(d,) + } (@5 110F 1 q; + 20 Fll )

j
respectively. By using (3.5) (local interpolation error estimate), (3.10) (exponential
decay of Ppd,,) and Lemma 4.1 (estimates of regularized Green’s function), we have

L = ([ Pdag 1,0 + b Pabag |l oy < CR2d;° 72, (4.35)
X; = djlloyInl = D)lly g + 101 = D,
+d; WIIWT = Tl g +d; 2T = Tl
< Cdjh“|||atr|||L2H1+a<Qy> +d7 RN 2 v

< Chod; T2 (4.36)
and
I = d3 || AnPubioll1,; + djl| AnPrda, || o) < Ch*d; A (4.37)

Xj = &} || 1n0ul — el + & || 100" — Ll
+ dj [ 1n0: " — 8tr|”1,Q’j + 10" — atF'HQ’j
< (dh* + dzhH&)‘HattN“L?HHa(Q;/) + (d;h™ + h1+a)|||atF|||L2H1+o(Q;/)
< Chod; R, (4.38)
By substituting (4.33)—(4.38) into the expression of % in (4.32), we have

1
h\ 2 14d, _
=3 (d) & EdTHIF N, + 10:Fllg, + dilloF Il o, + d210uFllg,)
J

1
2

<CZ( ) d; " E e (2 e T R P )
7 1+d
C O Ce BZ( ) a; T E NP,

(L)

—I—Z[(H—e*(

mh-t

1+4,
}dj 27 IE N g, +110eFllg, + dillonFlly g + d3ll0uFllg,)

m&" = k’&‘ =
ol

I\D\»—-

1+4,
}dj PPN g + WO F g, + dilIOF Il g + d2Nl0uFllg,).

K=

(4.39)
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Since |||F|HQ,] < C’(|||F|||Qj71 + |||F|||QJ + |||F|||Qj+1), we can convert the Q}-norm
in the inequality above to the @;-norm:

1 1
. h T2 ,1+Q . h T2 ,1+i
H < C+Ce S(d*) d. 2 [|Fl . + Ce 32(@) d; 2P,
J
h % 1+5 1
+Z[C+€*<d) }d* * (41| F|
j J

1
h\ 2| i+d,
e lere() [ G, + Ny, + dloFl, g, + EloaFlly,
J

1.0. TIIOF]

Q. TdlloFll g, + dllonFllg,)

_3 da—1 _3 h _% _14d h _% 34
SO+0C” +Zj:C€ (dj) 4 Fllg, + |0t ) |0

+ (e, +CCT YA (4.40)
where we have used d; > C,h and (4.25)-(4.29) to estimate
I, q.» N9Fllg.,, NO:Fl q, and [[6:Fllq,

and used the expression of % in (4.32) to bound the terms involving @;. Since
€« = €+ e 1/C,, we can make ¢, sufficiently small by first choosing e small enough
and then choosing C, large enough (e can be fixed now and C, will be determined
later). Then the last term on the right-hand side of (4.40) can be absorbed by the
left-hand side. Therefore, we obtain

3+4 h\"
< 2 —
K<C+CCy +§j (dj)

D=

_1_;,_%
d; 21 F g, - (4.41)

It remains to estimate [|F[lo . This was estimated in [21, inequality (5.32)] as

o ((min(d;, dj) \
olp 1o ( in(d;, d;)
Q; +h ||| |||1,Qi)dz (max(di,dj)

(4.42)

1Ellg, < ChYFTemd2dre 1.y (W B

*,7

Note that

>(a) o (Gead)

J

By
o C(d) ifd=2andr>1,

ol

(4.43)

R\ % s
C<d> d? ifd=3andr>2,

where the last inequality uses the assumption that in the case d = 3 the domain is

convex so that a > 1 can be chosen; see (P3) in Section 3.2. By substituting (4.42)—
(4.43) into (4.41) we obtain

3+d/2 —14+4
H < CHCCP LN 0d] P,

J

14
3+d/2 h a+ 272 .
<C+CCY + C’Z N here we substitute (4.42)
; J
J

h _% —14+4 o
reX (7)o S wenn
J

*,7

o min(d;, dj) \
- 1o (min(d;, dj) \ ™
o, ThENL g, (max(dndj)
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In the case ‘d = 2 (in this case o > 3)” or “d =3, 7 > 2 and 2 is convex (in this
case a > 1)”, we have

H < C+CCT? 4 o (here we exchange the order of summation)

. B\ "2 —1+4 (min(d;, d;) \“
FOT Rl + L @) X (1) Ca (et
j vy )

*,? J

h

g*o& _% .
0.t hﬂHFH\LQI_)df (dz) ((4.43) is used)

h 3ta B h a—3
N (d) Lo, (d) )
LQ*)

o + 4 IFllg,) <di)

d
<O+ 00T+ O3 (h|F

*,1

q1.d d
=Cc+ccr ey d <|||Ft||

*,7

d 4
<O+ 00t 4 cdt (IR, +d7 P

O C IR (]

By choosing C, to be large enough (C. is determined now), the term d will be

absorbed by the left-hand side of the inequality above. In this case, the *inequality
above implies

H < C. (4.44)
Substituting the last inequality into (4.31) yields
h IVl L1 (0.1)xDny < C- (4.45)

Part II. For t € [1,00), we consider the error equation

(O:(Tn(t) = (1)), 0) + (V(T(t) = L(1)), Von) = 0, You € Sh, (4.46)
T3(0) = T'(0) = Gy — O '
Let x(¢) be a smooth cut-off function such that
1 for t> %,
x(t) = 1
<-.
0 for t< 1
Then the function n(t) = x(¢t) (I (t) — I'(t)) satisfies the following equation:
{ (@n(t), vn) + (Vn(t), Von) = (Qx (T (t) = T(t)),v8), Yon € Sh, (4.47)
77(0) =0,
which can also be written as
O Rpn — ApRpn = —0[X(Pn — Rp) '] + O x(8) (Ln(t) — PuI'(2)), (4.48)
Rhn(o) = 07 .

where — Ay, : é’h — S'h is the discrete Laplacian defined by
(—Anon,X) = (Vop, Vx), Yoy, € Sy (4.49)
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The solution to (4.48) can be furthermore expressed in terms of the semigroup e*4
ie.,

Ryn(t) = — / =209, [(s)(Py — Rp)T(s))ds

+ /Ot e=)209 x(s)(Ih(s) — PpI'(s))ds. (4.50)

By applying the operator (—Ah)% to the both sides of the above equality, we obtain

(—A)} Rum(t) = — / (= An) =409, [y(5) (P — Ru)I(s))ds

t
+ / (—An) 3l (C A)10,x() (Th(s) — PuI(s))ds, (4.51)
0
and therefore

IV Run(t)]| 22 = (= An)% Run(t)] 2

< ‘ / =9 A (A2, [x(5)(Py — Rp,)[(s)]ds
0 Lo
+ ‘ / (—Ah)%e(t—s)Ah(_Ah)—lasx(s)(l—,h(s) — PuI(s))ds
0 L
< CA e*Ao(tfs)HV(Ph — Rp)0s[x(s)I'(s)]|| 2ds
+ C/lf(t — ) (= An) " (T(s) — Pul(s))]| s, (4.52)

b
where Ao > 0 is the smallest eigenvalue of —A and we have used the following expo-
nential decay estimate for the discrete semigroup in the last inequality:

||€tA”uh||L2 < C’e_>‘°t||uh||L2, (4.53)
for any ¢t > 0 and uy, € Sj,(£2). In addition, we have used the following result in (4.52):
1(=20)% 220 | L2 0) 1200y < Ot —5) 72,

which follows from the smoothing estimates for the analytic semigroup e(*=)4» which
means that (see [21, Theorem 2.1 and Remark 2.1])

[0t Xl 122y < Ct' x|l p2(y for ¥x € Sy and 1= 0,1,
Since dletdry = Al etdny for x € Sy, it follows that

[(=An) e Xl z2(2) < Ct7Ixl|L2(a) for Vx € Sp and 1=1,2,
which imply that

”( Ah)3/2 (t— S)AhX”%Q(Q) - ((_Ah)3/2e(t—s)AhX7 (_Ah>3/26(t—s)A;LX)

= (= ARy, (—ay)elt= 20y )
< AR 2o | Ane D2 X o)

¢ 2
< WHXHH(Q)-

This proves the desired result which we use in (4.52).
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By integrating the above inequality for ¢ € [1,400) and using Fubini’s theorem
and (3.6)-(3.7), we obtain
||VRh77HL1(1,oo;L2)
< CIV(PL = RO 113 roeize) + O =80) " (T = Pal) a0, 322
< CRM0:(XD) I L1 (2 poosprivey T Ol = Tllpag 1o
< Ch?, (4.54)
where we have used Lemma 4.3 in deriving the second and the last inequality.
From (4.54) and Poincaré inequality,

1T — R L1 (1 goosir (22)) < ChE.

By using the triangle inequality, Holder’s inequality on Dy, (3.7) and Lemma 4.3
(item 1), we obtain

1T = I'll 21 (1,00w11 (D))

< Ch2||T) — Rl || i (10sm (D)) + Ch2 | RAT — T 131 oos 11 (1)

< Ch+ ChEt | D L1 o rive ()

< Ch. (4.55)
Estimates (4.45)—(4.55) imply (4.21). This completes the proof of Theorem 2.1. O

5 Weak maximum principle of fully discrete FEM

To prove Theorem 2.2, it suffices to show

NIl ooy < (]I [ N>k 1
[~y < €| max ufllzwqe) +C max loilzwoey YN 2k (51)

with a constant C' independent of 7, h and IN. To this end, we decompose the solution
into three parts, i.e.,

N_ N N N
Up = Up 1+ Upg + Up 3, (5.2)

where uj, 1, up, , and uj, 5 are finite element solutions of the following problems:

k

1 s .

(Z@u?lj,vh) + (Vup 1, Vop) =0 Vo, € Sp, n=k,...,N,

o (5.3)
up 1 = gh (On,N—1 + 0n,N) on 012, n==k,...,N, '
ul =0 in 2, j=0,... k-1,

1< .

(Zéju;;j;,uh) + (Vup 5, Vup) =0 VYo, € Sy, n=k,...,N,

S (5.4)
Up o = gn (1 —=0pN-1—6nN) on 012, n==k,...,N, '
uj , =0 in 2, j=0,... k-1,

1< :

(T ZCSJ‘UZE,],%) + (Vup 3,Vup) =0 Yo, €S, n=k,...,N,
=0

. (5.5)
up g = on 02, n==%k,...,N,
ul 5 =uj, in 2, j=0,.. . k—1,
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with 6, n denoting the Kronecker symbol. In the following three subsections, we prove
the following three estimates:

|| N || = Cgl_a]i,( ||g}’rzLHL°C(8.Q)7 N = k, (5 6)
Upalle(2) § ~ - . . X .
= Cn:%fi’iN lgnllze=a0) >k+1,
el {:0’ N=kk+l, (5.7)
Up2llL=(2) § < ni N> 9 5.
= Ckgr%a;vc_Q 9k I 002), >k+2,
lunsllzo) < € max ujle(). (5.5)

Then, substituting these estimates into (5.2), we obtain the desired result in Theorem
2.2.

5.1 Proof of (5.6)

We define the sector Xy = {z € C: |arg(z)| < 6}. The following result will be used
in both this and next subsections.

Lemma 5.1 For 0 € (=3, %) and z € Xy, the elliptic finite element problem
(26n,vn) + (Von, Vop) =0 Yoy, € S,
{¢h =/n on 012,
is well defined for any fr, € Sp(0£2) and satisfies the following estimate:
[PnllLe(2) < CllfnllL=a0);
where the constant C' is independent of z € Xy.

Proof Let wy, € Sp, be the finite element solution of the elliptic problem
{(th,Vvh) =0 Vo, e §h7

(5.9)
Wh = fh on Of2.

Then ¢p —wy, € S*h is the finite element solution of the zero Dirichlet boundary value
problem

(2(¢n — wn),vn) + (V(pn — wh), Vo) = — (2w, vn)  Yoi, € S,
which can equivalently be written as
(z = Ap)(¢n — wn) = —zPpws,
where P, is the L2 projection operator from L2(£2) onto its closed subspace S,. (Since
wp, # 0 on 982, it follows that Ppwy, # wy.)

For the elliptic problem (5.9), it is known that the following weak maximum prin-
ciple holds (cf. [26] and [19] for 2D and 3D cases, respectively):

lwrllLe (@) < CllfnllLea0)- (5.10)
Hence, we have
lén — wh | Lo (2) = |2(z — Ap) " Phwn || 1 (0) < Cllwnll = (o), (5.11)

where the last inequality is due to the L stability of P, (cf. [29, Lemma 6.1]) and
the resolvent estimate (cf. [22, Theorem 3.1])

[2(z = An) ML= (@)mr=@) < C VzeC, z€ Xy
By using the triangle inequality and (5.10)—(5.11), we obtain (5.6). O



20

For N = k, according to the initial condition, “2,1 vanishes for 1 <n < k—1, and
uflv 1 is the solution of the discrete elliptic equation

(uﬁl,vh> + (Vu,ﬁVl,Vvh) =0 Vu, € §h7
T ’ (5.12)

N N
Up 1 = g on 012,

where we have used the fact that §o = 1 for all BDF-k methods with & = 1,...,6.
Then Lemma 5.1 implies that the solution of (5.12) satisfies (5.6).

If N > k+1, the solution ujy 4 of (5.3) is actually zero for 1 < n < N —2. Therefore

u,{LV 1 ! satisfies the elliptic equation

N-1
U o
( hol ,vh> + (VU T, Vup) =0 Vo, € S,
- :

(5.13)
u,]:fll—g,]yl on 012,
and similarly ), is determined by
N
(u:,l’vh> + (Vuixl,Vvh) = —(51:1 vh) Yoy, € Sh, (5.14)
U% = gl{bv on 0f2.
Since % € Yy, Lemma 5.1 implies that the solution of (5.13) satisfies
Ml o) < Clig ™ Lo 00)- (5.15)
At the time level N, we decompose uﬁ’ u,]:flhomo +u thmhomO into homogeneous and
inhomogeneous parts. By applying Lemma 5.1 to homogeneous part of (5.14) to get
up ™l L () < CllgR [l o22),

and for the inhomogeneous part we have,

N,inhomo |

(7 L) = 177 = AR) T Pur ™ 61wy T e () < Cllup'y iz (o)

< Cllgy Ml o),
where we have used the resolvent estimate and the L> stability of P}, in the first in-
equality, and have used (5.15) in the second inequality. Then by the triangle inequality,
we conclude (5.6) as follows

N,homo ,inhomo

gy Al < w77 e o) + ||Uh | Lo (2)

< O(th Yz (02) + 1198 L= 02))-

5.2 Proof of (5.7)

According to (5.4), U o k <n < N is trivial for N < k + 1. So in this subsection we
will assume N > k + 2 in order to get at least one meaningful time-stepping.

We extend g;' to be zero for 0 <n < k—1and n > N 41, and redefine gN =9
and g¥ = 0. Moreover we extend up 9,n > N +1, to be the bolutlon of the following
equation at the time level n > N + 1:
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( Z(S uh2 ,Uh) + (VuZ,Q,VUh) =0 Vo, € gh, n >k,

(5.16)
up 2 = gp on 012, n >k,

ul, =0 in 0, =0, k-1
We denote by

in2(C) =Y up,¢™ and gu(¢) = gn¢"
n==k n==k

the generating functions of the two sequences (uj, )72 and (g )52, respectively. By
definition, gy = 0 for n > N. From the standard energy decay estimate we know the
boundedness sup,,>q ||u}, 5l z2(2) < Csup,>n [[uf 5llr2(2) < Ch,n, and moreover via
the inverse inequality and the Hélder’s inequality, it holds that sup,,~ [[uj ollLr(@) <
Ch,n for all p € [1, 00]. Therefore the LP-valued generating functions g, (¢) and @y 2(¢)
are analytic in ¢ € C and in the open unit disk ( € D = {z € C: |z| < 1} respectively
for any h > 0 and p € [1, x].
For any ( € D, we observe the following relation of generating functions

0(Qan2(¢) = (zk:‘sjcj) (fui@Cj)
j=0 J=k
k

00 )
= Z & Z @uZ?

n=k j—O n—j>k

2k—1 k
- Z ¢ Za ul Z Y Gupy (5.17)
j=0,n—j<k

Multiplying (2.2) by ¢™, summing up the results for n=kk+1,... and using the
identity (5.17) and the initial condition uj; , = 0 for n = 0,...,k — 1, we obtain the
following discrete elliptic equation of the generatlng functlon Up,2(C):

2k—1 k
(Moah,z(o,vh) T (Viina(), Von) = (— Yoo » c%uZ;ﬂvh) ~0
j=0n—j<k
Yoy, € gh
ins(C) = Gn(¢) on O,
(5.18)

whose solution map is denoted by M, (¢) : Sy, (892) — Sh( ) Gr(C) — tp,2(C).
We define the truncated sectors Xj = {z € Xy : Im(z) < 7/7} and X7 =

{z € Xy:|z| > 07! and Im(z) < 7/7} for any o > 7/7. The following result of the
generating function of BDF-k method is shown in [12, Lemma 3.1].

Lemma 5.2 For any € and k = 1,...,6, there exists 0. € (n/2,m) such that for any
0 € (7/2,0.), there exist positive constants C, Cy,and Cy (independent of ) such that
for all z € X we have the inclusion 6-(e” %) C Xr_p, 4e (Recall that 0y is the angle
of A-stability region.) and the following estimates hold

Chlz] < 16-(e77)| < Chl4,
67'(672T) € Eﬂ—9k+e7
16,(e77T) — 2| < OTF|z|F T,
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For BDF-1 (i.e. backward Euler) time-stepping method, the results in Lemma 5.2 can
be furthermore improved.

e~ T

Lemma 5.3 Let 0 € (5, arccot(—2)). For z € Xy, we have =%

there exist positive constants C', Cy,and Cy such that for z € Xj

€ Xy. Moreover

—T

1—e7%
Cule] < [———[ = Cal4],

1—e 7%
|L —z| < CT|Z|2.
u

Additionally, for o > 7/m, the following inequalities hold:

TZ

e 71 TZ

1- ‘ <Clz|t and <C Vzely,, (5.19)
2T 2T '
eTZ _ 1 1 _ e—'TZ -
. <C and |z|<C|—— Vzelpo\Ij,- (5.20)
T T ’

The first part of this lemma results from [10, Lemma 3.4] and [9, Appendix C]. For
the second part, inequalities in (5.19) can be verified by using Taylor’s expansion
on a bounded domain. Inequalities in (5.20) can be proved by using the fact that
|z|7 > 7/|sin(0)| for z € Iy, \I}] .
From now on, we fix any 0 < € < min;<x<e 05 and an angle 6 such that
m
2
where 6. is determined in Lemma 5.2. From Lemma 5.2, we know 6, (e7*7) € X, _g, +¢ C
p(Ay) for z € X7, so the operator M(e~7%) is well-defined and analytic for z € X7,
satisfying the following estimate according to Lemma 5.1:

| Mp(e™ )|z (001 (0) < C Yz € XF. (5.22)

Since @p () is analytic in the open unit disk D, by Cauchy’s integral formula, we
derive for any 0 < p < 1 that

ully = — / ()¢ N 1de
[¢l=p

2
< 6 < min{6,, arccot(—;)} (5.21)

2mi
T - ll;p +z§
= — Uno(e” ") N7 dz (change of variable ( = e~ %)
2wt J_mp_;x
T T
T - _
= — Up (e T)e N7 dz (deform the contour)
27t Jpr
0,0
.

My (e7™)gn(e”*)e!*dz  (by the definition of M (¢)), (5.23)

o Jrs
where we have deformed the contour of integration from
{z € C:Re(z) =—Inp/7, Im(2)| <7/7}
to
Ij, =TIy Ul;? with I} ={z€C: |arg(z)| =0, |2| > s~" and |Im(2)| < =/7},
and Fg,’f ={2€C:|z|=s"" and |arg(z)| < 6},
(5.24)

where o > 7/7 can be arbitrary. The deformation of the contour is valid due to the
analyticity of the integrand and the periodicity in Im(z) with period 27 /7.



23

Let up 2 € C([0,T] x £2) NC5. ([0, T]; Sn(2)) be the globally continuous piecewise
smooth solution of the semi-discrete FEM
(Bpuna(t), vn) + (Vuno(t), Vo) =0 Yo, € Sp, Vit e (0,7
up2(t) = gn(t) on 012, vt e [0,T], (5.25)
up,2(0) =0 in (2,
where g5, (t) = g is the S,(912)-valued globally continuous piecewise linear function
t

whose nodal values satisfy gn(t,) = g for n > 0. In particular, gn(t) = 0 for ¢ €
[tN—1,tN], which implies that

uh72(t) = e(t_tN_l)AhuhQ(tN_l) Vt S [tN—17tN]-
Hence, we can furthermore decompose up, 2(t) into
un,2(t) = un,21(t) + un,22(t),
with
uh,g(t) for t € [O,tN_l],
up,21(t) =
0 for t € (thl,tN],

for t € [0,tn_1],

0
Up,22(t) =
(t) {e(t—tNl)Ahuh72(tN1) for t € (tx—1,tn],
and denote by

+oo
0(z) = /o e Fu(t)dt

the Laplace transform of a function v in time. Then
ﬁhyg(z) = 'LALhﬁgl(Z) + ﬁhygz(z) = ﬁhygl(z) + (Z — Ah)_le_thfluh’Q(thl).
By considering the Lapalce transform of (5.25) in time, we get
(Zfbh’2<z),vh> + (Vﬂh’z(z), Vvh) =0 Vu, € gh,
Up,2(2) = gn(2) on 012.

We also have the following formula for the Laplace transform of the piecewise linear
function gp(t).

(5.26)

Lemma 5.4

e TE L e™F -9 _ .
gn(z) = Tgh(e ). (5.27)

Proof We use the change of variables ( = e~ 7. Straightforward calculations together
with the initial condition g}, = 0 lead to

+oo
gn(z) = /0 gn(t)e #tdt

400 tit+1 g]"l‘l g]
= Z/ (gh L tj)>eztdt

- t T
j*O
+ 1 j ; ;
_ Z <J+1 f gif — gh C]-‘rl B It i
z 22

fz cw ngjiwﬂ AR
z

- zZ°T
7=0 7=0 7=0
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+oo 1— 1— _1 o
— _Z%gi@
=0

e—TZ + €TZ ) ~ .
=Ty e
O

Analogous to (5.19) and (5.20), the estimates below follow from Taylor’s expansion.

e TEdeTE 9 e TE b eTE 9

’1 - e ‘ < C)2[2r? and o <C Vzeljf, (5.28)
e TE L e 9 . .
| SOl Vz € Lo\,

(5.29)
Then using the above lemma, we can rewrite (5.26) as
1—e77% . 1—e77% .
(Tuhg(z),vh) + (Vi 2(2), Vo) = <<T — z) uhvz(z),vh>
Yoy € gh,
e*TZ _|_ eTZ _ 2

227

Upo(z) = gn(e” ™) on 012
(5.30)

We denote by Ly, (e77%) : S5 (02) — S, (£2) the solution map of the homogeneous part
of equation (5.30). By the property of 6 (equation (5.21)) and Lemma 5.3, we have

ILn(e™ ™) |1 @0)—1=(2) < C Yz € Xy, (5.31)

The estimate of the operator difference Mj,(e~7%) — Ly (e~7%) is given in the following
lemma.

Lemma 5.5 Given any z € X, it holds that
| Mp(e™7%) — Eh(€772)||Lm(aQ)—>Loc(Q) < Crlz|.

Proof Again, we use the change of variables { = e™7%. For any fixed z € Xj and
any given boundary data f, € S,(942), if we denote vy, (¢) := Mp(C) frn and wy(C) :=
Ly () fn, by the definitions of M}, and G}, we know
(57(6TZ)Uha¢h> + (Vun, V) =0 Yy € Sy,
vp = fn on 012,
and
1 _ e—TZ °
(Tw}“(bh) + (th7v¢h) =0 Vo€ Sh,
wy, = fn on 0.
Upon subtraction, the following equation holds for all ¢y, € S’h(ﬁ)

(1_6_”(% — wp), ¢h) + (V(vn —wp), Vén) = —<<5r(6_”) - w)“h’ ‘bh)’

T T
and by inverting the elliptic operator

1— e—TZ -1 - 1— e—TZ
Uh—wh=—<T—Ah) Ph<(57(e )—T>vh>.
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Consequently, from the resolvent estimate, L stability of P, Lemma 5.2-5.3 and
the mapping property of M}, (¢), we get

1(Mn(C) = Lu(O) fall o2y = llvn — whll (o)
< Clz| 7|2 Mn () full L= ()
< CO7lzl(| fall L= 02)-
Therefore, it follows
[ My (e77%) = L(e™ ™) oo (92)—s Lov (2) < Ozl

O
The solution of (5.30) can be represented as
n,2(2)
- e*TZ + 67'2 _ 2 1 _ 677'2 -1 1 _ e*TZ
=L Tz~ = e~ —Tz - A P, - - ~
n(e” %) o gn(e” ™) + ( = h> h( - Z>Uh,2(z)
- e—TZ + 67’2 _ 2 1 _ e—TZ -1 1 _ e—TZ
= —Tz\~ = e —Tz - A P — _ ~
n(e” ™) p gn(e” ™) + ( = h) h( - Z) Gip,21(2)
1—e 7% -1 1—e 7% R
+ — - Ay, — % (z — Ap) e N tuy o (tn—1). (5.32)
By using the inverse Laplace transform and the expression in (5.32), we have
1
up2(tn) =5 /Fe,,, tip2(2)eN*dz
T ~ e~ T + eT? 92
— L —TZz ~ —Tz thd
21 ry h(e ) 2272 gh(e )6 *
T B e~ T? + eT? — 92
o L —Tz ~ —Tz thd
+ 211 Fe,o\FgT h(e ) 2’27'2 gh(e )e i
1 1 _ —TZz -1 1 _ —TZz
L < - Ah> P, < - ) i () ds
2wy, T T ’
-1
1 1—e ™ 1—e _ .
e ( — Ah> ( — z) (z — Ap) tupa(tn_1)e™*dz,
i Jr,, T T
(5.33)

where o > 7/7 can be arbitrary and different in each of the integral above.

Subtracting (5.33) from (5.23) and using the boundary condition g7 = 0 for n <
k—1and n > N — 1, we obtain

up y — una(tn)

T e TE L e 9 -
= — 1——— | M, —TZ\~ —Tz thd

2mi Jry ( 2272 > w(e™)gn(e e §
T e"TE L eTE 92/ . B ~ _ ~ B .

g g, T (T B Joe e

—TZ TZ 9

- 2L %Lh(e_”)gh(e_”)emzdz

T FGWU\FBT,o z°T

1 1 _ —TZz _1 1 _ —TZz
S — (e — Ah) (e — z) ﬁh,gl(z)et’\’zdz
Iy 5

211 T T
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1 1 _ —TZz _1 1 _ —TZz
(e — Ah) (e — z) (z — Ah)_luh)g(tN,l)e”dz

2w Jp, T T
N-2 N—2 .
SR ES W B W
=k j=k
tN-1
- / Kp(tn — s)Prun2(s)ds — Quun2(tn-1), (5.34)
th—1
where
T e +e™F =2\ ~
F' = — 1— ——— 2 ) My(e7™)eln?*d 5.35
h ™ ori ry < 2272 ) n(e™ e % ( )
T e~ T? + et 9 ~ N
Gn - M —Tz\ __ L —Tz tnzd 536
tm g T (e B )ea (5.36)
T e~ T? + eT?r — 9 .
Ln - L —Tz t"zd , 537
h 27TZ [’910\[‘97' 227-2 h(e )e z ( )
1 1—e = e
K _ _A - - 524 5.38
=g f, (e -a) (e ee)ee o35
1 1—e 7% -1 1—e 72
Qn=-— <e — Ah) (e — z) (z — Ah)_le”dz. (5.39)
211 Lo T T

First, by choosing o = t,, in (5.35) and using (5.22) and (5.28), we have

|3 M| oo (02) s Lo (2) < CT/ |22 72| Mi (e ™) || oo (92) s oo () €7 ) 2|
0,0

< 073/ |z|26t"RC(Z)|dz| —|—CT3/ |z\26t"RC(’Z)|dz\
7,1 T,2

O,tn 0.,tn
—+00 0
SCTS/ rze_t”l“oseldr—&-CT‘n’/ t;Se_‘Cose‘dH
tot -
< Ccr3 _C
-3 nd
Hence,
N-2 N—
Ey g <C Z lgp | <
h h = 3 hllLee (092)
= Lo () k<n <N 2
<C 00 5.40
> k<m<N 2||thL (892)- ( )

Analogously, from (5.28), Lemma 5.5 and choosing ¢ = t,,, we get

IGH || Lo (902)— Lo (2) < CT/ M5, (e7™%) — Li(e™™%) || o= (002)— Low (27 €7 00 ||

0,0

< CTZ/ |z\et"Re(2)|dz| + CT2/ |z\et"Re(2)|dz|
ol 2

0.ty 0.ty
—+o0 ¢

< CTQ/ re—tnr|cosé|dT+CTQ/ tT—LQe—\cos0|d9
tn -0

< cr? C

- 2 n?’
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Therefore, it follows

N—j
h

| /\

N—
9 Z 2 p<n <N 2th||L°°(6(2)

< o0 .
_0k< ax. 2||thL (092)- (5.41)

Le(92)

Then, by choosing o = t,,_1 in (5.37) and using (5.31) and the estimates in (5.29),
we have

I Lill Lo (92)— Lo (2) < CT/ . e R Ly (e77) || noe 02) s oo 2y € RO |d|
FG,U Fgﬂ—y,j

< Cr/ e tn1lzllcos(O)] |
FG,U\FQTYU

+oo
S Cr eftn,lr\cos(9)|d,r

TSm0y

TOO 4, ylcos(o)] AEGIP
<C / B "dr  (change of variables)

co b —Dn/ltan®)] g > 9
- (n—1)|(:086’|6 o=
and then
N-2 N—2 ‘
> L SO (N—1-j) e W71 ®l max[lgi]l1=(o0)
j=k L= (£2) j=k snaiN =
< oo .
<C max lgn | (a02)- (5.42)

Since 7|z| > 7/sin(0) for z € I’ ,\I§ ,, by using the second inequality of (5.20)
it is easy to verify that
1 _ e_TZ

T

1—e 7% 1—e 7%
—z < C’e < Orlz|| —& Vze Lo\,
. ,

With this inequality and taking ¢ = s, we have

K ()| Lo ()5 Lo (@) < C/
Iy o

-1
7]2|2e* R dz|

—TZz

1—e

T

1—e 7%
e / ‘
Too\Ig , T

< CT/ |z|e*Re(®)|dz|
Iy

-1

1—e 7%
7l2|| ———

esRe(z) ‘dZ|

too 0
< CT/ re=sr1cosOlqy 4 CT/ s_Qe_lcosg‘dgp
s—1 —0
<Crs 2 for s>T.

Hence,
tN—1 tN—1
/ Kn(tx — ) Patuns(s)ds < / Crltx — )2 luna(s)| (o ds
th Le=(2)  Jtio

< CHuh,Q”L‘x’(tkfhthuLoo(Q))

< Clignllzee by vt 10 (002))
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J— n
=C max  llgillz=n),

where we have used Theorem 2.1 in the last inequality.
Similarly, by choosing ¢ = 7 in the expression of @), we have

1—e |70 o
1Qnll Lo ()= L) < C ——— | 7l e R dz |
FGT,G

-1 1—e 7%
7lz|

+C

1 _ e—TZ
T

To.o\Ig o

< CT/ e™Re®)|dz|
I

,T

+oo 0
< CT/ e~ Trleos@)l gy 4 CT/ Tﬁlef‘coseldgo
71 -0

<C.
Hence,
1Qrun2(tn—1)lze(2) < Cllun2(tn-1)llz(2) < CllgnllLe=(0,tx_1;L002))
= Ckgglgaz}é—z ||gh||L°°(BQ)7
where we have used Theorem 2.1 again in the last inequality.
Finally, substituting (5.40)—(5.44) into (5.34), we obtain

lup o — un2(tn)ll L (2) < Ck<gl3fv(—2 lgh |l o 802

Then, using the triangle inequality and Theorem 2.1, we obtain (5.7).

5.3 Proof of (5.8)

For K < N <2k — 1, at the time t;, we solve for ufl € §h satisfying

& k
Up n 1 -J 3
(T,vh> + (Vup, Vo) = —(T ;6juh ],vh>‘7vh € Sh,
=
which can be equivalently written as
1 -1k
k k—j
=—--A P, - ; .
h <T h) " Z Ojuh
Jj=1
Then,

1 1
l[uf || 2o () < H <T - Ah)

<C sup |ulllpee-
0<j<k—1

k
1 .
Ph; Z(SJUZ J
j=1

Loo(£2)— Loo(£2) Lo (0)

Analogously, at the time tx41, we have

1 R :
uptt = - (7_ - Ah) Ph; Z%‘uﬁﬂﬂy
j=1

with

i < C sup flud o) C sup 1 a).
1<5<k 0<j<k—1

(5.43)

|Z|—leTRe(z) |dZ|

(5.44)

(5.45)



29

Recursively, we conclude
up o2y <C  sup  |lug ||z (),
0<j<k—1
for any kK < N <2k — 1.

If N > 2k, multiplying (5.5) by ", summing up the results for n = k,k+1..., and
using the identity (5.17), we obtain the following elliptic equation for the generating
function i, 3(C) € Sp(£2) satisfying zero Dirichlet boundary condition:

2k—1 k

(a(q)ah,g(o,vh) T (Viins(0), Von) = (— SIS @uﬁ;,j,vh),
7=0,n—j5<k
whose solution can be represented by
1261 k '
ina(€) == (5140 - Ah) DD IS
j=0n—j<k

Up,3(¢) is analytic in D = {¢ € C : |¢| < 1} due to the standard energy estimate.
By Cauchy’s integral formula and the deformation of contour (cf. (5.23)), for any
0 < p <1 we have

1 -1 2]1: 1 k
=5 . (Mo—Ah) PLY ¢ Y sunclac
=p

271 .
n=k Jj= On—]<k

1 —1 2k—1
_ —Tz J t nZ
=5 - <67( ) — h) Py, Z Z 5uh3 e'N-n*dz.

n=k j=0n—j<k

By choosing 0 = ty—,, (N —n > 2k — (2k — 1) = 1) for each term of the summation
in the representation formula above, it follows

HUhN,3||Loo(Q)
2k—1 )

<O [ 60 - ) Mimoroimi X 3 IR e

FGT,H n=k j=0,n—j<k

2k—1

< C Sup ||uh||L°°(_Q) Z (/ +/ )|Z|1ethRe(Z)dZ

0= n=~k Fe,th,n Feth —n

] 2k—1 400 0

<C suwp =) Y </ r*le*tN—"”"OS"‘der/ e""’s"cw)

0<j<k—1 ok tn -0

<C sup ullr=(0)

0<j<k—1
where in the second inequality we have applied the resolvent estimate (Lemma 5.2)
and the L stability of Py.

This proves (5.8). The proof of Theorem 2.2 is complete.

6 Conclusions and further discussions

We have proved the weak maximum principle of semi-discrete FEM and fully discrete
FEM with k-step BDF time-stepping method for kK = 1,...,6, using the techniques of
generating polynomials and the discrete inverse Laplace transform (Cauchy integral
formula), which requires using a uniform time step size. Therefore, the analysis in
this article cannot be readily extended to k-step BDF methods or other single-step
methods (such as the Runge-Kutta methods or discontinous Galerkin (dG) methods)
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with variable time step sizes 7,,, n = 1,..., N. For the dG time-stepping method with
possibly variable step sizes satisfying the following conditions:

1. There are constants ¢, 8 > 0 independent of the maximal step size 7 such that
Tenin > TP

2. There is a constant x > 0 independent on 7 such that k™1 < T:L < k for
n=1,...,N —1.

3. It holds 7 < iT,

an application of the discrete semigroup estimates in [20] can yield the following result:

T
lurnll Lo (r;2(2)) < Cln o llgnll Lo (r;2= (02))>

with an additional logarithmic factor depending on the maximal step size 7. We
present a proof for dG(0) in Appendix. The general dG(k) can be treated similarly
by using the approach from [20]. The proof of weak maximum principle of dG with
variable step sizes without the logarithmic factor is interesting and nontrivial.
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Appendix: Weak maximum principle of dG with variable step sizes

The space-time finite element space of degree 0 in time and degree r > 1 in space is
defined as

Xf—):}: = {vTh : UTh|I'n, € Po(gh)? n= 1727 . 'aNa r> 1} (Al)
The dG(0) method for the homogeneous parabolic equation

Ow—Av=0 1in (0,7] x £2,
v=0 on [0,7T] x 012, (A.2)

V|t=0 = Vo in £2.
can be written as follows: For the given vy € LP(2), find v,y € X S; such that

Urh,1 — TLARVrp1 = o, (A.3)

Urh,m — TmAhUTh,m = VUrhym-1, M= 2,3,...,M.
The following result was shown in [20].
Proposition A (Discrete semigroup estimates in LP(2)) Let v, € XS,Z be

the solution of (A.3) with vg € LP(£2), 1 < p < oo. Then there exists a constant C
independent of T such that

lvrn,mllLe(2) + (tm — ) Anvrnmllr @) < Cllvenillor o), Ym>1>1.
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Now we consider ., € XS”,: to be the dG(0) solution to the parabolic equation with
nonzero right hand side f, i.e., u,, satisfies,

Ugh,1 — T1ApUkh,1 = T1 Py f1,

(A4)
Ukh,m — TmAhUkh,m = Ukh,m—1 T Tmthma m=2,3,...,M,

where

Tm
and P, : L?(02) — Sy, is the L2 projection. Since f,, is the L? projection of f onto

the piecewise constant functions on each subinterval I,,,, we have

» < o (1. T.p <p< . .
| Jnax | fmllr2y < Cllfllze ey, 1<p< oo (A.5)

Using (A.4), we can write the dG(0) solution as

m m—Il+1
Ukh,m = ZTZ H (=Tm—j414n) | Pufi, m=1,2,...,M, (A.6)
=1 j=1

where 7(z) = (1 +2)7 L.
Consider the parabolic equation
Ou—Au=0 1in (0,7] x £2,
u=g on [0,7T] x 012, (A7)
u|t=0 =0 in 2.
With the help of the previous result we establish:
Theorem A (Weak maximum principle of dG(0)) Let ug = 0. Then, there

exists a constant C' independent of k and h such that for ugp be the fully discrete
dG(0) solution to (A.7), we have

T
lurn | Lo (1,000 (2)) < Cln;||gh||Loo(1;Loo(arz))7
where gy, is some finite element approximation of g.

Proof First we define Let G be the discrete harmonic extension of g, i.e. Gp(¢)
satisfies (pointwise in t)

(A.8)

(VG VX)2 =0 Yy € Sh,

Then the difference v, = u, — G, € Sy (zero on 912) satisfies the semi-discrete
problem,

{(atvh,xm +(Vor, Vx)o = (3G ) in (0,T] x 2, (A9)

Vplt=0 = 0 in (2,

for any x € 5’,“ and as a result the fully discrete difference vgp = ugp — PnGin € X,Sj}rl,

where P, is the L2-orthogonal projection onto Sy, using (A.4) satisfies

m m—Il+1
_ A PoGing — PnGini—1 B M
Vkh,m = E T I | r(_Tm—j-‘rl h) - , M= 1a 2) DY )
. 1
=1 j=1



32

where 7(z) = (1 4+ 2)~! and with the convention that Gypo = 0. Using the discrete
integration by parts, we have

m m—Il+1
Z H r(=Tm—j+14n) | (PnGrni — PnGrni-1)
=1 \ j=1

=r(=TmAn)PrnGrhm — H (—Tm—j+141) PnGrn,o

j=1
m—1 m—Il+1
+ Y (@d=r(=nd)) | JI r(=7m-j+14n) | PaGrny
1=2 j=1
m—1 m—I+1
=r(—TmAn) PrGrhm + Z T AR (=T Ap) H T(—Tm—j+141) | PoGin.1,
1=2 j=1

where we used that Id —r(—74)) = 1 Apr(—nAy) and P,Gipo = 0. Using the
properties of the rational function r and the elliptic theory, we have

[7(=TmAn)Grh,m+1 HLOO(Q) < C||9||Loo(1;Loo(39))~

Hence form=1,2,..., M,

m m—Il+1
lvkn,m o2y < CllgllLoe (r;00 (02)) + ZTl Ap H T(=Tm—j+14n) | PhGrny
=1 j=1

Lo(92)

From Proposition A, since each term in the sum on the right-hand side can be thought
of as a homogeneous solution with initial condition P,Gyp, at t = ¢;—1, we have

m—Il+1 C
Ap H T(=Tm—j+14%) | PoGrn. < ﬁ”Gkh,l Lo (2)-
i=t L)
Thus, we obtain
- T
!
[0kh.mllzo(2) < Cllgllze =) +C Y Pa—— |GrnillL=(ay, m=1,2,...,M.
=1 -
(A.10)
From the above estimate and using (A.5),
llvkn || Loe (1,000 (2)) = | Jnax lvkh,m |l Lo (2)
m T
!
< o0 . oo - G oo
< COllgllpoe (1: (092)) +01§I£1na§XM T Grnill Lo (2)
- T
1
< oo . oo oo -
< Clgllz= e~ oa) + C max |G~ max > P

T
<Cln ;||g||Loo(1;Loo(aQ)),
where in the last step we used that

s < oo (7. 00
1151}254||Gkh,z||L @) < Cllgll Lo (12 (092))
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and
m

b1t tm T
ZLgu/ =14+ <Chn-, (A.11)
b — i 0o tm—t T

m Tm

by using the assumption T,i, > C77 and 7 < %. Finally, using the triangle inequality,
it follows that

T
luknl Lo (r;zo0(2)) < [Vkn Lo (1,0 (@) I PhGrnll o (1,0 (2)) < Cln;||9||Loc(1;Loo(an))-

Thus we obtain the result. O
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