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ABSTRACT. This paper studies the numerical solution of the semiclassical nonlinear Schrédinger
equation on the d-dimensional torus T¢, with highly oscillatory initial data depending on a small
parameter € € (0,1]. We first show that a WKB-type approximation attains an O(g) error in
the L? norm for H? initial data theoretically, although its accuracy deteriorates as € increases.
To address this limitation, we propose a numerical scheme that (i) applies a Galilean transform
to remove the oscillations in the initial data, (ii) establishes sharp space—time estimates for the
transformed equation, and (iii) employs a new low-regularity integrator to achieve second-order
accuracy under the minimal H? regularity, which is weaker than the regularity assumptions in
the literature. Furthermore, our analysis shows that the CFL-type conditions linking h, 7, and
€ — typically imposed in the semiclassical regime in the literature — are not required in our
scheme to obtain second-order convergence with respect to 7 and h, uniformly with respect to
e, under the weaker regularity condition. Numerical experiments support the theoretical results
and demonstrate the robustness of the method across a wide range of ¢.

KEYWORDS. Nonlinear Schrodinger equation, semiclassical, highly oscillatory, uniformly accu-
rate, Fourier spectral method, optimal-order convergence, weaker regularity condition

1. Introduction

In this paper, we consider the numerical approximation of the weakly nonlinear Schrédinger
equation on the torus in the semiclassical regime:

2
€
1e0su + EAU = 5Mu|2u, zeT? t>0,

u(0,z) = " qg(z). (1)

Here, T¢ := (R/27Z)? and the sign of A\ = +1 distinguishes the defocusing (4+1) and focusing
(=1) cases. The function ag € HY(T9), v > ¢ denotes the initial amplitude profile, whose
derivatives are assumed to be uniformly bounded with respect to e. The wave vector € R? is
chosen such that x/e € Z% ensuring that the initial data is periodic. Otherwise, the equation
becomes periodic on a scaled torus, to which the analysis developed in this paper applies equally.
Under these conditions, the solution exhibits rapid oscillations in both space and time, with
characteristic scales governed by the small parameter €. The semiclassical weakly nonlinear
Schrodinger equation has been the subject of extensive theoretical investigation and arises in
various physical contexts, as discussed, for instance, in [8,9].

The semiclassical nonlinear Schrédinger equation has been extensively studied from a numer-
ical perspective. Traditional finite difference methods, such as the leapfrog and Crank—Nicolson
schemes [15], require stringent constraints on the time step and mesh size—specifically, 7 < ¢
and h < e—to ensure accurate approximations. These constraints lead to high computational
costs, and worse, the associated error bounds typically involve negative powers of ¢, making
such methods inefficient or even impractical in the semiclassical regime ¢ < 1. In contrast,
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time-splitting spectral methods [2, 3,12, 14] relax these restrictions on step sizes, allowing for
7 = 0O(g) and h = o(e). Asymptotic-preserving approaches have also been developed by refor-
mulating the Schrédinger equation using WKB expansions [8,10], as exemplified by the methods
in [1,4]. Geometric optics techniques can also be applied to obtain leading-order approxima-
tions, which allow for discretization parameters independent of ¢ and provide error estimates
with convergence rates in terms of €. However, these methods are tailored to the semiclassical
regime and may fail to be accurate or reliable when ¢ = O(1).

To reduce the dependence of the time step and mesh size on the small parameter € and to
achieve uniform convergence over € € (0, 1], [17] proposed weighted finite difference schemes. In
particular, assuming that the modulation amplitude a € C*4([0,T] x T) has fourth-order partial
derivatives bounded independently of ¢, they established an e-uniform error bound of order
O(h?472) in the maximum norm, without any CFL condition in the case of the implicit method.
However, the analysis requires relatively high regularity. These results illustrate the inherent
difficulty of designing numerical schemes that simultaneously ensure uniform accuracy, high-
order convergence, low regularity requirements, and relaxed consistency and stability constraints
on the time step 7 and mesh size h, uniformly with respect to ¢.

In this work, we address several of these challenges by developing a new e-uniform scheme
that achieves second-order accuracy under minimal regularity assumptions H? and without
imposing any e-dependent CFL-type restriction. A key ingredient is the exploitation of the highly
oscillatory nature of the solution, which is effectively handled through a Galilean transformation,
defined by

i Ix)?

Go(U) = e "= 20U (t, 2 — kt), (2)
where k € R? is the wave vector determined by the initial phase. Applying the inverse transfor-
mation, we consider

i |2
Ult,z) = G u) = e o2 Dyt + kt).

The transformed function U(¢, z) satisfies the same form of the semiclassical weakly nonlinear
Schrodinger equation:
2
m@U+%AU=ng%nxeT%t>Q

U(0,z) = ap(x),

3)

but with non-oscillatory initial data. Importantly, the solution U(t,z) remains uniformly
bounded in the HY norm with respect to e € (0,1], which is a key property for establishing
convergence rates that are uniform in ¢; see Proposition 3.5 for details. This uniform regularity
highlights the essential role of the Galilean transformation in the construction and analysis of
uniformly accurate numerical schemes, while preserving the original structure of the equation.

A first algorithm can be derived by retaining only the leading-order term in (3), neglecting
the €A term. This leads to the approximation b of U, defined by the equation

i0b = A\b*b, 2 €T t>0, ()
b(0,2) = ao(z),

whose solution is explicitly given by b(t,z) = e*i’\‘ao(x”%ao(x). The corresponding approxima-
tion to u is then obtained by applying the transform G, to b. This algorithm is closely related
to the classical WKB method. As shown in Theorem 2.1, the error between the exact solution
u and the approximation G, (b) is of order O(e) for H? initial data; however, the approximation
may become inaccurate when ¢ is not small.
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To overcome this limitation and ensure accuracy across the full range ¢ € (0, 1], we develop a
new scheme based on a direct approximation of the full transformed equation (3), retaining the
€A term in the discretization. Our methodology is briefly outlined below. As a starting point
for all low-regularity integrators, we introduce the twisted variable V (t) = e"*22U (t) and apply
the Duhamel formula with a filtering technique. This yields the following integral formulation
for the twisted variable:

tnt1 e e e
Vtne1) = V(tn) — i e A Iy Uezs?AHNV(s)‘zeZSEAHNV (s)] ds+7Ry, (5

tn

where RY is the high-frequency error, given explicitly in (28), and discarded in the numerical
scheme. The approximation of the low-frequency part consists of two components: a second-
order approximation of IIxV (s) based on an expansion around IIxV (t,), and an approximation
of the integral of the phase function, which captures the resonant structure of the nonlinear
term. For the latter one, our approach is inspired by the phase-based approximation techniques
developed in [7,16]. In particular, we adopt the following second-order approximation from [16,

(1.5)]:

T T L1 [T
/ €*9ds = / [ewo‘ + iBe'P . / ero‘dcr] ds + T (o, B), (6)
0 0 T Jo
€ € €
¢ = §(|k!2 + R = [kof® = [Raf?), @ = 5!7?1!2’ B=gkikatki-ks+ks ko). (7)
This is a second-order approximation, as reflected in the remainder term 7 (o, 3), which satisfies

the bound |7 («, 8)| = O(73|8|?). The resulting approximation error is denoted by R} (see the
detailed derivation in (36)), with its following Fourier coefficients given by

RE(k) = —i) > T, B) - Vi (tn)Viy (tn) Vi (), k| < N.
k=ki+ko+ks,|ki|<N

Exploiting the fact that |3]? is a multivariate polynomial in ki, k2, and k3 of degree at most
two in each variable and total degree at most four, we derive

IRE2 <7 3 1BV () Vi (ta) Vi (1)
k=k1+ka+ks, ki|[<N

S ET(IAV ()l 2 |AV () | oo IV () | oo + 1AV () |2 [ VV (Ea) [ o0 [V V (E0) | 2o0). - (8)

G

This estimate implies that, in order to achieve a second-order temporal convergence in the L?
norm, i.e., |[RE|[nz2 = O(7?), it is necessary that sup,, |AV (t,)|= remain bounded. By the
Sobolev embedding H2t9/2 < W2 this in turn requires the solution to lie in H2+4/2,

In this paper, we address the above difficulty by employing a different analytical technique
to estimate the error, which enables us to reduce the regularity requirement on the solution
from H?**%/2 to H?. The key idea is to apply the scaled Strichartz estimate (Lemma 3.4) to
control the solution in mixed space—time norms, as shown in Proposition 3.5. For example, in
the one-dimensional case (d = 1), Proposition 3.5 yields

U1l a2 o pemy < V4 WUl 2oy < C (9)
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which shows that the solution is uniformly bounded in H?, while the Lfo;A—norm carries a
negative power of €. This estimate enables a sharper control of the remainder term R}:

Lo—1
n 3
> IR S 52T3<||AUHL§L;1([0,T}xT)”AUHL;ng([o,T]xT)\|U||Lgfz([0,T]xT)

n=0

+ IAT N3 2 0.m9xm IV U |z 0.1 IV Ul i, ompmy ) + O(2)
<7

where the estimates in (9) are applied. Here, the negative powers of ¢ arising from (9) are com-
pensated by the prefactor €3/2, which yields a uniform-in-¢ bound. Consequently, Theorem 2.2
establishes second-order convergence of the numerical solution in the L? norm. We emphasize
that this convergence is uniform for all £ € (0, 1] and does not require any CFL-type condition.
The remainder of this paper is structured as follows. In Section 2, we introduce the notation
and state our main results. In Section 3, we establish the existence and boundedness of solutions
to (3). Section 4 is devoted to the error analysis and the proof of the main convergence theorem.
Finally, Section 5 provides numerical experiments that illustrate and validate the theoretical

results.

2. Notation and main results

In this section, we introduce the basic notation, function spaces, and fundamental inequalities
that will be used throughout the paper. After that, we state the main results of the paper.

2.1. Notation

In this paper, we adhere to the following convention: the parameter £ denotes the small
semiclassical parameter inherent to the dispersive equation, whereas € is reserved for arbitrarily
small positive constants appearing in Sobolev embeddings, Strichartz estimates, or error bounds.

Let f be a function defined on the d-dimensional torus T¢. Its Fourier transform and inverse
Fourier transform are defined respectively by

fr= (27lr)d /Td fx)e R de, ke 2l f(z) = Z fr et

kezd

The Fourier transform enjoys several useful properties. In particular, Plancherel’s identity asserts
that

2 d P
1122y = 220 S 1l
kezd
while the convolution identity for the product of functions reads
D= Friir
k1+ko=k

We define the Fourier projection operators as follows: for any integer N > 0, the low- and
high-frequency projection operators Il and IIsy are defined by

— fAk, |k| < N, — 0, |k| < N,
I = I =<
( Nf)k {0, |k‘] > N, ( >Nf)k frs |k\ > N.
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For r € [1,00) and s > 0, the Sobolev space H*"(T¢) consists of functions f € L"(T¢) such
that the fractional operator J*f := (1 — A)*/2f belongs to L"(T%). Its norm is defined by

Il zsr = T2 fllr = H ST+ B2 e

kezd

L

When 7 = 2, we write H*(T%) := H*2?(T9).
Let I C [0,00) be a time interval and 1 < p,q < co. We define LY L% (I x T¢) or L4(I; LP(T?))
as the collection of measurable functions u : I — LP(T?) satisfying

< Q.
La(I)

el zecrcrey = ||t ) zorey

We often abbreviate L{Ly(I x T%) as LY (I x T?) for the case p = ¢. Likewise, we write
L HJ (I x T4) for Sobolev-valued time-dependent spaces. For notational simplicity, when I =
(0,7T), we simply write L L% or L, without the time domain explicitly.

For a sequence {ay, }nez, its discrete ¢P-norm is defined by

1
lanlly = (Xnezlanl”) /p’ 1<p<oo,
n Supnez |a’n|7 p = 0.

We write A < B (or B 2 A) if there exists an absolute constant C' > 0, independent of 7, N,
and n € Z, such that A < C'B holds, where the constant C may change from one occurrence to
another. The notation a+ denotes a + € for an arbitrarily small € > 0, and a— denotes a — € for
an arbitrarily small € > 0.

2.2. Main results

In this section, we state two main theorems that summarize the key results of the paper. The
first theorem provides an O(g) error estimate for the solution of (4), consistent with classical
WKB analysis and highlighting the H2-regularity requirement on the initial data. The second
theorem concerns the convergence of the proposed numerical scheme, which is derived from a
Galilean-transformed formulation and tailored to handle low-regularity solutions. For H? initial
data, it establishes second-order convergence in both space and time, uniformly in € € [0, 1], and
remains robust throughout the entire semiclassical regime.

Theorem 2.1 (Convergence in the small-¢ regime). Let u and b denote the solutions of (1) and
(4), respectively. Suppose ag € H?(T9) with 1 < d < 3. Then, we have

[u(t) = G (0) ()| oo 2 (j0,r1xTay < C(T |laol| 2)e,

where the interval [0, T) C (=T, T™), where (=T, T*) denotes the existence time of the solution,
as specified in Proposition 3.5.

Proof. Since the Galilean transformation (15) is an isometry in L?, it suffices to estimate the
difference between U(t,x) and b(t,x). In particular, we have for any ¢ € [0, 7],

[u(t) = Gu(0) D)2 = Ut 2) = b(t, 2)]| 2.

Define the residual R(t,z) := U(t,z) — b(t,x). Then R(0,xz) = 0, and R(t,z) satisfies the
equation

iR + %AR =\ (JUPPU — [b|?) — %Ab.



Testing against R and taking the imaginary part yields

HR)Z. =S (/Td A([UPU — [b]?b) Rdm) - gg ( N Ab-Rdm)
< O (bl + RN [RIF2 + 5 148] 12 Bl 2.
The Sobolev embedding H? < L™, together with the Cauchy-Schwarz inequality, implies that
ORIz < C (1003 gz + IRz + 1) 1RIZ2 + 220113 e - (10)
Now recall that b(t, z) = e~Ma0l*tqq (), then

16l e rzz < Nlaoll 2 + llaol| 2 (11)

From Proposition 3.5 below, we also have the bound
HUHL,?OHg Slaollge = ||RHL;><>H3 < HUHLtOOHg + Hb||L§°H§ < llaollge + HGOH?{z- (12)

Since || R(0)]|z2 = 0, applying Gronwall’s inequality to (10) and combining it with (11) and (12),
we obtain, for any ¢ € [0, 7],

IR(t)[3, < Ce - exp (Ct),
where the constant C' depends only on ||ag|| 2. This completes the proof. O

The above result ensures that (4) yields a first-order error in e, making it effective when ¢ < 1.
However, a uniform error estimate valid for all € € (0, 1] is more desirable, as it guarantees the
approximation remains accurate across the entire regime. This motivates the development of the
proposed scheme. We first present its derivation and then provide its error estimate. Notably, the
convergence of the scheme holds uniformly for all € € (0,1], with time and space discretization
parameters chosen independently of €. This uniformity is essential for accurately and efficiently
capturing the rapid oscillations characteristic of the semiclassical regime.

Our scheme is based on the semi-discrete approach developed in [7,16] for the standard non-
linear Schrodinger equation, with several modifications adapted to the transformed equation (3)
in the semiclassical regime.

Let t, = n7 for n = 0,1,..., Lo be the temporal grid points over the interval [0,7] C
(=T, T*). Here, 7 = T/ Ly is the time step size, and U™ denotes the numerical approximation
of the transformed solution U at time t,. After initializing with the projected exact data
U® = IIyao, the fully discrete scheme is given by:

Ul = T5AUM _ ir ) e TE ATy 0 (=25TEA) + 9 (=2iTEA)| TNU™ - (HNU")2
2 2

s E ) 2 - _E
+irAlLy { [e758y (—2ir5A) INT7] (734N 0™)* ) — Te ™30Ty Iy U™ U™
(13)
where the functions ¢ and v are defined by
ef—1 ef—1—ze®
% s ? 7é 07 2z 5 7 7& Oa
2) = z — z
o(2) {17 O {_%7 T
The complete scheme proceeds by first recursively updating the transformed approximation
U™, and then recovering
u" =GeU"), (14)
where Galilean-type transformation GJ}(U™) is defined by

|2

Go(U) = eé(”“—Tt")U(l‘ — kty), for spatial function U. (15)



We now present the convergence results of the above numerical scheme.

Theorem 2.2 (Uniform-in-¢ convergence). Let T > 0 and ag € H?(T?) with 1 < d < 3. Let u(t)
be the exact solution to the weakly nonlinear Schrédinger equation (1), and u™ the numerical
approximation given by the fully discrete scheme (13)—(14) with time step T and truncation
parameter N, both chosen independently of the semiclassical parameter ¢ € (0, 1].

Then, there exist constants 19 > 0 and Ny > 0, independent of €, such that for all 0 < 7 < 19
and N > Ny, for any € € (0,1], the error satisfies

N2472 d=1,

w(t,) —u" <C
Jutn) "o {N_QMQ_’ s

where the constant C' is independent of 7, N and ¢ € (0, 1].

Remark 2.3. The convergence estimates above are uniform with respect to the semiclassical
parameter € € (0, 1], ensuring that the scheme remains accurate not only in the highly oscillatory
regime € < 1, but also when ¢ is close to 1. This highlights its robustness and stability across the
entire semiclassical range. Furthermore, the discretization parameters 7 and N can be chosen
independently of ¢, free from any CFL-type condition, making the scheme particularly efficient
for semiclassical computations. Finally, we remark that the d-order loss in temporal convergence
for dimensions d = 2, 3 arises from the use of Strichartz estimates on the torus.

At the same time, our regularity assumption on the initial data is minimal compared to
existing results. Remarkably, even for the classical nonlinear Schrédinger equation with € = 1,
no existing methods are known to achieve second-order convergence in both space and time
under merely H? initial data for high-dimensional problems. This underscores the novelty and
effectiveness of our approach.

Remark 2.4. In this paper, we restrict ourselves to a single-phase highly oscillatory initial
datum of the form

u(0,z) = ag(z) e ™%/ e RN{0}.

The extension to the multiphase case

M
u(0,z) = Z A 0(x) €7 T/, km € RN{0}.
m=1

remains unclear and is of particular interest. We refer to [17] for related work in this direction.

3. Uniform boundedness of the exact solution to equation (3)

Since the proposed algorithm consists of approximation of the transformed solution U, the
existence and boundedness of solutions of (3) plays an important role and that is the main focus
of this section. The transformed solution U can be proved in the space C([0,T]; H?(T¢)), and
we obtain a priori estimates that are uniform in the semiclassical parameter ¢ with respect to
the H” norm. In contrast, its bounds in time-space norms may grow as € — 0, and we provide
a specific rate of growth for this dependence on e.

3.1. Basic lemmas

Lemma 3.1 (Bernstein’s inequality [11]). Let s > 0 and 1 < p < oo. For any function
f € H3P(T?), the following estimates hold:

M T flle S N\ fllze, Ty flle S NI F e



In particular, when s = 0, the projection operators ll<n and II.n are bounded on Lp(Td):
TN fllze S W fllzes sy fllze S 1 llze-
Lemma 3.2 (The Kato-Ponce inequality [13]). Let s > 4. For f,g € H*(T?), it holds that
1fgllms S I1f1msllgl s

We now present the following Strichartz-type estimate for the Schrodinger equation on the
torus T<.

Lemma 3.3 (Strichartz-type estimate [5,6]). In the one-dimensional case d =1, there exists a
constant C' = C(T) such that

”eitAfHL‘t{w([—T,T]x'Jl‘) < C”f”LQ(T)‘ (16)
Moreover, ford>1, p > Q(dJQ) , %—l— 1% =landf =32 d+2 + € with any arbitrarily small € > 0,
we have
e Flee - mxray < ClF o cray, (17)
T
i(t—s)A 0
H/O ISR (s) ds| ey S OV E Ly (oryrey (18)

Lemma 3.4 (Scaled Strichartz estimate). In the one-dimensional case d = 1, there exists a
constant C' = C(T) such that

Heit%AfHLgx([—T,T}xT) = C‘fii”f”Lz(T)'

Moreover, ford > 1, p > (d+2) and 0§ = % — % + € with any arbitrarily small € > 0, we have

Hezt AfHLP (TT]xT4) < C’s*%HfHHe(qrd)v

i(t—s)EA < 0
H/O © F(S)dSHLQ(’IF Cesllg Fllyy q-rrpxrey

Proof. The proof of Lemma 3.4 follows directly from Lemma 3.3 by a time rescaling argument.
Indeed, the propagator €22 can be viewed as a rescaled version of e® with ¢ — 5t, and the
estimates adjust accordingly due to the scaling properties of the norms involved. We therefore
omit the proof. O

3.2. Uniform boundedness of solution to equation (3)
With the above preparations in place, we are now ready to prove the existence and uniform
boundedness of solutions to equation (3).

Proposition 3.5. Let v > % and ag € HY(T?). Define § = ¢ — M +¢, for any p > (d+2) and

arbitrarily small € > 0. Then there exists a life span (— T*,T*), wzth T, T* >0 zndependent of
€ (0,1], such that the transformed equation (3) admits a unique solution
U e C((=Ty,T"); H'(T)) 0 LP((=T., T*); H' P (T7)).
Moreover, for any time interval I with I C (=T, T*), there exists a constant C > 0, depending
only on |I| and ||ag|| v, but independent of €, such that the solution satisfies the bounds
U Lo g (1x1y < €, (19)

||UHL€H;79,;7(]XT(1) S Cg_l/p. (20)



In the special case d = 1, the above statement also holds with p = 4 and 0 = 0, that is,

”UHL;lH;"‘(Ix?r) < cemtt

Proof. Our proof strategy begins with a time rescaling. Specifically, we define the rescaled
function,

w(t,x) = U(2e ', 2),
which satisfies a nonlinear Schrédinger equation with a nonlinear term of order !, but posed
on a shorter time interval 2-'eI, instead of the original interval I:
10w + Aw = 2~ \|w|?w,
w(0,z) = ap(x).
Next, we apply the fixed-point theorem to establish the existence and uniqueness of w.

We first consider the case d = 1. Fix T3, M > 0, to be determined later, and define the
function space

(21)

X =A{w]wlx <M}, (22)
with the norm
|wllx = ||wHLgoH;fnL%H;A([_gThgTﬂx'[r)- (23)
Under this norm, (X, || - ||x) is a Banach space. We define the mapping P by

t
Puw(t) = ePag — i% elt=s)A [[w(s)[*w(s)] ds.
0

We first show that P maps X into itself. By the Strichartz estimate (16) in Lemma 3.3 and
the definition of P, we have for t € [—eTy,eTh]:
2[ [

IPwlx < [le"2aolly + =2 [ e
0

i(t—s)A
. [

w|?w] H ds
X

20 )
< Cllao||ar + = 5T1|Hw| wHLtOOHg([—ETl,eTI]xT)'

Applying the Kato—Ponce inequality and using v > d/2, we obtain that for any w € X,
3 3
|Pw||x < Cllao|lz~ + 2CT1HwHLtong([iETl’meT) < Cllao|| g~ + 2CTy - M”.

By choosing M = 2C/||ao|| g~ in (22) and selecting T} sufficiently small such that 20Ty M? < 271,
we ensure that Pw € X.
Next, we show that P is a contraction. For any w;,ws € X,

t
’/ ellt=9)A le\le - ]wg\ng] ds
0

< 20T w1 — wa g (w7 + w27

< 20Ty M?||wy — wa|#1+-

2|\
[Pwy — Pwsl|x = |€|

X

Choosing T as above implies that P is a contraction on X. Hence, by the Banach fixed point
theorem, there exists a unique fixed point w* € X such that w* = Pw™*, which establishes the
local existence of a solution of (21) on [—£Th,eT1]. By iteratively applying this local existence
result (with the number of iterations independent of €), we obtain a solution defined on a
maximal interval (—271eT,,271eT*), i.e.,

we C((—27 1Ty, 27 eT™); HY(T)) N LA((—27 ey, 27 eT™); HYA(T)). (24)
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Finally, according to the inverse change of variables:
Ult,z) = w(2 tet, x), (25)

we establish the existence and uniqueness of a solution U of (3) on the interval (=T, T*) for
the special case d = 1. Moreover, again by the transformation (25), we obtain that for any time
interval I with I C (=T, T™), there exists a constant C' = C(|1|, ||ao||zz~) such that

~1/4 —1/4
||U”L§H;’4(Ix1r) <eV HwHL;‘H;’A(Z*lsIXT) < Cenlh

For the high-dimensional case d > 1, we modify the norm in (23) as follows:

HwHX = HwHLfngﬁLng_G’p([—eTl,eTl]><Td)'

The same fixed-point argument applies, using the admissible Strichartz pair (p,y — 6) (see the
Strichartz estimate (17)). This leads to

w e C((—27 1Ty, 27 eT™); HY(TY) N LP((—27 LeTy, 27 LeT™); HY~9P(T9)),

for some T, T* independent of ¢ € (0, 1].
Finally, according to the inverse change of variables (25): the equation (3) admits a unique
solution U that satisfies

U € O((=T., T*); HY(T%) N LP((= Ty, T*); HY~%P(T)),
and the following estimates hold:

Ul zge (1 xmay = llwllzge 216110y < O,
10l psrz-0mmay = € P loll -0 s pcgay < CE7VP,

where the conditions on p and # are the same as those in Proposition 3.5. ]

4. Construction and local error analysis of the numerical scheme

In this section, we construct a fully discrete numerical scheme, building upon the semi-discrete
scheme developed in [7,16]. We then proceed to derive the corresponding local error estimates. A
key distinction from the previous semi-discrete scheme is that our primary focus lies in deriving
error bounds in the L?-norm, rather than the H7-norm. Consequently, the existing error analysis
is not directly applicable, as it can not lead to sharp regularity conditions in the L?-norm. To
overcome this challenge, our analysis utilizes the boundedness of the solution in the space-time
norm.

4.1. Construction of the scheme

We begin by defining the twisted variable V' (t) = e AU (t). By applying Duhamel’s formula
and performing a high- and low-frequency decomposition, we obtain the following expression for
V(tn+1)1

tn41 . . .
Vitns1) = V() —id [ e 58Iy |58V (s) P 54 TInV (s) | ds + RY,  (26)
tn
where R7 represents the error introduced by truncating high-frequency components in the ap-
proximation and is defined as

tn+1 . e
= —M/ : e*“aAUUFU—HN(yHNUFHNU)](s)ds. (27)
tn
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To construct a higher-order approximation of the integral in (28), we begin by approximating
[IyV(s) for s € I, using Duhamel’s formula once more:

S

TnV(s) = NV (t,) — i / e ATy [‘e”%AV(J)‘Qew%AV(J)} do. (28)
tn

Denote the first term by W, and approximate the integral by W by freezing the phase factor

e*738 at ¢ = s and replacing V(o) with IIyV (t,). The remainder is collected into Ws. This

gives the decomposition IIxyV (s) = Wy + Ws + W5 with

Wi =TINV (¢), (29)
. - 2 . .
Wa = —iX(s — tn) e 52 Ty [e’siAHNV(tn)] SN (2), (30)
W; = —z’)\/ eI ATy [‘ew%AV(U)EeiU%AV(U)} do — Wh. (31)
tn

By substituting the decomposition of IIxy V' (s) into the cubic nonlinear term in (26), we obtain
the following expression:

V(tn—f—l) = V(tn) + Il(tn> + Ig(tn) + R? + ’RS,

where I1(t,) and I3(t,) are given by

tnt1

Ii(ta) = =id | eTEA Iy || S ANV (1) e 5NV (1) | ds: (32)
tn

tn+1 P . e 4 ;€

Io(ty) = — / (5 — tn)e 552y [\ewaAHNV(tn)\ e@SaAHNV(tn)} ds, (33)
tn

and the remainder term RY is defined as
tnt1 .- L E AT - € - L E
5= —iA Z / e 38y [e_”iAWj CeBIAW, - e’siAWZ} ds. (34)
gkl tn
AR>S

By freezing the phase factor in Is at s = t,,, we obtain

7_2

I(t,) = —Ee*itn%AnN [\eftn%AnNV(tn)\%itn%AHNV(tn)] +RY, (35)

where the first term will be retained in the numerical scheme. Next, we focus on the approxi-
mation of I (t,) by exploiting the resonance structure of the nonlinear term. To this end, we

work in Fourier space. Let Vj denote the k-th Fourier coefficient of V', and denote
Ap = {(k1, ko, k3) | k1 + ko + ks =k, |k| < N, |ki|l <N, i=1,2,3},

then the Fourier transform of I;(¢,) can be written as
L(tn, k) = —z)\z ( / "Sd’ds) €OV 1 (b)) Vi (tn) Vies (E0).
Substituting the approximation of the phase function in (6)—(7), we obtain

Tt k ——MZ / e 4+ i / 0¢7 g | ds - OV, (1) Uy (1) Vi (1) + R ().
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where the remainder term is defined as

Ri(k) = —iX > T (0, B) - € Vi, (t0) Viey (tn) Vi (£n), (36)
A
_— . . 1T
T (o, 8) = / [e’s‘z’ — Y — jfeh . / aewada} ds. (37)
0 T Jo
By transforming ﬁ(tn, k) back to physical space by using the following relation:
T 1 /7
/ e*ds = Tp(iTa), / se'*ds = -t (iTa),
0 T Jo

and neglecting the residual terms R, ¢ = 1,2, 3,4, we arrive at the fully discretized numerical
scheme

vt =yt en(vh), VP =Iya, (38)
where ®" is the numerical propagator defined by

" (f) = —iAre "3y { [p (=2i75A) + ¢ (-2im§A) T EAIN - (e“”gAHfo}
. , . _ L 2
+iATe M3 ATy { |75y (<2ir s A) TN F] - (5o f) }

2
T it &
e

e 4 . .
BZtnEAHNf‘ ClthAHNf:|. (39)

By twisting back, one obtains the fully discrete scheme of U™ := et 3By in (13). Further-
more, we derive that

4
Vitns1) =V(ta) + " (V(ta) + > _RY, 0<n< L. (40)
=1

4.2. Analysis of local errors

This section is devoted to deriving bounds for local error terms R}, i = 1,2, 3,4. We begin

with an estimate for the first term RY. For simplicity, we denote the interval [t,,t,41] by I,
and the interval [t,_1,tn42] by J, in the following.

Lemma 4.1. For ag € H?(T%) with 1 < d < 3, there exists a constant C > 0 depending only on
llaol| gz and T such that for all N > 1:

HR?||L2(T‘1) S CTN_Q.
Moreover, for any % < r < 2, the following estimate holds:
HR?HH"(Td) < CTN_ZJ'_T.

Proof. By the Sobolev embedding H?(T?) < L>°(T%) and Bernstein’s inequality, we have

IRY | £2(ray <

tn+1 . e
/ eTissA [\UPU ~ HN(|HNU\2HNU)} (s)ds
tn

L3(T4)

< rsup [[U2U ~ My (IyU PN U)o
tel,

< Cr (TN (UPU) o2 + UV — [INUPTNU | 2)
< CrN2 (U e -
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For the H" estimate with % < r < 2, we proceed in a similar manner. By applying the
Kato—Ponce inequality together with Bernstein’s inequality, we obtain:

IRT ey < 7 sup U PU — Ty (TN U PIINU) v )

< Cr(INn(UPU)|gemy + |UPU = [UNUPTINU|| Lo )
< OTN 2| U 700 2

Finally, the desired result follows from the uniform bound [|U||pe g2 < Cllao| - O

Lemma 4.2. Let ag € H2(']I‘d) with 1 < d < 3. Then there exists a constant C > 0, depending
only on ||ag|| g2 and T, such that the following estimates:

RS || sy2zey < C72,
HRQ”LQ(Td) S CTS + CT2N72.
Proof. According to the definition of R% in (34), we apply the Kato-Ponce inequality to obtain

RS grzeray ST > sup [[Will gz DV |2 [ W - (41)
itjtk>55€hn

The estimates for W; for ¢ = 1,2, 3 follow directly from their expressions in (29)-(31). Specifi-
cally, there exists a constant C', depending only on T" and ||V|| ;e (0,7, 1r2), such that

sup |(Wi|lg2 < C, sup |Willgz < Cr, i=2,3. (42)
sel, sel,
Since for positive integers i, j, k satisfying ¢ + j + k > 5, at least one of the indices must be 2 or
3; for instance, the case (4,7, k) = (1,1, 3) or its permutations. Combined with (42), this implies
that the worst contribution in (41) is of order 72. Substituting these bounds into (41) yields the
first inequality.
For the second inequality, we apply Hélder’s inequality to (34), assigning the L?-norm to
the factor with the largest index, while the remaining terms are controlled via the Sobolev
embedding H?(T?) — L>®(T%) with 1 < d < 3. This yields

RS2 S7 D sup [Willaz Wil 2 Wil 2
i+j+k>5 S
i<j<k

< O7° + C7 sup |[Wal| 2, (43)

s€lp
where the last inequality is deduced from (42). Thus, it remains to estimate sup,c; ||[Ws| 2. By
decomposing the integral expression of W5 in (31) into low- and high-frequency contributions

and invoking the estimates from Lemma 4.1 for the high-frequency part, we obtain

Ws = —i)\/ e A Iy er%AHNV(U)|2eiU%AHNV(U)] do
ln

+iX / eTISEAT Ue“%AHNV(tn)‘2eis%AHNV(tn)} do + O(rN72). (44)
tn

Note that the propagator €“32 is an isometry in L2, and the difference between the propagators

satisfies the following estimate:

H (758 — eiS%A)fHLZ < Cer||f| - (45)
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Furthermore, applying Duhamel’s formula (28) gives:
V() = V(ta)ll2 < CT|VI[7oc -

Then we decompose the difference in the integrand of (44) by inserting suitable intermediate
terms. Applying the above properties to these decomposed terms, this leads to the following
estimate:

sup [|[Wsl|2 < C1% + CTN2
sel,

Substituting this estimate into (43) completes the proof of the second inequality. O

Lemma 4.3. Let ag € H*(T%) with 1 < d < 3. Then there exists a constant C' > 0, depending
only on ||ag|| g2 and T, such that the following estimates hold:

IR\ rr2(ray < cr,
||R7§HL2(T‘1) S 057'3.

Proof. From (33) and (35), we have

tnt1 e . e - E
731 — _/ (3 — tn)eflsiAHN [‘els?AHNV(tn)‘4€ZS§AHNV(tn)} ds
tn

tn+l . e . B - £
+/ (5 — tn)e 5Oy De””iAHNV(tn)\4ezt”§AHNV(tn)} ds.
tn
Estimating the H? norm of each term in RY by applying the Kato-Ponce inequality (3.2), we
obtain
[R5 | 21y < CTQHVHigOHQ%-

Next, using arguments similar to those in Lemma 4.2, we insert appropriate intermediate terms
and apply inequality (45). This results in

||Rg||L2(Td) § 057'3.
This completes the proof of the lemma. (]

Lemma 4.4. Let ag € H?(T?) with 1 < d < 3. Then for any ¢ > 0, the following estimates
hold:

1

38 2V (t,) <Ce i, d=1, (46)
58 Iy (1) <Ceu, d=2,3, (47)
LY, (JnxT?)
where ¢ = Q(djm, and the constant C is independent of ¢.
Proof. From the Duhamel’s formula (28), we obtain
t
Vitn) = V() + i / e 58 [|eR58Y (5) 258V (5)] ds. (48)
ln

By applying €22 A to the above equality and using Vt) = e‘it%AU(t), we have

t
M50 2V (1,) = JRU(t) +i/\/ dUTIRB T2 [|U(s)PU(s)] ds. (49)
tn
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Then we use this equality to derive the estimates in (46)—(47). We first consider the case d = 1.
By Proposition 3.5, and note that Uﬁ(’:alJn = [-7,T + 27|, we have the bound
_1
HJQUHz;lLng(JnxT) < CHJQUHL;{Z([—T,THT}xT) < Cema.

For the integral term in (49), we apply Minkowski’s inequality and Lemma 3.4 with p = 4 to
obtain

/ 58 72 [[U(9)20(s)] d

in

tn+1 i e
< ’ / S5 72 [|U(5)]2U (5)] ds
: L} ,(JnxT) n
_1 _1
Sera |2 [|UPU] HL;’OL% Se 4||U||?ig<>Hg-
Hence, for d = 1, we conclude
A PNV (E < Qe
¢ NV (tn) LS (JoxT) — ©
For d = 2,3, we apply the same strategy, using p = 2(%2) in Lemma 3.4, which yields the
desired result with ¢ = 2(dj2); that is, g =4 for d = 2 and ¢ = % for d = 3. This completes the
proof of the lemma. O

Lemma 4.5. Let ag € H*(T%) with 1 < d < 3. Then there exists a constant C' > 0, depending
only on ||ag||g2 and T, such that the following estimates hold.

(1) For max{1,%} <r < 2, we have

HRZHHT(Td) S 052_T73_T.
(2) For the L? estimate, we have for arbitrary sufficiently small §:
d=1,

Lo—1 7_2
RY < Ce ’
‘ ,;) Hlzeerey = {72—5, d=2,3.

Proof. (1) Without loss of generality, we assume |k1| > |k2| > |k3|. Then for k = ki + ko + ko,
this implies |k| < |k1|. From the definition of 8 in (7) and the above assumption leads to
|8] < €2|k1||kz2|. Recalling the definition of T («, 8) in (37), we have the following reformulation:

T A 1 (7 .
T (o, ) = / e (e —1)ds — (P — 1) - / se"* ds. (50)
0 T Jo
Notice that 2 —r € (0, 1), we have
[T, B) <7 sup €9 — 1| < 7277|8277 S 27 Tk [P ko (51)
s€[0,7]

Substituting (51) into (36) and applying Plancherel’s theorem yields, for max{1, %} <r<2,
IR e (zay = 11+ [K[) PR () |2

< CET TN (L K)oV iy (t0) [V (80| Vs (£0)
Ag 12
k

< 052_TT3_THJQVHL;>OL3HJQ_T}—_I(“A/H)HLgOLgOH]:_I(HA/’CDHLgOLgo'
Since r > d/2, the result in (i) can be obtained by embedding H" < L*°.
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(2) We introduce 77 =II.-1 and 75 = II. -1 and decompose R} in (36) into

Bk ==ixY " 3" T(a. ) € TV (t) TGV, (t) TV 1y ()
A i+j+1>4

— A T (e, B) - € TV, (t) TV gy (b)) TaV iy () = Ry (k) + Rify (k).

For estimate of R}, we note that for i 4 j 41 > 4, at least one of T}, T} or T}, is T>. Moreover,
according to (50), we obtain |7 («a, B)| < 7. Consequently, in this case, by embedding H? < L,
we obtain

RG2S TIT2V ()l 2|V )5z S 7(77 1) 72 = 72,

For estimate of R}, we recast T («, 8) into a sum of two triple integrals, namely

T(CM 5) :/ zsa( isf _ 1—13,3 ds—i—zﬂ/ _ zsﬁ ds - / 5615 g

/// isa 29,6’ BQ)dest—l— ///se”a zOﬁBQdeads (52)

Since 3? is a multivariate polynomial in ki, ks, and k3, with degree at most two in each
variable and total degree at most four, substituting (52) into R}, yields many terms. However,
their treatment is similar, so we focus on a representative term for estimation; the estimates
for the remaining terms are analogous and are omitted for brevity. Specifically, we consider the
contribution associated with the (ki - k2)? term in 32, namely,

Tl —g/// 1506108 Iy - ky)? df do ds.

By abbreviating V3, = T1IINV (t,), the term corresponding to T2(a, ) is denoted as A™, ob-
tained by replacing 7 in R}, with 72. By changing of variable, we express A" in the physical
space as:

/ / / tn+9) A|: (tn+28_0)%AaijVK[ . €Z(tn+0)%A8wV]T\L7 . ei(tn+9)%AVK,[ do do ds

i,7=1
— g2 Z / / / e~ 1054 [ei(QS_G)%AaijV]T\L/ . eié’gAaijV]T\Lf . ei&%AV}ﬂ 9 do ds, (53)
ij=1 tn in

where 0;; denotes the second-order mixed derivative 0,0y,

For d = 1,2, to estimate its L2 norm, we first apply the Minkowski inequality to exchange
the order of the spatial norm and the integral, and then bound the outer s-integral by taking
the L2° norm. Applying Holder’s inequality then yields

tn . ) ne
A 5 e [ R 2R g VRt
S

n n

5 i(2s—0) & i0E i0E
< 273 sup HJ261(28 G)QAVn \ ‘J26102Avn \ 61‘92Avn‘
SEIn LG,I(I") LQ,I(In) Lg?z(ln)
2
5
Seire (AT VOl g 25
LELA(JnxT%) v

where in the last step we have used that the time variables 2s — 6 and 6 both vary over J,, and
I, respectively, I, C J,.
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Summing over n, for d = 1, by applying a discrete Holder inequality together with Lemma 4.4,
we obtain
Lo—1

> A agrey < C2r2|

n=0

2

APV < Cezr?, (54)

l?Lthl,z(‘]” XTd)

For d = 2, we apply Lemma 3.1 and Lemma 4.4, with the choice § = 2¢, to obtain

Lo—1 ' 9
> Az (pay < Cer22¢||eftaA J27 <Py < Ce2720, (55)
n=0 lébLfsl,m(JnXTd)

For d = 3, we need to reformulate the summation of A" before taking the L? norm. To be
specific, we apply Fubini’s theorem to (53) to obtain

Lo—1 d Lo—1 tnt1 s

—i0E ; —0)E i0E i0E
Z A" :52 Z Z / e ZQQA/ / |:ez(2s G)QAaijV;\lf '6102AaijVJ7\Lr 'e’LQQAV]’I;L[ do ds db.
n=0 ij=1 n=0 7 In o Jo

Thus, applying the scaled Strichartz estimate in Lemma 3.4 with p’ = %, and using the embed-
5 10

ding Lf@ < L7, we then proceed with the same argument as above to obtain

t,x
Lo—1
| A
n=0

d t
_3 nl (S e nE 0E

L2§52 0y / / {6428 9>2Aal-jV;@.ewzﬁaijv;vewzﬁvﬂ dods
. Je % 5 5
=1 I3L3 (InxT)

17
072 sup
Seln

i0E
0 10 67,02Avn

10 10 10
Ly L, (In)

i €
61(25—0) s AJQV}\Z/
L Ly, (In)

SN E
Se O3B 2y

Lo Lge, (In)

T

. 2
S er07272 ||eit5A p2oepn |5y IV () gz S em?°,

N i L3, (JnxT9)

where we used Lemma 4.4 in the last inequality. Combining this estimate with the bound in
(54), we obtain the proof of (2).
O

5. Proof of the convergence results

We begin this section by establishing a uniform bound for the numerical solution in the
Sobolev space H", r > %. Then, we present the proof of Theorem 2.2.

Proposition 5.1. Let V" be defined in (38). Suppose that the initial data ag € H?*(TY),
max{1, g} < r < 2. Then there exists a constant C > 0, depending only on the final time
T and the initial norm |lag| g2, such that for sufficiently large N and sufficiently small T, the
following bound holds:

WV g < C,  forall0 <mn < Ly.

Proof. We introduce the error function e,, := V (t,,) — V", which measures the deviation between
the exact and numerical solutions at time ¢,. By construction (40), the error at step n + 1 can
be decomposed as

ent1 = en + V(tns1) = " (V(tn)) + @"(V(tn)) — ©"(V")
4
=en+ Y RI+O(V(t,) — (V™). (56)
=1
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Applying Lemmas 4.1-4.3 and 4.5, and using the condition % < r < 2, we obtain the following
uniform bound on the sum of the remainder terms:

4
SRR eray < € (FN72H 472 4 g277757T)
=1

where the constant C' > 0 depends only on the final time 7" and the norm ||ag|| g2.
Next, we analyze the stability properties of the numerical flow ®™ in (39). By the boundedness
of the operators ¢ and 1 on H"(T%), we have

lo (=2im5A) fllar < Cllfllar, ¥ (=2it5A) flar < Cllflar,
uniformly in 7. Consequently, the numerical flow ®" satisfies a Lipschitz-type stability estimate:
12" (V(ta)) = 2" (V") < C7(llenllar + llenllr)-
Substituting these estimates into (56) yields the following recursive inequality:
lensillar < (14 C7)|enllar + Ctllen||yr + C (TN72+T + 7% + 527T7377ﬂ) :

We now proceed by mathematical induction to establish a uniform bound on the error. At
the initial step n = 0, V' is obtained via a spectral projection of ag, hence

lleollzr < CN72t" and leollzr <1

by taking N sufficiently large. Assuming that at step n, the inductive hypothesis ||e,| g <
1 holds, we aim to show that the same bound holds at step n + 1. Under the assumption
lenllmr < 1, it follows immediately that |e,||%+ < ||en ||z To bound the accumulation of errors

over successive steps, we apply a discrete Gronwall inequality to the recursive estimate. Noting
that 7Ly < T remains uniformly bounded, this yields

llentillzr < (1+2CT)|len||ar + C (TN_2+T + 724+ 52_’"73_’")
< 02T (N—2+r N T277") .
Therefore, by choosing IV sufficiently large and 7 sufficiently small, the inductive step is closed,
and the bound |le, ||z~ < 1 holds uniformly.

Finally, recalling that the exact solution V'(¢) remains uniformly bounded in H"(T%) over the
interval [0, T] (r < 2), we conclude that

IV iz < AV ()l Er + llenllar < C,

for all 0 < n < Lo, where C' depends only on the given data. This completes the proof. O

Proof of Theorem 2.2. We restrict our attention to the case d = 1, as the cases d = 2 and
d = 3 can be handled similarly. We begin by expressing the global error using the telescoping
identity (56):

et = o+ D DRI+ Y (¥ (V(ty) - @ (V).
§=0

i=1 j=0
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By the projection estimate ||eg||z2 = [TIsnyV (0)||z2 < N~2 and the bounds in Lemmas 4.1-4.3
and 4.5 on the remainder terms, we obtain

4 n )
lentillze < lleollze + > || SRS
i=1  j=0

<C(N?+71%)+ Z|“I’j(v(tj>) - q)j(vj)HLT
§=0

e i”‘bj (V(t) = (V)|

It remains to estimate the stability term. Using the boundedness of the nonlinear maps ¢ and
v in L2, Proposition 5.1, and the Sobolev embedding H"(T¢) « L>®(T%) for r > g, we deduce

|97 (V(t;)) = ® (V)| 2 < Crllesll(IV D7 + 1V 1)
+Crllejll =2 (IV ()5 + 11V 12r)
< Crllejlze-

Substituting this estimate into the global error bound, we obtain

n
lentillz < C(NT2+7%) +C7 > lejll 2.
j=0
By the discrete Gronwall inequality, this yields
lentille < C(NT2+72),
which completes the proof. (]

6. Numerical examples

In this section, we present numerical experiments to demonstrate the performance of the
proposed numerical scheme for the weakly nonlinear Schrédinger equation in the semiclassical
regime. The numerical experiments are carried out in both one and two spatial dimensions. The
results validate the accuracy and stability of the method under various parameter settings.

We fix A in (1) as 1 throughout and consider initial data of the form

w(0, ) = ag(x)e™/°,

where k = 1 in one dimension and k = (1,2) € R? in two dimension. The function ag is chosen
from the Sobolev space H” and is defined by the following expression:

ao(x) = 3 37 aeR) RO (k) = (14 k)2, (57)
4

kezd
where the coefficients ¢, are randomly generated. This construction ensures that the initial
function ag(x) lies in H” but not in HY+0901 "and serves as a suitable test case for verifying the
sharpness of our theoretical error estimates under low regularity assumptions.

6.1. Convergence in the small-¢ regime

Theorem 2.1 establishes a convergence result in the small- regime for approximating (1) by
solutions to (4), under the regularity assumption ag € H?. In this setting, the method achieves
optimal first-order convergence with respect to €. To numerically verify this result, we take
the initial function defined in (57) with v = 2. Since exact solutions of (1) are not available,
we compute reference solutions by applying the scheme defined in (13)-(14), using N = 2'2,
7 =27'2in one dimension and N = 2°, 7 = 279 in two dimensions.
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We measure the L? error described in Theorem 2.1 at final time 7" = 1, for ¢ = 27™, with
m =6,7,...,14. The left panel of Figure 1 presents the results in one spatial dimension for two
types of initial data: one in H?(T), which satisfies the assumptions of Theorem 2.3, and one in
H!(T), which falls outside the theoretical framework. As predicted, the error decays linearly
with € for ag € H?, confirming the expected optimal first-order convergence. In contrast, for
ag € H', we observe a convergence rate of approximately 0(51/ 2), indicating a reduction in
accuracy due to the lower regularity. Although this case lies beyond the reach of the theory, it
offers heuristic insight into the method’s sensitivity to initial data regularity.

The right panel shows the results in two spatial dimensions with ag € H?(T?). The method
again exhibits first-order convergence with respect to e, consistent with the one-dimensional H?
case. These results provide numerical confirmation of the convergence behavior predicted by
Theorem 2.3 under optimal regularity assumptions.

L2 Error

FIGURE 1. L? errors versus ¢ for initial data for d = 1 (left) and d = 2 (right).

6.2. Uniform-in-¢ convergence in 1D

To illustrate how the parameter ¢ affects the solution, we visualize numerical solutions of
equation (1) for different values of €. Figure 2 shows the results in one spatial dimension. The
initial data is chosen as in (57) with v = 2, and the computation is carried out using the
numerical scheme (13)—(14) with N = 212, 7 = 2712,

The experiment highlights how varying e affects the modulus of solutions: the left panel
corresponds to € = 0.1, and the right panel to € = 0.0001. In the left panel, the relatively
large ¢ leads to stronger dispersion effects, causing the modulus of the solution to exhibit both
translational motion and visible spreading over time. In contrast, the smaller € in the right
panel enhances nonlinear effects, resulting in a nearly pure translation of the initial profile with
invisible spreading—indicating that dispersion is largely suppressed. This is evident in the space-
time plot: the tilt of the color bands (i.e., the slope of the level curves of the solution modulus
in the z-t plane) reflects a propagation speed close to 1. These results demonstrate how the
balance between dispersion and nonlinearity in the NLS equation changes with ¢, significantly
impacting the wave dynamics.

We next examine the uniform-in-e space-time accuracy of the proposed numerical scheme
(13)—(14) for equation (1). This property is essential for accurately capturing oscillations in the
semiclassical regime without requiring the temporal and spatial discretizations to resolve the
finest O(e)-scale structures. To this end, we examine both the temporal and spatial convergence
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FIGURE 2. Numerical solution with € = 0.1 (left) and € = 0.0001 (right)

at the final time T = 1 for v = 1,2 and various semiclassical parameters ¢ = 107" with
m = 0,1, 2,3,4, thereby assessing the scheme’s performance across a wide range of £ values.

For the temporal convergence test, we choose the time step sizes independent of ¢, specifically
T =2"%for k = 6,---,11. Since the exact solution is not available, the temporal error is
computed by comparing the numerical solution against a reference solution obtained using N =
210 Fourier modes and 7,of = 2713 time steps. The right panel of Figure 3 presents the results for
~v = 2, where uniform second-order convergence in time with respect to € is observed, consistent
with the theoretical prediction in Theorem 2.2.

For the more delicate case v = 1, the left panel of Figure 3 shows that the scheme initially
exhibits first-order convergence when ¢ is relatively large. However, as ¢ — 0, the convergence
rate improves and approaches second order. This phenomenon can be heuristically understood
by noting that, in the limiting case ¢ = 0, the PDE (1) reduces to an ODE system. For such
systems, the temporal discretization achieves its optimal second-order accuracy. A rigorous
justification of this limiting behavior remains an interesting direction for future analysis.

—o-e=1
—+-e=0.1
€=0.01
—¥-¢=0.001
——¢€=0.0001

O(T%)

L2 Error
L2 Error

2

1078 10"
T T

FIGURE 3. Temporal L? errors for initial data in H* (left) and H? (right).

Figure 4 presents the spatial convergence results. Similar to the temporal case, errors are
measured by comparing numerical solutions to reference solutions computed with Nye = 212
Fourier modes and 7 = 2710 time steps. The spatial errors are evaluated for N = 2™ with m =
6,...,11. As shown in Figure 4, for both H” initial data with v = 1,2, the spatial convergence
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rate clearly follows N~7. This matches the theoretical prediction given in Theorem 2.2 for the
case v = 2.

Combined with the temporal convergence results, these findings confirm that the proposed
numerical scheme achieves uniform accuracy in both space and time across a wide range of &
values.
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FIGURE 4. Spatial L? errors for initial data in H! (left) and H? (right).

6.3. Uniform-in-¢ convergence in 2D

We now turn to two-dimensional examples to further validate the proposed numerical scheme.
Figure 5 visualizes the modulus of numerical solutions at times 7" = 0,0.5,1 for equation (1)
in two spatial dimensions with the H? initial data in form of (57) and ¢ = 0.2. The numerical
solution is computed by choosing N = 22 = Ly. As shown in the Figure 5, the modulus of the
solution exhibits a combination of translational motion and dispersive spreading. Specifically,
the wave profile propagates along the vector k = (1,2), while the dispersion corresponding to
€ = 0.2 causes visible spreading of the wave packet—similar to the behavior observed in the

one-dimensional case.
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F1GURE 5. Modulus of the numerical solution at T'= 0 (left), 7" = 0.5 (center),
and T'=1 (right).
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Next, we consider the same H? initial data to assess the convergence of the proposed scheme.
As in the 1D setting, we examine both temporal and spatial convergence using discretizations
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FIGURE 6. Temporal (left) and spatial (right) L? errors for initial data in H? .

that are independent of €. For temporal convergence, we fix the spatial resolution to N = 26
and compute errors for time step sizes 7 = 27%, k = 3,...,8. The reference solution is obtained
with 7ref = 2710 time steps. The results, shown in the left panel of Figure 6, confirm second-
order convergence in time uniformly with respect to €, consistent with the theoretical results in
Theorem 2.2.

For spatial convergence, we fix the temporal resolution to 7 = 277 and vary the number of
Fourier modes N = 2™, m = 3, ..., 8. The reference solution is computed with N,o; = 29 spatial
modes. The right panel of Figure 6 reports the results, showing second-order convergence in
space, again in agreement with theoretical expectations. These two-dimensional experiments
further verify the uniform accuracy of the proposed scheme across a range of € values, both in
time and space.
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