CONVERGENCE OF FINITE ELEMENT METHODS FOR RICCI FLOW*
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Abstract. The convergence of a finite element discretization for the two-dimensional Ricci flow is
proved. In this method, the Ricci flow on a two-dimensional surface is formulated into solution-driven
metric evolution, with the metric evolution driven by the Gauss curvature. The Gauss curvature satisfies
a parabolic equation that in turn depends on the metric, thereby enhancing the parabolic structure of the
problem. The solution-driven metric evolution formulation is discretized by the finite element method,
and the convergence of finite element approximations is proved by adapting the matrix-vector formulation
developed in the literature initially for studying solution-driven surface evolution in extrinsic curvature
flow. In addition to its convergence, the proposed method also preserves important geometric structures
of the Ricci flow at the discrete level, such as area conservation and the Gauss-Bonnet theorem. Extensive
numerical experiments are presented to demonstrate the convergence of the proposed method as well as
the simulation of Ricci flow.
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1. Introduction. The Ricci flow, introduced by Richard Hamilton in [29] in 1982,
is a geometric evolution equation that deforms the Riemannian metric on a manifold
according to its induced curvature. Since then, the Ricci flow has been well-developed
and has become a powerful tool in geometry and topology. In particular, Grigori Perelman
built upon Ricci flow techniques and proved the Poincaré conjecture in his groundbreaking
works [39H41]. The Ricci flow has a wide range of applications, including image processing
[47], 3D face matching and registration [52], surface parametrization and re-meshing [32],
and conformal brain mapping in medical imaging [50].

For the numerical study of Ricci flow, Chow and Luo introduced a discrete version
of the Ricci flow in [11] based on discrete differential geometry. It was further developed
in [28l31]. In this method, the Gaussian curvature is approximated by the angle defect,
and at each vertex, a scalar conformal factor evolves according to the angle defect. The
long-time convergence to a discrete constant curvature metric for this method has been
proven in [11]. However, the convergence of this method to the exact solution of the
Ricci flow remains an open question. In other words, it is not guaranteed that this
scheme will provide an accurate approximation of the solution of Ricci flow. In many
applications, this is not a serious concern, as the goal is often to construct a discrete
conformal mapping from a given triangulation to one with prescribed discrete curvature,
rather than to accurately approximate the Ricci flow. For numerical studies of the Ricci
flow in certain special cases, we further refer to [24},45.49].

Compared to Ricci flow, the numerical methods for other extrinsic curvature flows,
such as mean curvature flow and Willmore flow, have been more extensively studied. One
method that has been well-developed is the parametric finite element method (FEM), first
introduced by Dziuk in [19] for approximating surface evolution under curvature flows
and, subsequently, has been extensively used to approximate various geometric evolution
equations [2,[10,/20]. Later, the idea of artificial tangential velocity for evolving surfaces
was introduced by Barrett, Garcke, and Niirnberg in their seminal works [6,/7]. The
artificial tangential velocity drives the mesh points to move tangentially on the surface,
which does not alter the shape of the evolving surface but improves the quality of the
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surface mesh during evolution; see also [113][41[18}/30}[38].

The convergence of Dziuk’s scheme for curve shortening flow has been established
in . A parametric FEM based on DeTurck flow techniques was developed by
Elliott and Fritz in , and its convergence for curve shortening flow was proved. A
convergent numerical scheme for elastic flow was proposed in [8]. An error estimate for
planar curve evolution with triple junctions was established in [43]. Moreover, convergence
for curve evolution coupled to a reaction-diffusion equation was established in , and
error analysis for curve shortening flow coupled with lateral diffusion was presented in
. Furthermore, the convergence of parametric FEMs for the mean curvature flow and
the Willmore flow of closed surfaces in three-dimensional space was first established by
Kovacs, Li, and Lubich in , based on a novel reformulation of these geometric flows
involving the evolution equations for the normal vector and the mean curvature. Stability
and error analysis for advection-diffusion equations on moving surfaces was conducted
in , and convergence analysis for the interaction between mean curvature flow and
diffusion on closed surfaces was established in [21].

The Ricci flow, as an intrinsic curvature flow, presents significant challenges for nu-
merical discretization compared to the extrinsic geometric flows studied in the literature.
One major difficulty lies in the discretization of the Riemannian metric, and computing
the Gaussian curvature directly from the metric. This involves a nonlinear second-order
differential operator and is particularly challenging in a spatially discrete setting since,
when applied to piecewise smooth metrics, this differential operator must be interpreted
in the sense of distributions [EI] A finite element discretization of the Ricci-DeTurck flow
has been studied in . In this method, the Riemannian metric ¢ on an n-dimensional
embedded manifold T is extended to a Riemannian metric G on a tubular neighborhood
I's ¢ R**!. Consequently, the Ricci-DeTurck flow can be reformulated in the Euclidean
coordinates of the ambient space R™*!, and then discretized using the surface finite el-
ement method. Although various numerical simulations are reported in [22], stability
and error analyses for this method remain open problems.  One obstacle to the nu-
merical analysis of Ricci flow is the lack of a weak formulation that is both amenable
to discretization and capable of establishing rigorous stability and error estimates. This
differs from extrinsic curvature flows; for instance, a suitable weak formulation for mean
curvature flow was already proposed by Dziuk in 1990 [19], and the numerical analysis
of this formulation has since been investigated extensively [15 . Another challenge
arises from the intrinsic nature of Ricci flow: both integrals and differential operators are
defined with respect to the evolving metric, which is itself the unknown. As a result,
one must approximate metric-dependent integration and differentiation in an intrinsic
way and, moreover, charactrize the errors induced by the approximation of the evolving
metric. This again differs from the extrinsic setting, where the relevant integrals and
differential operators are computed with respect to an evolving surface in R?, and the
corresponding error analysis is by now well developed [33H35].

Our construction is based on Regge finite elements, a recently developed family of
finite elements for discretizing symmetric (0, 2)-tensor fields on simplicial triangulations
[12H14L[37,/44]. In the lowest-order case, the Regge finite element discretizes the metric
tensor through edge lengths, allowing curvature to be approximated by angle deficits.
This was further improved by Gawlik in , developing a high-order Gaussian curvature
approximation based on high-order Regge elements. More recently, in ﬂgﬂ, this approach
has been used to approximate the connection 1-form (Levi-Civita connection), see also
. Notably, in , Gawlik applied this approach to the Ricci flow and proposed a finite
element discretization of the Ricci flow of arbitrary polynomial order. Unlike ,
reformulates the Ricci flow as a coupled system by treating the curvature x and the
metric g as independent variables (see Section [2] for details). A notable advantage of this
approach is that it eliminates the need to compute the curvature from the metric, which
involves a nonlinear second-order differential operator. Additionally, the scheme proposed
in preserves several important geometric structures of the Ricci flow at the discrete
level, including the Gauss-Bonnet theorem and area conservation (see Theorem .
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The main contribution of this paper is to provide a rigorous numerical analysis for the
FEM for Ricci flow proposed in . Specifically, we prove stability and error estimates
for the discretization (9)-(11), Section 2], based on the following two key observations.
The first key observation is that the reformulated system can be viewed as a solution-
driven metric evolution, where the metric evolves according to the Gaussian curvature,
which satisfies a parabolic equation that, in turn, depends on the metric. This allows
us to analyze the error by adapting the matrix-vector formulation developed in ,
which was initially introduced for studying solution-driven surface evolution in extrinsic
curvature flow. The second key observation is that the evolution equation for the Gaussian
curvature in the coupled system (see ) exhibits a parabolic structure. This enables
us to rigorously prove the convergence of the finite element discretization for arbitrary
polynomial orders. Specifically, if we use the Regge element of degree r» > 0 to discretize
the Riemannian metric, and the Lagrange element of degree ¢ > 1 to discretize the
Gaussian curvature, we have the following error estimate:

1. .- 1
9h -9 - Lr(My,) Kn —K L2(Mp) ~ n{— n(--)h" ) ) )
lgn(£)—g " ()] +lra ()= @) S (h))qthr1+1 (5 )h o telo,T]

where g, — ¢() and k), — k(=9 denote the errors of metric and curvature respectively,
with ¢(=9 and (=9 being the inverse lifts of g and x onto the triangulated manifold Mj,.
Here, h is the mesh size, p > 2, and ¢ = 1 when ¢ = 1, and ¢ = 0 otherwise. In addition,
we can also establish the following optimal L? error estimate when » > 1 and ¢ > 1:

lgn () = 9Ol L2 (any + I5n () = 6TV Ol 2ar,) S BT+ e [0,T].

See also the discussions in Remark[4.1] These error estimates further indicate that
using this coupled system approach can simultaneously provide high-order approximations
for both the Gaussian curvature and the Riemannian metric.

The intrinsic nature of the Ricci flow means that it evolves a Riemannian metric
without reference to any embedding. To visualize the solution, we compute an isometric
embedding of the evolving metric into Euclidean space. In Section [6 we propose a new
continuous PDE for the embedding velocity and discretize it using a parametric FEM.
This approach enables efficient simulation and visualization of Ricci flow solutions and
can be viewed as an optional post-processing step.

The rest of this article is organized as follows. In Section [2] we review the evolution
equations for the Gaussian curvature of a metric evolving under the Ricci flow and for-
mulate the system of equations to be discretized subsequently. In Section [3| we propose
the semi-discretization in space using Regge finite elements and Lagrange finite elements,
and present the structure-preserving properties and the main theorem on the convergence
of the numerical discretization. The stability of the numerical discretization is proved in
Section[d] and error estimates are provided in Section[5} A numerical embedding scheme
for visualizing the numerical solutions is discussed in Section [} Extensive numerical
experiments are presented in Section [7] to demonstrate the convergence of the proposed
method as well as the simulation of the Ricci flow. Additional details of the results used
in the stability analysis are provided in Appendix [A] and [B]

2. Evolution equation for Ricci flow.

2.1. Basic notations. Let M be a smooth, oriented, two-dimensional manifold
without boundary, embedded in R3. The tangent and cotangent bundles on M are
denoted by TM and T* M, respectively. Let g be a smooth Riemannian metric on M.
We use wy to denote the volume form on M induced by g, and V4 to denote the Levi-
Civita connection associated with g. For a (p,q)—tensor o, we use Try to denote the
contraction along the first two indices, using g to raise or lower indices as needed. We
denote divyo = Tr, V40 and Ajo = div,V4o. The pointwise inner product of two tensors
o and p with respect to the metric g is denoted by (o, p)4. For tensor fields o, p and scalar
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functions u,v on M, we denote

(u,v)g, M :/ uvwg, (Vgu, Vgv)gm :/ (Vou, Vgv)gwg,  (0,0)g,Mm :/ (0, p)gwy-
M M M

Let 0gs denote the Euclidean metric on R3, which induces a metric on M through the
pullback under the inclusion map irg : M < R?, denoted by i%dgs, and is referred to
as the induced Euclidean metric on M. We denote V and dx the Levi-Civita connection
and the volume form associated with the induced Euclidean metric i},6gs. For tensor
fields o, p and scalar functions u,v on M, we denote

(ua U)M = / uvdx, (VU7VU)M = / <vu?vv>ij\45R3dx7 (07 p)M = / <U? p>ij\45R3 dx.
M M M

We use W*P(g, M) to denote the Sobolev space on M associated with the metric g,
and denote LP(g, M) = W%P(g, M) and H*(g, M) = W*2(g, M). The Sobolev space
with respect to the metric i%,0gs is denoted by W*P(M), LP(M) = WOP(M) and
HF (M) = WF2(M). We also use LP(0,T; WkP(M)) to denote the Sobolev space with
LP regularity in time and W*P regularity in space.

2.2. The system of equations used for discretization. On a two-dimensional
manifold M, the Ricci flow evolves a time-dependent metric g(t) according to

Arg(t) = 2(r = £(1))g(), (2.1)
where £(t) = k(g(t)) is the Gaussian curvature of g(¢), and & is a constant that can be
set to zero or chosen as the average of initial curvature, given by

Ja F(O0)wg(0)
Jam @)
In such a case equation is referred to as the normalized Ricci flow.
The Gaussian curvature x(t) = k(g(t)) on the right-hand side of is known
to satisfy the following evolution equation; see, for instance, [9, Proposition 2.1], [25]
Proposition 2], and the discussion in |25, Section 2].

Lemma 2.1 (Evolution equation of curvature). For a time-dependent metric
g(t) evolving under the Ricci flow (2.1)), its Gaussian curvature k(t) = £(g(t)) satisfies

K =

d
&(K/(t), U)g(t),/\/[ + (vg(t)/i(t), vg(t)v)g(t)vM = 0, Vv S Hl (M), atU = 0 (22)

Based on (2.2)) and (2.1]), we have reformulated the Ricci flow as the following coupled
system: Find a time-dependent metric g and a scalar function x on M x [0, T] satisfying

D g() + 2x(1) — Rglt) =0, (2:32)

d
5(,‘{(75), 'U)g(t),/\/l + (Vg(t)ﬁ(t)7 vg(t)v)g(t),/\/l =0, WYwe H! (M), 0w =0. (2.3b)

In this coupled system, the Riemannian metric evolves according to its Gaussian curva-
ture, while the evolution equation for the Gaussian curvature exhibits a parabolic struc-
ture and, in turn, depends on the metric. This system is complemented with the initial
data ¢(0) and x(0). The numerical discretization will be based on .

Throughout this paper, we denote by C' and hy two generic positive constants which
are different at different occurrences, possibly depending on the exact solution and 7', but
are independent of the mesh size h and ¢ € [0,T]. The notation X <Y means X < CY
for some constant C, and X =Y means X <Y and Y < X.

3. Finite element discretization. Let M} be a piecewise flat, quasi-uniform tri-
angular surface whose vertices lie on M , with mesh size h and approximating M. We
assume that My, C D.(M) = {p € R3 | dist(p, M) < ¢} for some sufficiently small £ > 0,
ensuring the existence of a bijective mapping a : M}, — M satisfying

p—a(p) = £lp —a(p)|n(a(p)), Vp € My,
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where n : M — R? denotes the outer unit normal vector of M.

We denote by 7T; the set of triangles in My and by &, the set of its edges. Any
function f on Mj, can be lifted to a function f' on M, defined by f! = foa~!. The
inverse lift of a function ¢ on M can be expressed as ¢(~Y = poa on M. Any (0,2)
tensor field ¢ on M can be pulled back to M, defined by o(~" = a*o, where a* denotes
the pullback under the mapping a : M}, — M.

On a triangle K C My, there exists a coordinate chart such that the pair (9, d2)
forms a constant orthonormal frame of the tangent bundle T'K with respect to the induced
Euclidean metric i3-0gs. Let S9(K) denote the space of all symmetric (0, 2)-tensor fields
on K. For any o € SY(K), it can be represented as a 2 x 2 symmetric matrix-valued
function on K, defined by (0;)1<i,j<2 = (¢(0;, 0;))1<i,j<2, and this matrix representation
is also referred to as 0. We also use 0! and det(c) to denote its inverse matrix and
determinant. We say that o € H'S9(K) if each component of its matrix representation
belongs to H'(K). Similarly, we say that o € P,.S9(K) if each component of its matrix
representation is a polynomial of degree at most r. Let

Y= {a e [[ H'SY(K) | ik, o(0lk,) =ik, .(0]k,), Ve = Ky N Ky € gh} ,
K€7—h
where i}j’e denotes the pullback under the inclusion i, . : e < Kj. In particular, we
define the set
Yy={ceX]|ox)>0,Vz e K,K € Tp},

which consists of all o € X that are positive definite and serves as the set of metrics on
Mj,. For a tensor field g € X, its tangential-tangential components are single-valued
along each edge e € &, allowing us to define the volume form and the unit tangent vector
with respect to g along e as

.
dsg = v/g(1,7)ds, and 73 =—F—=,
V(7. 7)

where ds and 7 are the volume form and unit tangent vector on e with respect to the
induced Euclidean metric. Moreover, we denote w, = /det gdz the volume form on Mj,
with respect to g € ¥. For scalar functions u,v on Mj,, we denote

<u,v>g7€:/uvdsg, (u,v)g,Mm, :/ uvy/det gdo = Z / uvy/det gdz,
e My, K

KeTh
and

(Vgu, Vgv)g m, :/ g 'Vu-Voy/det gdz, (0,p)g.m, :/ Tr (g 'og™'p) \/det gd,
My, My,

where Vu = (011, 0pu) T € R? and 0, p € ¥, with g € ¥. If we use the induced Euclidean
metric i}, Ogs on Mp, we denote

(u,v), :/ wodz, (Vu,Vu)y, = Vu-Vudz, (o,p)um, :/ Tr (op) dz.
My, My, My,

We denote by LP(g, My), 1 < p < oo, and H'(g, M},) the Sobolev spaces on M}, associated
with the metric g € ¥ ;. The Sobolev spaces with respect to the induced Euclidean metric
i3y, Ors are denoted as LP(My,) and H'(My).

3.1. Finite element space. We define the Lagrange element space of degree ¢ > 1
as

Vi ={v € C(Mp) | v|x € Py(K), VK € Tn},
where P,(K) denotes the space of polynomials on K of degree at most g. The Regge
element space of degree r > 0 [37] is given by

Yh={0ceX|o|lx € P.SYK), VK € Ty}
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Additionally, we define ¥ 1 = 3j, N X4, which represents the set of all ¢ € ¥j, that are
positive definite.
For any o € ¥ and g € ¥, we define a metric-dependent projection P, : ¥ — ¥; by
requiring:
(Pyo(74,7g), V) ge = (0(Tg,Tg), V) ge, Vv E Prle), € € Ep, (3.1a)
(Pgav p)g,K = (o, p)g1K7 Vp e PT—lsg(K)v K €7, (3.1b)
where P,(e) denotes the space of polynomials on e of degree at most r. If we use the
induced Euclidean metric 43, dgs in (3.1), the projection defined in (3.1)) coincides with
the canonical Regge interpolation studied in |37, Section 2.3.2], which we simply denote
by P,. Additionally, we define a metric-dependent L? projection Iy : ¥ — Xy, as

(g0, p)g,m, = (0, p)g,0,,  Vp € i (3.2)

3.2. Finite element spatial semi-discretization. We propose the following two
finite element spatial semi-discretization schemes for the coupled system . The first
scheme is based on the metric-dependent projection operator defined in (3.1): Find gy (t) €
Y and kp(t) € Vj, such that

Orgn(t) + 2P, 1y ((kn(t) — Fr)gn(t)) =0, (3.3a)
d
E(Fﬂh(t)a &) gty M + (Vanbn(t), Vg, &n)gnty,mn =0, Yon € Vi, 0i0n = 0. (3.3b)

The second scheme utilizes the L? projection defined in (8.2): Find gn(t) € X and
kh(t) € Vi, such that

Orgn(t) + 2y, (1) ((kr(t) — Kn)gn(t)) = 0, (3.4a)
d

a(nh(t)v ¢h)gh(t),Mh + (vghﬂh(t)a vghd)h)gh(t),Mh = 07 V¢h € Vh7at¢h =0. (34b)

The initial values of g, and kj in and are taken as the canonical Regge inter-
polation P,g(~"(0) € ¥, and the Ritz projection R#(0) € Vj, which is defined in
below. In the following context, we consider the case of the normalized Ricci flow and
define the constant &, as

_ S (0w, 0)

th Wy (0)
The subsequent numerical analysis remains valid for the case K = kj, = 0.

The main theoretical result of this paper is the convergence proof for the schemes
and , summarized in the following two theorems.

Theorem 3.1. Consider the spatial semi-discretization scheme for the coupled
Ricci flow equations , using the Regge element space of degree r > 0 and the Lagrange
element space of degree ¢ > 1. Suppose that the Ricci flow equation admits an exvact
solution (g, k) that is sufficiently smooth on the time interval [0,T], and that the symmetric
(0,2)-tensor field g(t) is uniformly positive definite on the time interval [0,T). Then, there
exists a constant hg > 0 such that the finite element solutions given by (3.3)) satisfy the
following error bound for 0 < h < hg:

1., 1
l9n (1) =9 Ol oasy +lsn () =0 B)llzqar,y S ()RR, e [0,T)

where p > 2 and ¢ =1 when ¢ =1, and ¢ = 0 otherwise.

Theorem 3.2. Under the conditions of Theorem when v > 1 and ¢ > 1, for
both schemes (3.3) and (3.4), there exists a constant ho > 0 such that the finite element
solutions satisfy the following error bound for 0 < h < hg:

lgn(t) = 9P @)l 2an) + lrn () = £V @) 2any S BT+ 27 £ € (0,7,
The proof of Theorem [3.1]is presented in Section[d]and Section[f]in detail. Since Theorem

[3:2can be proved using a very similar approach, we only provide several remarks to clarify
the key differences in the proof (see Remark . In addition, in Theorems
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and we have proven the convergence of scheme for arbitrary polynomial order,
whereas for scheme ([3.4]), the condition » > 1 and ¢ > 1 is required. This is because the
proof of Theorem relies on the L°° stability of the projection operator, which has so
far only been shown for P, ;) in scheme (3.3 (see Lemma and Appendix .

Besides their convergence, another key feature of the proposed schemes is their ability
to preserve certain geometric structures of the Ricci flow at a discrete level, including the
Gauss-Bonnet theorem and area conservation.

Theorem 3.3 (Discrete Gauss—Bonnet and area conservation). Let g5 (t) and
ki (t) be the solutions of (3.3)) or (3.4). Then the following identity holds:

/ k() w0y () = / kn(0) wgy 0y VE € [0,T]: (3.50)
My,

My,

Moreover, for solutions of the scheme (3.4), we have area conservation:

/ Wy (t) = / Wgp (05 Vit € [O,T]. (3.5b)
My, Mp,

Proof. By choosing the test function ¢p =1 in (3.3b)) or (3.4b]), we obtain
d
dt Ju,

This concludes the proof of (3.5a]). Next, to prove (3.5b|), we define

f(t)=/ wgh(t)—/ Way (0)-
My, My,

Taking the time derivative, we have

d d 1 1
&f(t) = dar /M Wy (t) = 2 /M Trgh(t)(atgh(t))wgh(t) = i(gh(t)’atgh(t))gh(t)th‘
h h

Using (j3.4a) and the definition of II,, (), we obtain

d
fn(wg ) = 35 (Fn(8), Vg o),00, = =(Vau (kn(2)), Vg L g, )00, = 0-

%(gh(t)vatgh(t))g}z(t),Mh = (gn(t), (Bn — 6£n(£))gn(t)) g, (t).01, = 2/ (En — En(t))wg, (1)
My,

2%%/ %m—/ %W%WQZRM/LMm—/ Wg,,(0))
My, My, My, My,

where in the last step, we apply (3.5a). Then, it holds that

d
Since f(0) =0, it follows that f(¢) = 0 for every ¢t € [0,7]. O

The finite element discretizations and can be expressed in matrix-vector
form [35]. Specifically, for the finite element solutions g (t) € X5, and kp(t) € Vi, we
collect the values of their degrees of freedom (DOFs) as vectors g(t) € RYm™ ¥ and k(t) €
R4im Vi which serve as the vector representations of the finite element solutions gy, (t) and
kn(t), respectively. We define the metric-dependent mass matrix M[g(t)] € R4imVaxdimVa
and stiffness matrix A[g(t)] € RUIMVaxdimVi ag: for 4,5 =1,...,dimV},

Mig(®)])i; = (i @3)gnymns (AlBE)ig = (Vg% Vo) i) gn (1), M
with the finite element nodal basis functions ¢; € V. Therefore, algebraically scheme
(3.3)) corresponds to a differential algebraic equation (DAE)

g(t) + fle(®), k()] = 0, (3.6a)
d

7 Mls®)]k(t)) + Alg(®)]k(t) =0, (3.6b)
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where f[g(t), k(t)] € RY™=n collects the DOF's associated with 2P, () (k5 () — &n)gn(t))
in (3.3a)). Similarly, (3.4) also corresponds to a differential algebraic equation, and it can
be obtained by replacing (3.6al) with

g(t) + flg(t). k()] = 0, (3.6¢)

where f[g(t), ()] € RI™>n collects the DOFs associated with 200y, (1) (kR (t) — Rn)gn(t))
in (3.4a)).

3.3. Approximations of the Riemannian metric and the Gaussian curva-
ture. Let g(¢) be the smooth solution of equation (2.3)). We denote its pullback on My,
and the canonical Regge interpolation as

gty =a"g(t) €24, and gi(t) = Pug0(t) € Th.

The following property follows directly from the definition of the canonical Regge inter-
polation and its approximation properties; see Section 2.3 in [37]. For ¢ € [0,T],

0ig5,(t) = 0:Pg "V (t) = Prog ™ (t) = Pu(09) 1 (8), (3.7a)
195 (8) = 9V O)llwro ) S BT g0 @) lwrsro i), (3.7b)
18:g5(t) = @29) T Ollwracy S BT F009) T O lwrsrox0), (3.7¢)

where k£ € {0,...,r + 1}, p € [1,00], and K € T;,. The following result, established in
Lemmas 4.5-4.6 of [26], is useful for controlling errors in the inverse and determinant of
a metric tensor. For a triangle K € T, let g and § be smooth symmetric (0, 2)-tensor
fields on K. The following estimates hold for p € [1, o0]:

19~ 12 )

~\—1 -1
g —g (k) < ~ -
1(9) (e L—=11g = gllzoe ) llg™H oo (16

v/ det(g) — v/det(9) | o) < (18]l o ) + N9l Loe () 1197 oo (56) 117 = 9ll o (i)~ (3-8b)
Under the conditions of Theorem 3.1} a direct consequence of and is that, if the
mesh size h is sufficiently small, the canonical Regge interpolant gj (t) € ¥, is uniformly
positive definite and satisfies

/et gi (1) — \/det g0 (1)) + 1) 7 (0) = (60 (D)l wary S 7, (3.9)

for t € [0,T]. In the following, we always assume that h is sufficiently small such that
93.(t) € Xp 4, which implies that g7 (t) can serve as a Riemannian metric on Mj.

: 19 = glle () (3.8a)

Lemma 3.4 (Norm equivalence of g;). Under the conditions of Theorem
there exists a constant hg > 0 such that for 0 < h < hg and v,w € H*(M), the following
estimates hold for t € [0,T],

(Vg0 Vow) gy m — (Vgr v, Ve w0 g4y | (3.10a)
S hTJrl”v'U(il)HL?(Mh)”vw(il)||L2(Mh)7
(0, w)g(ym = (0w ey an | S BT L2 a0 22 - (3.10Db)
Moreover, the following norm equivalence holds for t € [0,T],
10 z2aty = 10Dl z2 (g 0,00 = 10l z2g0 .00 = I0llz2(an)s (3.10c)

V0 2an) = (V930 P25 0).00) = 1V 0 llL2(90).00) = V0l 22000 (3.10d)

Proof. For a flat triangle K € Ty, let K = a(K) C M be a curved triangle that

lies on the smooth manifold M. Then, the set T, = {K = a(K), where K € 75}, forms
a curved triangulation of the smooth manifold M. Using the property of the pullback
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operator, the following expressions hold:

(v, w) g,k = (U(_l)aw(_l))g<—l>,x =/ v DD \/det g(-Dd,
K
(Vov, Vow)y) & = / (g7l VD /det gD da.
K

Similarly, the following expressions hold:

(U(fl)’w(fl))g;(t%K:/ (7D (=D /detg;dm,
K

(Vg;v(fl),Vg;’w(fl))g;(tw( = / (gZ)*IVv(*l) V= /det grdz.

By comparing the above expressions, summing over all K € T, and invoking (|3 , we
obtain ([3.10a) and (3.10b)). Under the conditions of Theorem [3.1} both ¢~V (¢) and its
inverse (¢~ (¢))~! are uniformly bounded on the time interval [O, T). According to
and (3.9), for sufficiently small , both g;:(t) and its inverse (g7 (t))~" are also uniformly
bounded on the time interval [0,7T]. Therefore, and follow from taking
v = w in the above expressions and applying a Holder inequality. O

For a smooth scalar function u(t) = u(-,t) : M — R, we define its Ritz projection
onto the Lagrange finite element space V}, as Ryu(t) € Vj,, by requiring

(Vg;Rhu(t), vg;(bh)g;,Mh = (Vgu(t),Vg ;ll))g,M, Vo € Vp, (3.11&)

(Rru(t)®, 1) pm = (w(t), D (3.11b)
The following lemma provides an error estimate for the Ritz projection and its time
derivative.

Lemma 3.5 (Properties of Ritz projection). For a smooth function u(t) =
u(-,t) : M = R, let Rpu(t) € Vy be its Ritz projection onto the Lagrange finite element
space Vi, of degree q, as defined in , where g;; = Pog=(t) e Yh,+ 18 the canonical
Regge interpolation onto the Regge element space of degree r. Then, under the conditions
of Theorem [3.], there exists a constant hg > 0 such that for 0 < h < hg, the following
error estimates hold for t € [0,T):

()Y = Ruu(®) ) + 10 () ™) = Oy Rpu()ll s agy S W7+ 09, (3.12a)
1(u(8)) ™ = Rpu(®)z2any + 18 (u(t) ) = i Rpu®)llz2ar,y S A7+ R, (3.12D)

() = Rult) L= S W o () (3120

where ¢ = 1 when ¢ =1, and ¢ = 0 otherwise.

Proof. The L?, H', and L* error estimates for the Ritz projection Rju(t) follow
the framework developed in Section 3]. Specifically, we first rewrite (3.11a)) in the
equivalent form

(Vo((Rrw)® —u), Voo Vgn = F(6), VYon € Vi, (3.13)
where the linear functional F' is defined by
F(o) = (Vo(Riu) D, Vo )yt — (Vgr Rpu(t), V: én)g: -

Then, one can verify that assumptions A1-A4 in [17, Section 3.1] are satisfied in our
setting. Therefore, by . Theorem 3.1, (3.3) and (3.5)] and [17, Theorem 3.2, (3.14)],
together with Lemma [3.4] the following L2 H', and L°° estimates for Rpu(t) hold:

||u<fl — Riull g ay S BT+ B, (3.14a)

[ut=" = Ryul g2,y S P74 RO, (3.14b)
1, ., 1\\q

[u™" = Ruullzo= oy S In5) 7 (in( 7)) R, (3-14c)

9



The error estimates for the time derivative 0; Rpu(t) are deferred to Appendix [A] O
Let x(t) : M — R be the smooth solution of (2.3). In the following, we define

Ky (t) = Rpk(t) € Vi,

Based on Lemma (Properties of Ritz projection), (3.7)), and (3.9)), the following bound-
edness results hold for » > 0 and ¢ > 1:

||H/;‘L||LOC(O’T;W1,OO(M}1)) =+ ||at/€2||Loo(0’T;Loc(Mh)) S O, (315&)
lghll Lo 0,750 (a1,)) + ”(g;)_l||L°°(0,T;L°°(Mh,))+ (3.15b)

[v/det gj l[ oo 0,300 (M) + 102Gl Lo (0,750 (M) < C-
Both (3.15al) and (3.15b]) will be frequently employed in the subsequent stability analysis
to control the nonlinearity.

4. Stability estimate.

4.1. Consistency defects and error equations. Recall that gj(t) € Xj and
K (t) € V}, are the canonical Regge interpolation of g(t), and the Ritz projection of x(¢),
respectively, which serve as approximations to the smooth solutions of equation . We
use eq(t) = gn(t) — g5 (t) € p, and e (t) = ki (t) — K} (t) € Vi, to denote the finite element
error functions. The approximations g (¢) and «j(t) satisfy the numerical schemes
and up to the consistency defect functions dy(t),drz2 4(t) € X and di(t) € V3, ie.,

Oegp,(t) + 2Pgr (1) (K3 (t) — En)gn(t)) = dg(t), (4.1a)
Oegp, () + 20 ge (1) (K3 (t) — En)gn(t)) = dr2 4(t), (4.1b)
%(HZ(t)vfbh)g;;(t),Mh + (Vg 64,(8): Vgr On) gz (t).01, = (di(t) On) gz (2),0, (4.1c)

for all ¢, € Vi. Let g*(t) € RU™Er and k*(t),e.(t),d.(t) € RY™V% be the vector
representations of g} (t) € £p and &} (t), ex(t), dw(t) € Vi, respectively. The matrix-vector
formulation of the consistency defect equation (4.1¢)) is given by:

%(M[g*(t)]fi*(t)) +Alg" ()] (1) = M[g" (1)ldx (?)-

Substituting this into (3.6b]), we obtain the error equation of e:

€ (Mlg(0)]ex (1)) + Als(]ex(t) = < ((Mlg" (1] - Mlg(t)])s* (1)
+ (Al (1)~ Alg(0)])w* (1)~ Mlg" (1)]d...

Similarly, subtracting (4.1a)) from (3.3a)) and (4.1b)) from (3.4a)), the error equations of e,
for schemes (3.3) and (3.4) read

Oreq+2Py, (exgn) + 2Pgh(("€2 - Rh)eg) + 2(Pgh, - Pg,ﬁ)(("ﬁt — Fn)gn) + dg =0, (4.3a)
Oreg+210g, (exgn) + 211y, (k) — Rn)eg) + 2(Ig, — Hg;)((n,*L —Rn)gp) +dr2,=0. (4.3b)
The stability analysis will be based on the error equations in (4.3a)), (4.3b) and (4.2).

(4.2)

4.2. Preparation for stability estimate. Let p > 2 be a fixed number. We first
consider the LP stability estimate for the scheme with arbitrary polynomial orders
r > 0and g > 1. Let t* € (0,7T] be the supremum of time such that the following estimate
holds (with a coefficient of 1 on the right-hand side):

llegll pow 0,650 (1)) + lewll oo 0,622 (aty) < RV (4.4)
Since e4(0) = e.(0) = 0 and the semidiscrete finite element solutions are continuous
in time, it follows that t* > 0. Ultimately, our proof will be completed by showing
that t* = T. The bound in ensures the boundedness of the numerical solutions of
on the time interval [0,¢*]. For instance, by utilizing the inverse estimate and the
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boundedness in (3.15bf), we obtain

. _z2 11
lgnllLoe 0.6z (at)y S Nghlloeo,65iL (1)) + legllLoeo,enLraayh™? S 14+ R277.
Since % — % > 0, combining (3.8)), for sufficiently small h, we obtain the boundedness of

9gn(t),

lgnll Los 0.6%:20¢ gy + 195 |2 0,62 200 (a1)) + [[V/det gull Loe 0,42: Lo (as,)) < C. (45)
Moreover, for another fixed number § satisfying 2 < § < p‘%, using an inverse estimate
and boundedness in (3.15al), it holds that

X 142 1_142
nll o 0,0 3at)) S Illzeo.enizaany) + llewllioerizzannh™ T8 S 1+ hr =375,
Since % — % + % = % > 0, for sufficiently small h, we obtain the boundedness of
Hh(t)7

- 4p
||I</h||Loo(0’t*;Lq(Mh)) < C, where 2 < q < m (46)
By a similar argument as in Lemma (Norm equivalence of g;;), a direct application of
the boundedness results in (3.15b)) and (4.5)) lead to the following lemma.

Lemma 4.1 (Norm equivalence of g, ). Under the boundedness results in (3.15b))

and (4.5)), it holds that for t € [0,t*] and s € [2,00],

[0y = 0l zoaz) = 10l Lo oz, 0) = 0]l Lo g0 Vv € L*(Mp),
(4.7a)
||V’U(l)||L2(M) ~ HV’UHLz(Mh) ~ va;’U |L2(g;,Mh) ~ ||vghv||L2(gh,Mh)7 Yv € H1<Mh).
(4.7b)
Moreover, for tensor fields o,p € X, it holds that for t € [0,t*],
(0, 0)g; .0, — (0, P) g aa, | S Mg — gnllzany 1ol oo any ol L2 (a1 5 (4.7¢c)
lollzzan) = llollz2g; @),mm) = ol 22 gn @), m0)- (4.7d)

Proof. Under the boundedness results in (3.15b) and (4.5, the norm equivalence

results in (4.7a)), (4.7D)), and ([.7d) can be proven by a similar argument as in Lemma
(Norm equivalence of g;) and are therefore omitted. For the proof of (4.7c), we have

(0. P)gs at, = /M Te((gf) o (g) " p)/Aet g1 da,
h

(@ Pty = [ Ti(an) olan) o)/t g
Comparing the above expressions a;d invoking the boundedness results in and
7 together with 7 we obtain, for ¢ € [0,¢*],
(0, 0) gz (8.0, — (5 P) gy (1), 03, |
S ol llpl 2 (I1V/det i, = V/det gnll2any + 1097) ™" = (95) " 22 (an))

S ||U||L°°(Mh,)||P||L2(Mh,)||9;§ - thLz(Mh)-

0

Furthermore, we can establish the following stability and approximation results for
the projection operators defined in and (3.2). The proof of these two lemmas are
postponed to Appendix [B]

Lemma 4.2 (Stability of P, and P,:). Under the boundedness results in
and , for any triangle K € Ty, let o be a smooth symmetric (0,2)-tensor field on K.
Then it holds that

1Py, )0 |l x) S llollexy, tE€0,t7], [[Pyryolloex) S llollex), te€[0,T]
(4.8a)
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Moreover, if o is a polynomial symmetric (0,2)-tensor field on K, it holds that, for 2 <
s < 400,

e [0, 17,
(4.8b)
Ls(K)“UHLoo(K), te [0715*]. (480)

S(K)» te [07t*}7 H gn(t

1B ctyolles

(P 6y = Pout))

() S lgn(t) = g, (t)]

Lemma 4.3 (Approximation of Py: and Il ) Under the boundedness results in

m, let 0 € ¥ be a piecewise smooth symmetmc (0,2)-tensor field on My. Then it
holds that

||sz(t)0' — JHLoo(Mh) 5 hTJrl, and ||Hg*(t)a — O—”LQ(M;L) N hr+1 te [O,T] (49)

Remark 4.1. For the L? stability estimate of both schemes (3.3 and (3.4) with
r > 1 and g > 1, we replace the bound in (4.4) by:
llegllzoc (0,622 a)) + lewll oo 0,622 any) < R (4.10)
Then, by the same argument, the finite element solutions given by schemes (3.3)) and (3.4 .
with » > 1 and ¢ > 1 satisfy
lgnll = (0,67 2= (ayy + 1(R) " lzoe (0,072 (ay) + 1V det gnll L= (0,072 (ar)) < s (411a)
||K:h||Loo(07t*;L2(Mh)) < C. (411b)
It is easy to see that the results of Lemmal[4.1] Lemmal[4.2] and Lemma[4.3|remain valid.

As a direct application of Lemma and Lemma the following bounds for the
consistency defect functions hold.

Lemma 4.4 (Consistency defect estimates ). Under the conditions of Theorem
let d sz € Xy and d, € Vi, denote the consistency defect functions defined in
4 la 4. 1b and (4.1c), respectively. The following estimates hold for t € [0,T],

dz2 o ()]l 2(an) + g (D)l 22 (asy S P74 RTHE (4.12a)
; 1,

ldg ()| Le(ar,) < (In h)h T (In ) e (4.12b)

lde(®)llL2(ag) S B7H + AT (4.12¢)

Proof. By pulling back the equation (2.3al) to M}, we obtain
g0 (1) + 2(/1(71)(15) - R)g(fl)(t) = 0.
Substituting this into (4.1a]), we have:
dy =(0rg5;, — 019V) + 2Py (57, — #n) (g5, — 9 1))
+2Pg; (s}, — £ l))g( D)+ 2P (R — Rn)g™") +2(Py; — D((s) = R)g™).

Take the LP norm (for some p > 2) and apply in Lemma (Stability of P,,
and Pyx), Lemma (Approximation of P+ and I+ ), (3.12c) in Lemma (Properties
of the Ritz projection), , the boundedness result in , and the easily proven
estimate ||, — K[| Lo (ar,) S A9 + BT Then, the following holds for ¢ € [0,T]:

ldg (D)l o vay S 10egh = 09 Lo aay + (k5 = Fa) (97 — 9 Lo (an)
+ (85, = KT oo gy + 1 Fn = 8)9 D N[ sy + A7
1 1.-
SJ (ln E)hr"rl + (11’1 E)qhq—‘rl.
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To estimate the L? norm of dg, special attention needs to be paid to the third term of d,
1Py (57, = 69N L2 (ar
SNk = Ik gill 2y + 1 IneD = £ gi + (55, = £ (670 = g3l an)
< hq+1 _’_hr-i-l7

where we have inserted the Lagrange interpolation I,x(~" € V}, and utilized (#.8D) to
obtain the first term, and (4.8a]) to obtain the second term in the above estimate. Thus,
we have for ¢ € [0, T7,

ldg (Ol 22 (ar) S 1(Oegh — 6tg(_l))”m(Mh) + (67, = En)ll oo (arn) | (95 — 9(_1))HL<>°(M;1)
+ 1Pz (k7 — H(_l))g(_l))HLz(Mh) + ||&n — ’E‘-‘”LOQ(M}L)||g(_l)||L°°(Mh,) +h
S W4 et

By a similar approach, it is straightforward to verify that the consistency defect function
dr2 4 defined in (4.1b)) also satisfies the above estimate.

For ¢, € Vj,, we take the test function v = g) € H'(M) in equation (2.3b)), yielding
d 1 l
FAGIOR S Vgt + (Voo 5(8), Voo b Vgt = 0.
Substituting this into (4.1c]), we obtain:
d 0)

d
(diss Oh) gz (1), M1, = E(Kh(t%(bh)g;(t),Mh - E(fﬁ(t), ) g(t). M

* l
+ (Vg 61,0 Vi tyPn) gz ()0, — (Vo) K(2), vg(t)(rb;b))g(t),/\/l

d, , d !
= 3 (Fn (), On)gi 0,0 — 35 (K (1), DNy

The last two terms cancel because k}(t) = Rpk(t), and by the definition of the Ritz
projection in (3.11al). Furthermore, we have:

d * * * * *
a(ﬁh(t% On) gz (t),0, = /M ((Oukt,)dnr/det gi, + K4 ¢n(9p+/det gr) ) duz,
h
d
3 (R, 81 )g(0.m = / (@ D)o/ det gD + k=D (9,/det g(=D)) dar.
My,

Substituting the following identity for the time derivative of the determinant,

01 Jdet gi (1) = 5/det g; () (i (1)~ Dugi (1), (4.13)

and applying (3.7)), (3.9) and Lemma (Properties of Ritz projection) as well as the
n (3.15)

boundedness result i , we have

(dis &1)gs (0,01, S (BT 4+ D 00l L2gr (0,000 -

Therefore, (4.12¢) is proved by taking ¢, = d, and applying the norm equivalence in
Lemma (Norm equivalence of g;). O

4.3. Stability estimate. This subsection establishes the stability estimates for the

error equations in (4.3a)), , and (4.2). We begin by considering the LP stability
estimate of e, for scheme (3.3)) with > 0 and ¢ > 1. Recall the error equation (4.3al),

Oreg = —2Py, (exgn) — 2Py, (K}, — Fn)eg) — 2(Fy, — Pq;)((’fz — Rn)gn(t)) —dy.
Invoking (4.8¢) in Lemma (Stability of Py, and P,:), we have for s € [2,+oc] and
t € [0,t]

[(Pyy — Poz )((kh = Fn)gp(t))]

o) S leglloeaao (8, = Er)gp (Ol e an,y- (414)
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Taking the L? norm in the above error equation, by (4.14)), Lemma (Stability of P,,
and Pyx ), as well as boundedness results in (3.15) and (4.5)), we have for ¢ € [0, ],

10ceq(D)ll2(ar) S Ndgllzaan,) + 1Pgy (enxgn)ll2(ar,)
+ | Py, (53, = Bn)eg) | 2y + (P, — Py ) (57, — En)gn ()l L2 (ar,,)

N ||d9||L2(Mh) + ||6n||L2(Mh) + ||69HL2(Mh)'
(4.15)
This, combined with the estimate in (4.12a)) and the bound in (4.4)), implies

1.1
HategHLOC(O,t*;L2(Mh)) < Ch2+1’ .
Furthermore, by a similar argument used in (4.6)), for sufficiently small h, we have

4p
||(9tthLoc(0,t*;Lq(Mh)) S C, where 2 < q < 72 (416)

Proposition 4.5 (LP stability estimate of eg for scheme (.3)). Under the
conditions of Theorem |3 . for the scheme in with v > 0,q > 1, there exists a
constant hg > 0 such that the following stability result holds for 0 < h < ho and t € [0,t*]:

t
lleg (DN Ze (a1, 5/0 ldg ()1 Zoar,) + llew( L2 s,y + 1Ver ()72 (a)- (4.17)

Proof. Integrating (4.3a)) from 0 to ¢, we have

eAw:—QAf@@w@—;ﬁf@«ﬁ—mmm—2l(&f4axmp%wﬁa»jédy

Taking the LP norm and applying 7 Lemma 2| (stability of P,, and P )7 along
with the boundedness results in and , we obtam for t € [0,t*],

t
|%@hmm§/ﬂwmmmf/wﬂmmMMhmm

/n fmnmwmm%muMJ+/n 5 — )0 () o s o an)

Slﬂ%hwm+lﬂ%hwm+éﬂﬁmwm

By Gronwall’s inequality, for ¢ € [0, ¢*], we have

t t
|mmmmms/W%@hmm+/n%@hmm
/w V20 ar) 2 + /wﬁnmmﬂ” /nwﬁnwm»

where in the last step, we used the Sobolev embedding H'(M;) < LP(Mj). O

Remark 4.2. For the L? stability estimate of e, for both schemes (3.3) and (3.4)
with r > 1,¢ > 1, special attention needs to be paid to the error equation (4.3b)), which

involves the L? projection Iy, (1) In this case, the estimate in (4.14)) is replaced by the
following estimate,

(Mg, = Ty ) (K7, = Fn)gn)ll 2 (aa)

S (w5 = Hh)gh”L“’(Mh) +10egnllLoear)llegll L2 any + lldez gll L2 (an)
14
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which can be proved as follows. For any p € X, it holds that
((Ig, — Mgz )((Kh = En)gh)s £)gn My,

((kh, — Hh)ghv P)an. My — (K1, = En)gh, P) gz My

(My; (57, = Fn)gh)s P)g; mn — Mgz (K], = Fn)Gh)s P)gn. 2
|

|(kp, — “h)thLm(Mh)||6g||L2(Mh)||PHL2(Mh)

N+

+ {(atgh sz P )gh»Mh - (atgh sz P )QZ,Mh|
N ((H(F»Z — Fn)gnllLean,) + 109 | Lo (ann)) leg 22 () + HdL2,g||L2(Mh)) lollz2(ars)s
where we substitute equation (4.3b)) and apply (4.7c) and (4.7d) in Lemma [4.1] (Norm

equivalence of g5). Then, (4.18) is proved by setting p = (H — I, )((Iih - ﬁh)gh) Now,

applying a similar approach as in while utilizing (4 and ) from Remark
we obtain

||at€g||L°°(07t*;L2(Mh)) ~ h
which consequently implies
10cgn || oo (0,65 (a1 )y S N10egh | Lo (0,751 (a)) + h_1||5teg||L<>c(o 2y < €, (4.19)
for the finite element solutions given by schemes and . ) with r > 1,q > 1.

Moreover, employing a similar approach as in Proposmon with ( -, we derive the
following 2 stability estimates for e, on [0,t*],

lleg (1722, §/O ldg ()12 a1,y + lew ()72 ar,) (4.202)

t
leg(OI72(a,) S /0 1dz2 o ()72 (an) + llen() T2 (ar,) (4.20b)
corresponding to the finite element solutions given by (3.3) and (3.4) respectively.

We now turn to the stability estimate of e, in the error equation (4.2)). By utilizing
the matrix-vector representation, the following holds:

1d 1d

B dt(”eKHLz(‘]haMh)) + vahenﬂm(qh,Mh) 5&(eKTM[g(t)]eH) + eHTA[g(t)]eK
= o5 (Mlg(t)]ex) + Alg(0)]e) — e (MIg(t))es.

Then, substituting the error equation , we have,
5 el a0 + 1V enlZa, ) = " (Mg () — (MI(0)" (1)
+e. " (Mlg*(1)] - Mlg()])r* (1) +ex " (Alg"(1)] — Alg(t)])r"(¢)
~ see (Mlg(t)]e — . Mlg*(1)]d,
=L+ I+ I3+ 1 —e, Mg*(t)]d,.
(4.21)

To handle Iy,..., 14, we introduce the intermediate metric between gy (t) and gj (t), de-
fined as

gno(t) = Ogn(t) + (1 — 0)g,(t) € Xp, 6 €[0,1].
The following identities thus hold:
1

1
()7 = i)~ == [ g,:e()(fe(ghe( Dbl = = | arbe,ah(o. (@220

Vdet gp(t) — /det g (t /0 4/ det ghﬂ(t)g;’é (t) : eq(t). (4.22b)

From (3.8) and the boundedness results in (3.15b) and (4.5)), we obtain the following
15



bound for the intermediate metric g ¢ with 6 € [0, 1]:
lgn.oll Lo (0,4 Lo Ot+525 (M) T [V det gnoll Lo 0,620 (a)) < C. (4.23)
Based on (4.22a)), (4.22b)), the terms Iy,...,I4 in (4.21)) can be expressed using the fol-

lowing lemma.
Lemma 4.6. For any vy, wy € Vi, with vector representations v,w € RI™Ve the
following equalities hold:

VT (M[g" ()] - Mg(t)])w = — / ot / VAt gnogih) tepde,  (4.24a)

v (Mg(0)])w = /M onton (/e gn(gn) ™" : (Bugn))d, (4.24b)

v (M[g*(1)]) — (M[g(t)]))w = —*/ vpwp / Vdet gnogng : €g)(gh) " ¢ (Degp)de
— % vhwh\/det gn(gn) " : (Oreg)dx
1
+% vpwp/ det gh(/ g};éegg};}g) : (Orgn)dzx, (4.24c)
My, 0
T * 1 *\—1 ! —1
VT (Al (0] - AleODw =5 [ (60) o Vo [ VAtanagi})  epda

1
+ / (/ g,;leegg,:’é)VUh - Vwp/det gpde. (4.244d)
M, Jo

Proof. '4.2451) follows from the definition of the metric-dependent mass matrices

Mg* ()], M[g(t)], and the identity (&.22B). (&.24D) follows from the identity (4.13). For
(4.24c)), it holds that

VT (Mg (1)) — (MIE(®H)])w = = / vnwn (v/Aet g — /detgn) (g) ™ : (Brgh)da

2 My,

1
+ 5 vpwp/ det gn(gr,) ™ ( Oign) — (atgh))dx

My,

1
+3 vpwpy/det g ((g7) ™" = (gn) ") : (Orgn)da
My,
Therefore, (4.24d) is proved by using (4.224) and (4.22b). For (4.24d)), it holds that
VTA[g*(t)]W — VTA[g(t)]W = / (g7) Vo, - th(\/det g — \/det gh)dm

My,

# [ (™ o)) V- Vet g
My,
Therefore, (4.24d)) is proved by using (4.22al) and (4.22b)). O

Pr0p051t10n 4.7 (Stability estlmate of e, for scheme .) Under the condi-
tions of Theorem. for the scheme in with r > 0,q > 1, there exists a constant
ho > 0 such that the following stability result holds for 0 < h < ho and t € [0,t*]:

t
||€n(t)||%2(Mh)§/0 leg()Izoan) + g ()22 (s + () Z2 sy, (4:250)

t t
/0||V6~(5)||%2(Mh)5/0 lleg($)I1Zears) + e (3)lIZ2ar,) (4.25b)

t
+ / 1y ()00, + Nu(3)112 s, -
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Proof. We apply Lemma to estimate I,..., 14 in (4.21)). For I, using (4.24c),

we have
I =e, " (Mg*(1)]) — (M[g(t)]))x" (t)

S llewllzz(a) (/ I/ det gn.ogy, gl ) )57 (97) " = Oegill oo (arn)) legll L2 (ar)
+ llexll2(an,) (155 v/ det gn (7)™l 2o (ar) ) 10req | L2 (A

+ IIenHL2<Mh>(||HZ\/det ghllm(Mh,)(/ 1976 11Z (a1, 102900l o7 (a1, lleg| o a1, -

Here p’ = thus we have 2 < p/ <555 - According to the boundedness results in

[B15), ., and (£.23), it holds that for t € [0,t*],

11 S llewONZ2ar,) + lleg 1o (ar,) + 10teg (D122 (ar,.-
We use (£.24a)) to estimate I, = e, | (M[g* ()] — M[g(t)])*(¢):
1
B % lewllan (10eilli=ony 1Y@ gralli~n)
According to the boundedness results in (3.15)) and (4.23)), it holds that for ¢ € [0,¢*],

Iy S llex(ll72(a,) + lleg (172 (ar,)-

For Iy = e, (A[g*(t)] — Alg(t)])x*(t), using (4.24d), we have

1
I3 < HVBKHIP(M;I)(“(92)71V’€Z|‘L°°(Mh)(/o I(v/det gn.o)gp, oll L aa))) el L2 (arn)

g/;é”L‘x’(Mn))) llegll L2 (ar)-

1
+ IIVenlleuvzh)((/0 90112 (a1, IV RN L= (2t 1/ det gn | L (a1, el 22 a) -

According to the boundedness results in (3.15)), (4.5) and (4.23)), it holds that for ¢ €
[0, 7],
Iy SellVer(®) 72 ar,) + 7 el Z2(ar,)-
where € > 0 can be arbitrary small. We apply (4.24b|) to estimate 1,
1 - 1

= =yl (Mig0Der =~ [ exen(Vatar@on ()" : @)

< (I det gnll oo (a1, 1(98) ™ e ) ) 1290 N 1o (aay el o an) el L2 a) -
Similarly to I, according to (4.16) and (4.5), it holds that for ¢ € [0,¢*],
L S llexllram lenllcz oy S lewlman lexllzzany S ellVerltaar,) + € lenllZacar,):
where we have used the Sobolev embedding H'(M},) < LP(My).

Combining the above estimates of Iy, --- , I with (4.21), we have, for ¢ € [0, t*],
1d
9 dt(” H||L2(gh7Mh )+ ||vgh6K||L2(9h7Mh)

S llegO o, + llew®12 s,y + ldeOll72(ar,) + 10eeg (D172 + €l Ver ()12, )-
On the right-hand side, the term ||8teg(t)||2L2(M}) can be further estimated using (4.15)),
while the term e||Ve,(t)]|%, (M) €an be absorbed into the left-hand side. Consequently,
we obtain

1d
5 s (lenl 2 00) + 1V enllZago, an

S lea O ary + lew@NZ2an) + 1dg O 2ar) + 22 (ar,)-
By applying Grénwall’s inequality and the norm equivalence in Lemma [£.1] and then
17



integrating over [0,t] for ¢ € [0,%*], we obtain the estimates in (4.25a) and (4.25b)).
Remark 4.3. To establish the L? stability estimate for both schemes {-i an

with r > 1,9 > 1, we employ a similar approach as in Proposmon 4 | utilizing 1&
from Remark as well as and (4.10) from Remark[4.1] This leads to the following

L? stability estimates for e, on [0 t*):

t t
||ei€(t)||%2(Mh)§-/0 ”dg(S)H%?(Mh)"_/o ||dn(8)||2Lz(Mh)+/o lleg($)lZ2(az,)> (4-262)
t t t
IIeK(t)Iliz(Mh)S/o ||dL27g(S)||%2(Mh)+/O ||dn(8)||2L2(Mh)+/0 lleg ()l Z2(as,)> (4.26D)

corresponding to the finite element solutions given by (3.3) and (3.4) respectively.

5. Error estimate. In this section, we first prove Theorem by combining the
stability estimates from Proposition and Proposition [£.7] with the consistency defect
estimates in Lemma [£.4 We then prove Theorem in a similar manner, using the
stability results from Remark and Remark

Proof of Theorem [3.1; Combining ([£.17), (4.25a)) and (£.25b) we have , for ¢ € [0, ¢*]

t
lleg(NZo(as) + llew(OZ2(an) S /0 (lleg($)ITo (an) + llew()Z2(ar,))

t
+/0 (g () Zo a1,y + ldg ()12 (ar,) + I ()12t )-

By Gronwall’s inequality, for ¢ € [0,t*], we have

leg 2o ar,) + lew(®Z2a,)

¢
S /O (g () Zo s,y + ldg ()12 a) + I ()12t )-
Then, the estimates (4.12al), (4.12b]), and (4.12¢) imply that for ¢ € [0, t*]

1 T
leg e an) + llen®llz2an) S (1rl(h))qhq+1 +1n(h)h i (5.1)

Since r > 0 and ¢ > 1, by the continuity of the spatially semidiscrete finite element
solution in tlme (whlch is essentially the solution of an ODE problem), the above estimate
implies that ( still holds in a bigger interval [0, t* + 4] for some § > 0. Since t* € (0,T]
is the supremum of times such that (£.4) holds for ¢ € [0,¢*], it follows that t* = T and
(5-1) holds for all t € [0, 7.

The proof of Theorem is concluded by combining with the approximation
properties in ) and Lemma (properties of the Ritz projection)
Proof of T heorem- We provide the proof only for the scheme , as the proof for

scheme (3.4)) is the same and thus omitted. In the case of r > 1,¢ > 1 combining (|4.20al)
in Remark and ([4.26a)) in Remark [4.3] we have for ¢ € [0, t*],

lleg (172 (az,y + lew®lZ2(a,)

t t
S Uy an+ 1 o) + [ (e Eqany + len(o) )
The estimates (4.12a)), (4.12c)) and the Gronwall’s inequality imply that for ¢ € [0,¢*]
leg (@)l z2(an) + llew @2 ar,y S AT+ R (5.2)
Since ¢ > 1 and r > 1, by applying the same argument as in Theorem [3.I] we conclude

that t* = T in (4.10) of Remark [£.1] and that (5.2)) holds for all ¢ € [0, T]. Therefore, the
proof of Theorem [3.2]is concluded by combining (5.2)) with the approximation properties

in and Lemma

6. Computing an embedding . This section introduces an approach for determin-
ing an evolving surface M(t) C R? that realizes the given evolving metric g(t). We begin

18
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by deriving the PDE governing the surface velocity, which we then discretize using the
parametric FEM. Given an evolving metric g(¢) on M(0) := M, we want to construct a
family of surfaces M(t) C R and a map ¢, : M(0) — M(¢) so that

pyi"ors = g(t), (6.1)
where i* represents the pullback under the inclusion i : M(t) < R?, and ¢} represents
the pullback under ¢;. Let n = n(-,t) : M(t) — R denote the unit normal vector to
M(t),and let P =T —nn' : M(t) — R3*3 denote the tangential projection matrix. The
surface gradient on M(t) is denoted by V. Differentiating with respect to ¢
and applying the pushforward ¢, = (p; *)* yields

ﬁvi*5R3 = gat*g, (6.2)
where Ly denotes the Lie derivative with respect to the velocity field V = ¢, o o; *.
Using the identity Lyi*0gs = QVi\yA’?t)V, where Vj\y/ﬁt) denotes the symmetrized covariant

derivative, which is defined by V',V = 1P (V) V + (Va)V) ") P, we obtain

M(t)
sym 1 .
Now let us decompose V into its tangential and normal components by writing
V=Vl 4 un,

where VIl = PV is tangent to M(t) and u = V -n. Substituting this into (6.3, we obtain
the PDE that the surface velocity should satisfy:

sym 1 .
V/\yxt(t)vll +ull = 5Ptd> (6.4)

where Il = V y((4)n is the second fundamental form. However, the PDE is underde-
termined; therefore, we propose the following problem to uniquely determine a solution.
We introduce a symmetric positive definite bilinear form a4 (-,-) on H'(M(t))* and
we then consider the following problem:

1
min iaM(t)(V,V),

sym 1 .
st Vi V! +ull = Song.

This can be reformulated as the following PDE for the surface velocity: Find a velocity
field V € H*(M(t))? and a symmetric (0, 2)-tensor field o on M(t) such that

arao (V. W) + (0, V3 W+ w ) vy = 0, (6.5a)
sSym 1 .
(V/\};t(t)vH +ull, p)me) = 5(%*9”0)/\/1@), (6.5b)

holds for all W € H'(M(t))? and all symmetric (0,2)-tensor fields p on M(t), where
W = Wl 4 wn, as in the previous decomposition.

Remark 6.1. (Choice of apq(-,-)) The choice of apq)(-,-) is crucial for ensuring
the stability of the PDE (6.5). Here, we define

apm(V, W) = (Vj&n(lt)v“vv_s,\}:ln(lt)WII)Lz(M(t)) + (u, w) L2 (M(1)

where V = VIl4+un and W = Wl +wn, based on the observation that the terms Vj&“(lt)VH
and uII are involved in .

Remark 6.2. (Well-posedness of ) The well-posedness of for general
surfaces remains a significant challenge to analyze; our current analysis is limited to
planar 2D parameter domains. The analysis on planar domains demonstrates that the
positive definiteness of the second fundamental form Il is a critical property. Nevertheless,
the embedding PDE remains applicable for computations and provides an efficient
method to simulate and visualize the solution of the Ricci flow.

We approximate the evolving surface M(t) by a piecewise flat triangular surface
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Mp(t) = Uger, 1) K, where Tp,(t) denotes the set of triangles and & (t) denotes the set

of edges on the surface My (t). We employ the P! vector-valued Lagrange element space
VH (M (t))? on My, (t), defined by

Vi (M (t)) = {w € C(My(t)) | wlx € Pi(K),VK € Ti(t)}.
The lowest-order Regge element space on Mp(¢) is given by

ShMu(t) ={oe [ PoSY(K) | ik, (0lk,) =ik, . (0]K,), Ve = Ky N Ky € En(t)},
KeTn(t)

We use ¢, (t) = @n(-,t) € V;}(My(0))? to denote the discrete flow map that maps M), (0) =
M}, to My (t). Since the evolving discrete surface My (t) is piecewise flat, we denote by
ny, the piecewise constant normal vector on My (t), and note that its second fundamental
form vanishes on each triangle. Therefore, on each triangle K of Mj/(t), we have

V?\Z:l(t)vh = V?\Zm(t) ‘flm Yun € Vi, (M (t))°,

where vyl = v, — (np, - vp )Ny denotes the tangential component of v,. We therefore define

the bilinear form apy, (¢)(+, ) on V;} (M}, (t))* by

QM (t) (wh, uh) e (v?\}}?(t)wh’ V?}:l(t)uh> + (’LUh *Mp, Up - nh)Mh(t) )

Mh (t)
where wy,, up, € V;H(Mp())3.
NOW given an evolving metric g, (t) € Xp, on My (0) = My, the parametric FEM for

is to find (on(-,t), va(-,t),on(- 1)) € Vhl(Mh(O))3 X Vhl(Mh(t))?’ X E%(Mh(t)) such

aftph = Up, © Yh, (6.6&)
(VimieyVh Var oy W) M) + (Vh - s wh ) a0y + (0n, Vi oy wn)an, ) = 0, (6.6b)

sym 1 .
(v]\}}h(t)vh7ph)Mh,(t) = 5((@h(t))*ghaph)Mh(t)a (6.6¢)

holds for all wy, € V;} (M (t))? and pj, € X9 (M (t)), where (p5,(t))« = ((pn(t))~1)* is the
pushforward under the discrete flow map ¢, (t) : Mp(0) — My ().

7. Numerical experiments. In this section, we present numerical examples to
illustrate the convergence of the proposed schemes and , as well as the simulation
of the Ricci flow. In all the following numerical experiments, the time discretization is
performed using a three-step linearly implicit BDF scheme, with a sufficiently small time
step to ensure that the time-discretization error is negligible compared with the spatial-
discretization error. The numerical experiments are implemented using the open-source
finite element library NGSolve [46].

Example 7.1 (Convergence rates for metric and Gauss curvature). In the
first example, we test the convergence rates in computing the metric and Gauss curvature
in the Ricci flow of a revolution metric, which was considered in [45]. For each point
(x,y,2) on the the unit sphere S? C R3, we define its coordinates (s, #) by

5= g —arcsin(z) € [0,7], and @ = arctan(y/x) € [0, 2m).

In these coordinates, the revolution metric on S? evolving under the Ricci flow can be
written as

g(t;s,0) = h(t;s) ds® + m(t; s) d6>.

The coefficient h satisfies
o (0sh\ | 8sq Osh | (9%q 1 (sq)?
ath_as( h )+ 2 h +( ¢ 2 ¢ )

where g(s) = m(s,0)/h(s,0), together with the boundary conditions 9;h(0,t) = dsh(m,t) =
0. Then m is determined by m(s,t) = (m(s,0)/h(s,0))h(s,t). We consider the following
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initial values: h(s,0) = \/COSQ(S) + 9sin?(s) and m(s,0) = sin?(s) for s € [0, 7].

The reference solution h(s,T) and (s, T) = 7;((;’8))

equation using the Lagrange finite elements of degree 5 and the 3-step linearly
implicit BDF, with sufficiently small mesh size of 2.5 x 102 and time stepsize of 107°.
The reference solutions for the metric and Gauss curvature are defined as

(8,1)? N 9%m  Dymdsh

2n2h b 2mh?

The errors é, = g5 — g<—l> and é, = rp — &Y of the numerical solutions at T = 0.05 are
presented in Figure for several different mesh sizes h = 0.25,0.2,0.15,0.1,0.08,0.06,
with a sufficiently small time stepsize of 10~3 which guarantees that the error from time
discretization can be neglected in observing the convergence rates with respect to h. The
numerical results in Figure [7.]] indicate that the errors of the numerical solutions are
approximately O(ht! + h"+1) which is consistent with the theoretical results proved in
Theorems and (up to a logarithmic factor that is typically difficult to observe in
numerical experiments). In the case (r,q) = (0,1), we observe that é, = O(h?), which
is one order higher than the result established in Theorem A rigorous proof of
this special case would be both interesting and challenging, and may require techniques
developed in , which address optimal-order error analysis for coupled systems of
nonlinear PDEs involving incompatible finite element degrees. The superconvergence
results in Theorem 6.5] may also be relevant.

iL(S,T) is obtained by solving

§ = h(s)ds® +m(s)d6?, &=—

—— (9 =(0,1), |&l.2
0~ (9 =(0,1), |ér
r,q)=(1,1), &gl
—— (g =(1,1), [é.

(r.@)=(0,1), |églz 1073
- (@) =(0,1), &l
(r,q) = (1, 1), |&ll.2
(r,@) =(1,1), [éiz

(
—a—

—-—— h~

1074 ra)=(2,2),1&lz 1074 & hay —E (19)=(2,2), &gl
: (r.q)=(2,2), [|él2 : ; —== h*3 —A— (r,9)=(2,2), &l
6x1072 1071 2x107t 6x1072 1071 2x107!

h h

(a) Errors by the numerical scheme (3.3]) (b) Errors by the numerical scheme (3.4))

Fig. 7.1: Convergence rates for revolution metric with time stepsize 1073.

Example 7.2 (Numerical simulation of normalized Ricci flow). In the second
example, we present numerical simulation and its visualization of the normalized Ricci
flow with the following three different initial surfaces:

1 .
5 sinpcosd

M= { lsingsing [: 6#€[0,2m), @€ [O,W]}, (7.2a)
cos ¢
(0.7sin ¢ + 0.1sin(2¢p)) cos @
M = { (0.7sinp + 0.1sin(2¢))sing | : 6 €[0,2m), p€ [O,fr}}, (7.2b)
0.5cos ¢
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2.5 cos(yp) cos 6

M= { 2.5 cos(p) sin 0
(14 0.6(cos?(p) — 1)?) sin(¢p)
The initial values of the metric and Gauss curvature are set using the induced Euclidean

metric of the initial surfaces, and the time stepsize is chosen as 1072, To visualize the Ricci
flow, we numerically embed the solution into R3 using the algorithm described in Section [6
(see (6.6)). The simulation results of the embedded Ricci flow are shown in Figure
These results demonstrate the effectiveness of the proposed method for simulating the
Ricci flow embedded in R3. A rigorous analysis of the embedding algorithm is beyond

the scope of this paper and remains an interesting and challenging topic.

0elo,2m), ¢€ [—7r/2,7r/2]}. (7.2¢)
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(g) Initial surface in ((7.2d]) (h) Surface at t = 0.3 (i) Surface at t = 4.3

Fig. 7.2: Numerical simulation of normalized Ricci flow.

8. Conclusion. We have proved the convergence of a finite element discretization for
the two-dimensional Ricci flow by reformulating it as a solution-driven metric evolution.
In this formulation, the evolution of the metric is governed by the Gaussian curvature,
which satisfies a parabolic equation depending on the evolving metric. The proposed
numerical method preserves key geometric structures of the Ricci flow, including area
conservation and the Gauss—Bonnet theorem. To analyze the convergence of the numerical
solutions, we adapted a matrix-vector formulation originally developed for solution-driven
surface evolution under extrinsic curvature flows and leveraged the parabolic structure
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of the equation governing the Gaussian curvature. Our FEM semi-discretization yields
a DAE system that we solved with linearly implicit BDF methods. A fully discrete
error analysis should be possible if one combines our spatial estimates with established
techniques (see, e.g., (5.43)] or Section 6]). We plan to further investigate this in
future work.

Evolution equations for intrinsic curvature are a central tool in the analysis of in-
trinsic curvature flows. For many flows—such as the Calabi flow, the 3D Yamabe flow,
and the 3D Ricci flow—the intrinsic curvature evolution typically has a parabolic struc-
ture. Therefore the analytical framework presented here—including the reformulation
into a solution-driven metric evolution and the error analysis based on the matrix—vector
formulation—offers a promising approach for studying the convergence of numerical ap-
proximations of other intrinsic geometric flows. This will be the focus of our future work.
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Supplementary material
This supplementary material complements the paper by providing some fundamental
results that will be used in this paper.

Appendix A. Error estimates for the time derivative of the Ritz projection.

This section proves the error estimates for the time derivative of the Ritz projection,
O, Rpu, stated in Lemma, The H' and L? error estimates in and are
derived in the following two parts.
Part 1. H' error estimate of 9;Rju(t): We differentiate with respect to time:

(VggatRhu,Vg;¢h)g;7Mh + / O (y/det g,’;(gZ)_l)VRhu -Vopdr

Mp

= (V0hu, Vo) gt + / 8y (v det gD (g VulD . V,de, (A.la)

My,
(0 Rpu) 1) a = (D, 1) pa- (A.1Db)
Recall I,u(=D(t) € V}, is the Lagrange interpolant. It satisfies
atfhu(il) = Ihatu(il) = Ih(ﬁtu)(il) € V.
Substituting 9, I,u(~" into (A-Ta]), we have
(Vg (0 Rpu — 0, Tnu ™), Vg b1 ) e a1,

= (Vy0ru, Vo) gt — (Vg: (0u) D,V ge (1)) g7 0,
+ (Vg ((0r) ™) = 01y, Vg (61)) gz 1,

+ / (0:(v/det gD (g™ "1 Vul=D — 9,(y/det g5 (97,) ™)V Rpu) - Vopda

=11 + Ir + Is.
We use (3.10b)) in Lemma (Norm equivalence of g ) to derive an estimate for I;:

I = (Vg0ru, Vo )gm — (Vg3 (00) 0, Vg (61)) g 0,
S BV (0r) O 2 a0 |V (80 22 () -

For I, we employ the interpolation approximation property of d;Iu(~" = I, (9,u)(~Y €
Vi:

I = (Vg ((0u) " = 0,1t ™D), Vi (1)) gz a1, S IV (S0l 22 (01, -
For I3, we utilize (3.9) and (3.7) alongside the H' error estimate of the Ritz projection
(B-1a):

Iy = / (8:(/det gD (=) ")V — 9, (/det g} (g7) ") VRyu) - Vpda
Myp,

< (W W)V (6n)ll 2 ar) -

Let ¢y, = (8, Rpu — 9, 1,u"Y). By combining the estimates for I;, Iy, and I3, we obtain
the H' error estimate for 9; Rpu(t):

IV ((@eu()™" = O Ryu(®)) | 2(ar,) S BT+ R (A.2)
Part 2. L? error estimate of d;Rju(t): Let
En(t) = O Ruu(t) — 0 ~0(t), and ((En(t)V, 1)m =0,

where the last condition follows from (A.1b)). Consider the following elliptic problem:
find ¥ : M — R such that

(VoU, Vo)grt = ED 0)p, Yo e HY(M).
25



According to the regularity theory of elliptic equations, we have ¥ € H?(M) and it
satisfies

12y S 1ER) DN r2any S 1€z (a0)- (A.3)
Using (3.10c) in Lemma (Norm equivalence of g} ), we have

IERIIT2 a1,y = (€D, (ER) D) i = (Vg ¥, Vg (Er) D) g M

= (vgq]7vg(atRhu)(l))g,M — (Vg¥, Vy0hu) g pm

= (vg\p’ Vg(atRhU)(l))g,M - (Vg,t (W)(il% vg;’;(atRhU))gi,Mh

+ (Vgr (0) D,V e (0 Rnw)) gz 1, — (Vo ¥, VgOyt) gt = 11 + .
We use in Lemma (Norm equivalence of g;) to derive an estimate for I;:

I = (vglpavg(atRhu)(l))mM - (vg; (\P)(_l)vng(atRhu))gz7Mh
SV @R | 2 IV () D L2 ay S BT IERN L2 0 -

For I, recall . We have
(Vi 0 Bntt, Vg In(9) ) g vty = (VgOhu, Vg (In(0) D)D) g g

:/M (Ou(V/AT gD (g D) TulD — 0,(/AoTGE (g2) )V Rnet) - VI (0)Dela

Substituting it into Is, we have
I = (Vg;;((‘l’)(*l) - Ih(qj)(il))» vg,ﬁ (atRh“))g};th - (vg(qj - (Ih(q’)(il))(l))a vgatu)g,/vl

+ /M 0,(v/det gD (g) 1) (VulD — VRyu) - V(I,() D — (2) ) da,
* /M (0:(V/det gD (g) 1) = u(\/det g (97) ™)) VRuu - VI (9)Ddla

+ / 8y (v/det g=D (g) 1) (V™ — VRyu) - V(8)TDdz = Ay + Ay + As + A
My,
For Ay, we utilize (3.10b) in Lemma (Norm equivalence of g;) and the H! error
estimate of 0;Rpu (A.2)) alongside the elhptlc regularlty -
Ay = (Vg (1) = 1,(1)7D), v @Rhu — (00))) gr 0,
+ (Vg () = L,(0) ), V45 (050) ™) g aay, = (Vg (W = (L ()T D), V50y) g 04
S (R R[] 2 ) S (hq+1 + R 1€ L2 s, -
For As, we utilize H! error estimate of Ryu (3.14a) and elliptic regularity (A.3)):
A, :/ 9 (v/det gD (g ™1 (V™D — VRyu) - V(I(0) 7D — (1)) da
Mh
S (W R0 2y S (RI+ RTF2) 160l 20, -
For As, we utilize (3.9) and (3.7) alongside the elliptic regularity (A.3]):
Ay = / (0:(Vdet g0 (g) 1) = 0y(y/det gj (97) 1)) V Riu - VIR ()
h

h

S h’r’—i—le( ) ||L2 My) ||VRhu||L2 (Mp) ~ h"‘+1||thL2(Mh)

26



Finally, for A4, we compute

Oy (v det g=1) (g (_l))_l)
= (0pVdet g(=1) 14 V/det (=D

detg(*”(g(’ )7 (D) (g ”) \/detg(*”(g(’”)’l(3t9(’”)(g(’”)’1
1

= (507" s g NI = (97 D19 ) ) Vet gD (g1

= o/det gD (g"")!

where we denote

a(t) = %(9(_”@))_1 (@O = (g () T BV (1)),

Then, we have
Ay = / U\/detgﬁ(g(*l))*lv(u(*l) — Rpu) - V(‘I/)(fl)dx
Mp

= (U(l)vg(u - (Rh“)(l))7 VyU)g.m
=—((u— (Rhu)(l))a Vg - (U(Z)vg\l’))g,Mﬂ

where

1 ,
5077 (g )0k = () (09 D) ) da* @

is a (1, 1)-tensor field on M with W1 regularity. Therefore, combining with elliptic
regularity (A.3) and the L? estimate of Rpu (3.14b]), we have
A4 (R + RO 2y S (RT R |ER 2 (01, -

By combining the estimates for I1, I, and A;, As, A3, A4, we obtain the L? error estimate
for Oy Rpu(t):

o® = (

1(Du(t) ™D — B Rpu(t) | p2anyy S RITH + A7 (A.4)

Appendix B. Proofs of Lemma and Lemma

This section establishes the proofs of Lemma and Lemma To begin with, we
first present the following norm equivalence property for the Regge element.

Lemma B.1. Under the boundedness results in (3.15b)) and (4.5), for any triangle
K €Ty, and s € [1,+00], the following norm equivalence holds:
dimP,.S9(K)
~ h2/572 Z ‘ngh (O—h)‘v VO’}L € PT’SS(K)vt € [Oat*]a (Cl)
a=1
where the linear functionals Ny, g, : P.SY(K) = R, for a = 1,...,dim P,S3(K), are the
degrees of freedom, defined by

Nagi(@r) = (0n, pa)gn i, 07 Nag, (o) = (0n(Tg,: Tgu)s da) gne- (C.2)
Here po € P,_159(K) and q, € Py(e) satisfy
[pallL=x) =1, and |gallL=(x) = h. (C.3)
Similar results also hold for g, i.e.,
dimP,.S9(K)
lonllLey = W72 > Nagz(on)l, Vou € P.S3(K),t € [0,T]. (C.4)
a=1

Proof. We provide the proof of (C.1 (C.1)), and the proof of (C.4) is similar, and therefore
omitted. Let F'k : K — K be an affine map from a reference trlangle KcR2to K C M, .
Denote (Fi)x : : TK — TK the tangent map of Fx. Let di,i = 1,2, be a basis for the
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tangent space of K. Then §; = (FK)*@-, i = 1,2, form a basis for the tangent space of

K. Now, for o}, € P,S3(K), we denote its pullback as 63, € P,(K;R2%2), defined as:
(64)ij = o105, 0;) = on((Fic)« s, (Fi)<0;) = ((Fi)*0n) (9, 05), on K.

Then, by a scaling argument [37, Lemma 2.11], we have:

R3*72 Vs el, 0] (C.5)

lonllzsx) = 1160l 1 i)

For the metric g5 on K, we denote its pullback as g, € P,(K;RZ%?2), defined as:
(Gn)ij = 91(05,0;) = gn((Fr)<0i, (Fi):0;) = (Fx)*gn)(0i,9;), on K.

Let 7 be the unit tangent vector of an edge é of the reference triangle K. Then it holds

that 75, = (Fi)«7/\/7 ' gn7. Let (gn)* and det(gn) represent the components of the
inverse of g, and the determinant of §,. Based on the boundedness result in (4.5)) and a
scaling argument, we have

8Lzt = P2l = B2 130 g iy = H2
V7T n 7l oo iy = B [ et (@)l poo () ~ R
Now, for 65, € P.(K;R2%2), we define the functional N, : P.(K;R2%2) - R, a =

N Sym sym
1,...,dimP.(K;RZ%2), as
AT A AN A
~ 76T ) . “ adn A a —
Naton) = b [ 25 or Ny(on) = 02 [ Ty oui ! po) VAt
é T gnT K
where G, € Pr(¢) and po € Pr_1(K; R2%2) are fixed functions on K, satisfying
lGall (i) =~ 1 and [|pall gy =~ 1. Based on the norm-equivalence in the finite dimen-

sional space P,(K;R2%2) and the estimate in (C.6), for any s € [1, ], it holds that

sym

(C.6)

dim P, (K;R2X2)

sym

vy > Wan)l, Yen € P(KGRYD), (C.7)

a=1

[
where the hidden constant is independent of h.
Define p, € P,_155(K) and g, € P,(e) as

pa = h*(pa)ij o (Fi) 'da'de’, and o = hfa o (Fx)™, on K,
where dz?, i = 1,2, are covectors satisfying dxi(éj) = (5; Then, it holds that

Na(&h):h (AT:%)A

ds = <0'h(7-gh77-5'h)7 Qa>gh,e = Na,gh (Uh)v
and
Na(6y) = 1 / Tr(;, "6y ' o)/ det(gn)dE = (on, pa)g,. i = Navg, (n)-
K

Combining the above two formulas with (C.7) and (C.5)), we prove (C.1)). The estimate
in (C.3) can be proved using a scaling argument, i.e.,

Ipallze0) = B 2102 Pall e ey = 1 and Ildallio () = hdall e i) = B
0

Proof of Lemma : Using Lemma and the definition of Py, in (3.1)), it holds that

dimP,.SY(K) dimP,.S9(K)
[Py, 0llLo (i) = h~? Z Wag, (Pg,0)| = h™? Z [Na,g,, ()] (C.8)
a=1 a=1
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For each a = 1,...,dimP,S9(K), using (C.3)), we obtain

< B2
N (0)] = {(a’pa)g’”“ . (©9)

<O-(Tgm7—gn)v Qa>gh,€ S ||U||L°°(e)h2~

By combining (C.8]) and (C.9)), we prove the first estimate in (4.8al). The proof of the
second estimate in (4.8a]) is similar, therefore omitted.

Now, we assume o is a polynomial symmetric (0, 2)-tensor field on K, for 1 < s < 400,
using Lemma we have

dimP,.S9(K) dimP,. 59 (K)
”Pgh Z |N(17gh (Pgh0)| = h2/872 Z |N0£,gh (U)| (0.10)
a=1 a=1
For each a = 1,...,dimP,SY(K), using (C.3)), we obtain
(@, pa)gn.ic S N1ollze(e)h272/%,
Nagn ()] = N - - (C.11)
o <U(Tgw7-9h)7Qa>gh,e ~ HO'HLS(e h? 1/s S ||U||LS(K)h2 2/37

where in the last step, we utlize the trace estimate for the polynomial (0,2) tensor field
o. By combining (C.10) and (C.11), we prove the first estimate of (4.8b). The proof of
the second estimate in (4.8b)) is similar, therefore omitted.

We now turn to the estimate . From Lemma we have

dimP,. 89 (K)

||(P —Py,) ~ h?2 Z |Na,g,*, (Pg;;a) _Na,g,*l (Pg,o)l
a=1
dimP,. 89 (K)
< h2/e72 Z Wa,g; (0) = Nag, (0)] + [Na,g, (Pg,0) — Nag; (Pg, o).
a=1

(C.12)
For the first term, it holds that

Wa ,qh( o) — Na,gh(0)|

_ S0, pa)gp.x = (0, p0) g | S D222\l gn = g7l s 0yl e 16
|<‘7(Tg*a792)7qOé>g;,e =0 (TgnsTan)r Q) gn el S hz_l/s”Qh - QZHLS(e)HUHLOC(e)-

Combining this with the trace estimate, ||gn — g5 1+( e) < ht/s

[Nags (0) = Nowg, (0)] S 22| gp, —
Similarly, we have
|Na,gz (Pgha) _Na,gh(PghU)| S h2_2/s||9h -

S gn = ghlle o lloll oo (x)-
By combining (C.12)), (C.13)) and (C.14)), we prove (4.8¢).
Proof of Lemma m Let Pyo € Xj be the canonical Regge interpolation with respect to
the induced Euclidean metric. Then it holds that ||P,o — o[ 1o (ar,) S B" . Utilizing the
identity Pno = Pg*(t)Pho we have

llgn — QZHLS(K), we obtain

(K)- (C.13)

&) 1Py, 0l o (i)

(C.14)

1Py: )0 — ol Lo () < 1 Pgs ) (0 —PhO’)HLoc(Mh) + [|[Puo = ol Lo aryy S R

~

where we use the L stability of Pgr @y in . The second estimate in can be
proven similarly as follows:

Mgy o = oll2an,) S Mgz @) (0 = Puo)llL2gy aa,) + 1 Pro = ollz2ar)
S llo = Py ol 2oy amy + " S AT
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