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Abstract. The convergence of a finite element discretization for the two-dimensional Ricci flow is
proved. In this method, the Ricci flow on a two-dimensional surface is formulated into solution-driven
metric evolution, with the metric evolution driven by the Gauss curvature. The Gauss curvature satisfies
a parabolic equation that in turn depends on the metric, thereby enhancing the parabolic structure of the
problem. The solution-driven metric evolution formulation is discretized by the finite element method,
and the convergence of finite element approximations is proved by adapting the matrix-vector formulation
developed in the literature initially for studying solution-driven surface evolution in extrinsic curvature
flow. In addition to its convergence, the proposed method also preserves important geometric structures
of the Ricci flow at the discrete level, such as area conservation and the Gauss-Bonnet theorem. Extensive
numerical experiments are presented to demonstrate the convergence of the proposed method as well as
the simulation of Ricci flow.
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1. Introduction. The Ricci flow, introduced by Richard Hamilton in [29] in 1982,
is a geometric evolution equation that deforms the Riemannian metric on a manifold
according to its induced curvature. Since then, the Ricci flow has been well-developed
and has become a powerful tool in geometry and topology. In particular, Grigori Perelman
built upon Ricci flow techniques and proved the Poincaré conjecture in his groundbreaking
works [39–41]. The Ricci flow has a wide range of applications, including image processing
[47], 3D face matching and registration [52], surface parametrization and re-meshing [32],
and conformal brain mapping in medical imaging [50].

For the numerical study of Ricci flow, Chow and Luo introduced a discrete version
of the Ricci flow in [11] based on discrete differential geometry. It was further developed
in [28, 31]. In this method, the Gaussian curvature is approximated by the angle defect,
and at each vertex, a scalar conformal factor evolves according to the angle defect. The
long-time convergence to a discrete constant curvature metric for this method has been
proven in [11]. However, the convergence of this method to the exact solution of the
Ricci flow remains an open question. In other words, it is not guaranteed that this
scheme will provide an accurate approximation of the solution of Ricci flow. In many
applications, this is not a serious concern, as the goal is often to construct a discrete
conformal mapping from a given triangulation to one with prescribed discrete curvature,
rather than to accurately approximate the Ricci flow. For numerical studies of the Ricci
flow in certain special cases, we further refer to [24,45,49].

Compared to Ricci flow, the numerical methods for other extrinsic curvature flows,
such as mean curvature flow and Willmore flow, have been more extensively studied. One
method that has been well-developed is the parametric finite element method (FEM), first
introduced by Dziuk in [19] for approximating surface evolution under curvature flows
and, subsequently, has been extensively used to approximate various geometric evolution
equations [2, 10, 20]. Later, the idea of artificial tangential velocity for evolving surfaces
was introduced by Barrett, Garcke, and Nürnberg in their seminal works [6, 7]. The
artificial tangential velocity drives the mesh points to move tangentially on the surface,
which does not alter the shape of the evolving surface but improves the quality of the
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surface mesh during evolution; see also [1, 3, 4, 18,30,38].
The convergence of Dziuk’s scheme for curve shortening flow has been established

in [15, 36, 51]. A parametric FEM based on DeTurck flow techniques was developed by
Elliott and Fritz in [38], and its convergence for curve shortening flow was proved. A
convergent numerical scheme for elastic flow was proposed in [8]. An error estimate for
planar curve evolution with triple junctions was established in [43]. Moreover, convergence
for curve evolution coupled to a reaction-diffusion equation was established in [42], and
error analysis for curve shortening flow coupled with lateral diffusion was presented in
[5]. Furthermore, the convergence of parametric FEMs for the mean curvature flow and
the Willmore flow of closed surfaces in three-dimensional space was first established by
Kovács, Li, and Lubich in [33,34], based on a novel reformulation of these geometric flows
involving the evolution equations for the normal vector and the mean curvature. Stability
and error analysis for advection-diffusion equations on moving surfaces was conducted
in [16], and convergence analysis for the interaction between mean curvature flow and
diffusion on closed surfaces was established in [21].

The Ricci flow, as an intrinsic curvature flow, presents significant challenges for nu-
merical discretization compared to the extrinsic geometric flows studied in the literature.
One major difficulty lies in the discretization of the Riemannian metric, and computing
the Gaussian curvature directly from the metric. This involves a nonlinear second-order
differential operator and is particularly challenging in a spatially discrete setting since,
when applied to piecewise smooth metrics, this differential operator must be interpreted
in the sense of distributions [9]. A finite element discretization of the Ricci-DeTurck flow
has been studied in [22]. In this method, the Riemannian metric g on an n-dimensional
embedded manifold Γ is extended to a Riemannian metric G on a tubular neighborhood
Γδ ⊂ Rn+1. Consequently, the Ricci-DeTurck flow can be reformulated in the Euclidean
coordinates of the ambient space Rn+1, and then discretized using the surface finite el-
ement method. Although various numerical simulations are reported in [22], stability
and error analyses for this method remain open problems. One obstacle to the nu-
merical analysis of Ricci flow is the lack of a weak formulation that is both amenable
to discretization and capable of establishing rigorous stability and error estimates. This
differs from extrinsic curvature flows; for instance, a suitable weak formulation for mean
curvature flow was already proposed by Dziuk in 1990 [19], and the numerical analysis
of this formulation has since been investigated extensively [15,36,51]. Another challenge
arises from the intrinsic nature of Ricci flow: both integrals and differential operators are
defined with respect to the evolving metric, which is itself the unknown. As a result,
one must approximate metric-dependent integration and differentiation in an intrinsic
way and, moreover, charactrize the errors induced by the approximation of the evolving
metric. This again differs from the extrinsic setting, where the relevant integrals and
differential operators are computed with respect to an evolving surface in R3, and the
corresponding error analysis is by now well developed [33–35].

Our construction is based on Regge finite elements, a recently developed family of
finite elements for discretizing symmetric (0, 2)-tensor fields on simplicial triangulations
[12–14, 37, 44]. In the lowest-order case, the Regge finite element discretizes the metric
tensor through edge lengths, allowing curvature to be approximated by angle deficits.
This was further improved by Gawlik in [26], developing a high-order Gaussian curvature
approximation based on high-order Regge elements. More recently, in [9], this approach
has been used to approximate the connection 1-form (Levi-Civita connection), see also
[27]. Notably, in [25], Gawlik applied this approach to the Ricci flow and proposed a finite
element discretization of the Ricci flow of arbitrary polynomial order. Unlike [11,22], [25]
reformulates the Ricci flow as a coupled system by treating the curvature κ and the
metric g as independent variables (see Section 2 for details). A notable advantage of this
approach is that it eliminates the need to compute the curvature from the metric, which
involves a nonlinear second-order differential operator. Additionally, the scheme proposed
in [25] preserves several important geometric structures of the Ricci flow at the discrete
level, including the Gauss-Bonnet theorem and area conservation (see Theorem 3.3).
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The main contribution of this paper is to provide a rigorous numerical analysis for the
FEM for Ricci flow proposed in [25]. Specifically, we prove stability and error estimates
for the discretization [25, (9)-(11), Section 2], based on the following two key observations.
The first key observation is that the reformulated system can be viewed as a solution-
driven metric evolution, where the metric evolves according to the Gaussian curvature,
which satisfies a parabolic equation that, in turn, depends on the metric. This allows
us to analyze the error by adapting the matrix-vector formulation developed in [33, 35],
which was initially introduced for studying solution-driven surface evolution in extrinsic
curvature flow. The second key observation is that the evolution equation for the Gaussian
curvature in the coupled system (see (2.3b)) exhibits a parabolic structure. This enables
us to rigorously prove the convergence of the finite element discretization for arbitrary
polynomial orders. Specifically, if we use the Regge element of degree r ≥ 0 to discretize
the Riemannian metric, and the Lagrange element of degree q ≥ 1 to discretize the
Gaussian curvature, we have the following error estimate:

∥gh(t)−g(−l)(t)∥Lp(Mh)+∥κh(t)−κ(−l)(t)∥L2(Mh) ≲ (ln(
1

h
))q̄hq+1+ln(

1

h
)hr+1, t ∈ [0, T ],

where gh − g(−l) and κh − κ(−l) denote the errors of metric and curvature respectively,
with g(−l) and κ(−l) being the inverse lifts of g and κ onto the triangulated manifold Mh.
Here, h is the mesh size, p > 2, and q̄ = 1 when q = 1, and q̄ = 0 otherwise. In addition,
we can also establish the following optimal L2 error estimate when r ≥ 1 and q ≥ 1:

∥gh(t)− g(−l)(t)∥L2(Mh) + ∥κh(t)− κ(−l)(t)∥L2(Mh) ≲ hq+1 + hr+1, t ∈ [0, T ].

See also the discussions in Remark 4.1, 4.2, 4.3. These error estimates further indicate that
using this coupled system approach can simultaneously provide high-order approximations
for both the Gaussian curvature and the Riemannian metric.

The intrinsic nature of the Ricci flow means that it evolves a Riemannian metric
without reference to any embedding. To visualize the solution, we compute an isometric
embedding of the evolving metric into Euclidean space. In Section 6, we propose a new
continuous PDE for the embedding velocity and discretize it using a parametric FEM.
This approach enables efficient simulation and visualization of Ricci flow solutions and
can be viewed as an optional post-processing step.

The rest of this article is organized as follows. In Section 2, we review the evolution
equations for the Gaussian curvature of a metric evolving under the Ricci flow and for-
mulate the system of equations to be discretized subsequently. In Section 3, we propose
the semi-discretization in space using Regge finite elements and Lagrange finite elements,
and present the structure-preserving properties and the main theorem on the convergence
of the numerical discretization. The stability of the numerical discretization is proved in
Section 4, and error estimates are provided in Section 5. A numerical embedding scheme
for visualizing the numerical solutions is discussed in Section 6. Extensive numerical
experiments are presented in Section 7 to demonstrate the convergence of the proposed
method as well as the simulation of the Ricci flow. Additional details of the results used
in the stability analysis are provided in Appendix A and B.

2. Evolution equation for Ricci flow.

2.1. Basic notations. Let M be a smooth, oriented, two-dimensional manifold
without boundary, embedded in R3. The tangent and cotangent bundles on M are
denoted by TM and T ∗M, respectively. Let g be a smooth Riemannian metric on M.
We use ωg to denote the volume form on M induced by g, and ∇g to denote the Levi-
Civita connection associated with g. For a (p, q)−tensor σ, we use Trg to denote the
contraction along the first two indices, using g to raise or lower indices as needed. We
denote divgσ = Trg∇gσ and ∆gσ = divg∇gσ. The pointwise inner product of two tensors
σ and ρ with respect to the metric g is denoted by ⟨σ, ρ⟩g. For tensor fields σ, ρ and scalar
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functions u, v on M, we denote

(u, v)g,M =

∫
M

uvωg, (∇gu,∇gv)g,M =

∫
M
⟨∇gu,∇gv⟩gωg, (σ, ρ)g,M =

∫
M
⟨σ, ρ⟩gωg.

Let δR3 denote the Euclidean metric on R3, which induces a metric on M through the
pullback under the inclusion map iM : M ↪→ R3, denoted by i∗MδR3 , and is referred to
as the induced Euclidean metric on M. We denote ∇ and dx the Levi-Civita connection
and the volume form associated with the induced Euclidean metric i∗MδR3 . For tensor
fields σ, ρ and scalar functions u, v on M, we denote

(u, v)M =

∫
M

uvdx, (∇u,∇v)M =

∫
M
⟨∇u,∇v⟩i∗MδR3

dx, (σ, ρ)M =

∫
M
⟨σ, ρ⟩i∗MδR3

dx.

We use W k,p(g,M) to denote the Sobolev space on M associated with the metric g,
and denote Lp(g,M) = W 0,p(g,M) and Hk(g,M) = W k,2(g,M). The Sobolev space
with respect to the metric i∗MδR3 is denoted by W k,p(M), Lp(M) = W 0,p(M) and
Hk(M) = W k,2(M). We also use Lp(0, T ;W k,p(M)) to denote the Sobolev space with
Lp regularity in time and W k,p regularity in space.

2.2. The system of equations used for discretization. On a two-dimensional
manifold M, the Ricci flow evolves a time-dependent metric g(t) according to

∂tg(t) = 2(κ̄− κ(t))g(t), (2.1)

where κ(t) = κ(g(t)) is the Gaussian curvature of g(t), and κ̄ is a constant that can be
set to zero or chosen as the average of initial curvature, given by

κ̄ =

∫
M κ(0)ωg(0)∫

M ωg(0)

.

In such a case equation (2.1) is referred to as the normalized Ricci flow.
The Gaussian curvature κ(t) = κ(g(t)) on the right-hand side of (2.1) is known

to satisfy the following evolution equation; see, for instance, [9, Proposition 2.1], [25,
Proposition 2], and the discussion in [25, Section 2].

Lemma 2.1 (Evolution equation of curvature). For a time-dependent metric
g(t) evolving under the Ricci flow (2.1), its Gaussian curvature κ(t) = κ(g(t)) satisfies

d

dt
(κ(t), v)g(t),M + (∇g(t)κ(t),∇g(t)v)g(t),M = 0, ∀v ∈ H1(M), ∂tv = 0. (2.2)

Based on (2.2) and (2.1), we have reformulated the Ricci flow as the following coupled
system: Find a time-dependent metric g and a scalar function κ on M× [0, T ] satisfying

∂

∂t
g(t) + 2(κ(t)− κ̄)g(t) = 0, (2.3a)

d

dt
(κ(t), v)g(t),M + (∇g(t)κ(t),∇g(t)v)g(t),M = 0, ∀v ∈ H1(M), ∂tv = 0. (2.3b)

In this coupled system, the Riemannian metric evolves according to its Gaussian curva-
ture, while the evolution equation for the Gaussian curvature exhibits a parabolic struc-
ture and, in turn, depends on the metric. This system is complemented with the initial
data g(0) and κ(0). The numerical discretization will be based on (2.3).

Throughout this paper, we denote by C and h0 two generic positive constants which
are different at different occurrences, possibly depending on the exact solution and T , but
are independent of the mesh size h and t ∈ [0, T ]. The notation X ≲ Y means X ≤ CY
for some constant C, and X ≂ Y means X ≲ Y and Y ≲ X.

3. Finite element discretization. Let Mh be a piecewise flat, quasi-uniform tri-
angular surface whose vertices lie on M , with mesh size h and approximating M. We
assume that Mh ⊂ Dε(M) = {p ∈ R3 | dist(p,M) ≤ ε} for some sufficiently small ε > 0,
ensuring the existence of a bijective mapping a : Mh → M satisfying

p− a(p) = ±|p− a(p)|n(a(p)), ∀p ∈ Mh,
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where n : M → R3 denotes the outer unit normal vector of M.

We denote by Th the set of triangles in Mh and by Eh the set of its edges. Any
function f on Mh can be lifted to a function f l on M, defined by f l = f ◦ a−1. The
inverse lift of a function ϕ on M can be expressed as ϕ(−l) = ϕ ◦ a on Mh. Any (0, 2)
tensor field σ on M can be pulled back to Mh, defined by σ(−l) = a∗σ, where a∗ denotes
the pullback under the mapping a : Mh → M.

On a triangle K ⊂ Mh, there exists a coordinate chart such that the pair (∂1, ∂2)
forms a constant orthonormal frame of the tangent bundle TK with respect to the induced
Euclidean metric i∗KδR3 . Let S0

2(K) denote the space of all symmetric (0, 2)-tensor fields
on K. For any σ ∈ S0

2(K), it can be represented as a 2 × 2 symmetric matrix-valued
function onK, defined by (σij)1≤i,j≤2 = (σ(∂i, ∂j))1≤i,j≤2, and this matrix representation
is also referred to as σ. We also use σ−1 and det(σ) to denote its inverse matrix and
determinant. We say that σ ∈ H1S0

2(K) if each component of its matrix representation
belongs to H1(K). Similarly, we say that σ ∈ PrS

0
2(K) if each component of its matrix

representation is a polynomial of degree at most r. Let

Σ =

{
σ ∈

∏
K∈Th

H1S0
2(K) | i∗K1,e(σ|K1

) = i∗K2,e(σ|K2
),∀e = K1 ∩K2 ∈ Eh

}
,

where i∗Kj ,e
denotes the pullback under the inclusion iKj ,e : e ↪→ Kj . In particular, we

define the set

Σ+ = {σ ∈ Σ | σ(x) ≻ 0,∀x ∈ K̊,K ∈ Th},
which consists of all σ ∈ Σ that are positive definite and serves as the set of metrics on
Mh. For a tensor field g ∈ Σ+, its tangential-tangential components are single-valued
along each edge e ∈ Eh, allowing us to define the volume form and the unit tangent vector
with respect to g along e as

dsg =
√

g(τ, τ) ds, and τg =
τ√

g(τ, τ)
,

where ds and τ are the volume form and unit tangent vector on e with respect to the
induced Euclidean metric. Moreover, we denote ωg =

√
det gdx the volume form on Mh

with respect to g ∈ Σ+. For scalar functions u, v on Mh, we denote

⟨u, v⟩g,e =
∫
e

uv dsg, (u, v)g,Mh
=

∫
Mh

uv
√

det gdx =
∑

K∈Th

∫
K

uv
√
det gdx,

and

(∇gu,∇gv)g,Mh
=

∫
Mh

g−1∇u·∇v
√
det gdx, (σ, ρ)g,Mh

=

∫
Mh

Tr
(
g−1σg−1ρ

)√
det gdx,

where ∇u = (∂1u, ∂2u)
⊤ ∈ R2 and σ, ρ ∈ Σ, with g ∈ Σ+. If we use the induced Euclidean

metric i∗Mh
δR3 on Mh, we denote

(u, v)Mh
=

∫
Mh

uvdx, (∇u,∇v)Mh
=

∫
Mh

∇u · ∇vdx, (σ, ρ)Mh
=

∫
Mh

Tr (σρ) dx.

We denote by Lp(g,Mh), 1 ≤ p ≤ ∞, and H1(g,Mh) the Sobolev spaces on Mh associated
with the metric g ∈ Σ+. The Sobolev spaces with respect to the induced Euclidean metric
i∗Mh

δR3 are denoted as Lp(Mh) and H1(Mh).

3.1. Finite element space. We define the Lagrange element space of degree q ≥ 1
as

Vh = {v ∈ C(Mh) | v|K ∈ Pq(K), ∀K ∈ Th},
where Pq(K) denotes the space of polynomials on K of degree at most q. The Regge
element space of degree r ≥ 0 [37] is given by

Σh = {σ ∈ Σ | σ|K ∈ PrS
0
2(K), ∀K ∈ Th}.
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Additionally, we define Σh,+ = Σh ∩ Σ+, which represents the set of all σ ∈ Σh that are
positive definite.

For any σ ∈ Σ and g ∈ Σ+, we define a metric-dependent projection Pg : Σ → Σh by
requiring:

⟨Pgσ(τg, τg), v⟩g,e = ⟨σ(τg, τg), v⟩g,e, ∀v ∈ Pr(e), e ∈ Eh, (3.1a)

(Pgσ, ρ)g,K = (σ, ρ)g,K , ∀ρ ∈ Pr−1S
0
2(K),K ∈ Th, (3.1b)

where Pr(e) denotes the space of polynomials on e of degree at most r. If we use the
induced Euclidean metric i∗Mh

δR3 in (3.1), the projection defined in (3.1) coincides with
the canonical Regge interpolation studied in [37, Section 2.3.2], which we simply denote
by Ph. Additionally, we define a metric-dependent L2 projection Πg : Σ → Σh as

(Πgσ, ρ)g,Mh
= (σ, ρ)g,Mh

, ∀ρ ∈ Σh. (3.2)

3.2. Finite element spatial semi-discretization. We propose the following two
finite element spatial semi-discretization schemes for the coupled system (2.3). The first
scheme is based on the metric-dependent projection operator defined in (3.1): Find gh(t) ∈
Σh and κh(t) ∈ Vh such that

∂tgh(t) + 2Pgh(t)((κh(t)− κ̄h)gh(t)) = 0, (3.3a)

d

dt
(κh(t), ϕh)gh(t),Mh

+ (∇ghκh(t),∇ghϕh)gh(t),Mh
= 0, ∀ϕh ∈ Vh, ∂tϕh = 0. (3.3b)

The second scheme utilizes the L2 projection defined in (3.2): Find gh(t) ∈ Σh and
κh(t) ∈ Vh such that

∂tgh(t) + 2Πgh(t)((κh(t)− κ̄h)gh(t)) = 0, (3.4a)

d

dt
(κh(t), ϕh)gh(t),Mh

+ (∇ghκh(t),∇ghϕh)gh(t),Mh
= 0, ∀ϕh ∈ Vh, ∂tϕh = 0. (3.4b)

The initial values of gh and κh in (3.3) and (3.4) are taken as the canonical Regge inter-
polation Phg

(−l)(0) ∈ Σh and the Ritz projection Rhκ(0) ∈ Vh which is defined in (3.11)
below. In the following context, we consider the case of the normalized Ricci flow and
define the constant κ̄h as

κ̄h =

∫
Mh

κh(0)ωgh(0)∫
Mh

ωgh(0)

.

The subsequent numerical analysis remains valid for the case κ̄ = κ̄h = 0.
The main theoretical result of this paper is the convergence proof for the schemes

(3.3) and (3.4), summarized in the following two theorems.
Theorem 3.1. Consider the spatial semi-discretization scheme (3.3) for the coupled

Ricci flow equations (2.3), using the Regge element space of degree r ≥ 0 and the Lagrange
element space of degree q ≥ 1. Suppose that the Ricci flow equation admits an exact
solution (g, κ) that is sufficiently smooth on the time interval [0, T ], and that the symmetric
(0, 2)-tensor field g(t) is uniformly positive definite on the time interval [0, T ]. Then, there
exists a constant h0 > 0 such that the finite element solutions given by (3.3) satisfy the
following error bound for 0 < h ≤ h0:

∥gh(t)−g(−l)(t)∥Lp(Mh)+∥κh(t)−κ(−l)(t)∥L2(Mh) ≲ (ln(
1

h
))q̄hq+1+ln(

1

h
)hr+1, t ∈ [0, T ],

where p > 2 and q̄ = 1 when q = 1, and q̄ = 0 otherwise.
Theorem 3.2. Under the conditions of Theorem 3.1, when r ≥ 1 and q ≥ 1, for

both schemes (3.3) and (3.4), there exists a constant h0 > 0 such that the finite element
solutions satisfy the following error bound for 0 < h ≤ h0:

∥gh(t)− g(−l)(t)∥L2(Mh) + ∥κh(t)− κ(−l)(t)∥L2(Mh) ≲ hq+1 + hr+1, t ∈ [0, T ].

The proof of Theorem 3.1 is presented in Section 4 and Section 5 in detail. Since Theorem
3.2 can be proved using a very similar approach, we only provide several remarks to clarify
the key differences in the proof (see Remark 4.1, 4.2, 4.3). In addition, in Theorems 3.1
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and 3.2, we have proven the convergence of scheme (3.3) for arbitrary polynomial order,
whereas for scheme (3.4), the condition r ≥ 1 and q ≥ 1 is required. This is because the
proof of Theorem 3.1 relies on the L∞ stability of the projection operator, which has so
far only been shown for Pgh(t) in scheme (3.3) (see Lemma 4.2 and Appendix B).

Besides their convergence, another key feature of the proposed schemes is their ability
to preserve certain geometric structures of the Ricci flow at a discrete level, including the
Gauss-Bonnet theorem and area conservation.

Theorem 3.3 (Discrete Gauss–Bonnet and area conservation). Let gh(t) and
κh(t) be the solutions of (3.3) or (3.4). Then the following identity holds:∫

Mh

κh(t)ωgh(t) =

∫
Mh

κh(0)ωgh(0), ∀t ∈ [0, T ]. (3.5a)

Moreover, for solutions of the scheme (3.4), we have area conservation:∫
Mh

ωgh(t) =

∫
Mh

ωgh(0), ∀t ∈ [0, T ]. (3.5b)

Proof. By choosing the test function ϕh ≡ 1 in (3.3b) or (3.4b), we obtain

d

dt

∫
Mh

κh(t)ωgh(t) =
d

dt
(κh(t), 1)gh(t),Mh

= −(∇gh(κh(t)),∇gh1)gh(t),Mh
= 0.

This concludes the proof of (3.5a). Next, to prove (3.5b), we define

f(t) =

∫
Mh

ωgh(t) −
∫
Mh

ωgh(0).

Taking the time derivative, we have

d

dt
f(t) =

d

dt

∫
Mh

ωgh(t) =
1

2

∫
Mh

Trgh(t)(∂tgh(t))ωgh(t) =
1

2
(gh(t), ∂tgh(t))gh(t),Mh

.

Using (3.4a) and the definition of Πgh(t), we obtain

1

2
(gh(t),∂tgh(t))gh(t),Mh

= (gh(t), (κ̄h − κh(t))gh(t))gh(t),Mh
= 2

∫
Mh

(κ̄h − κh(t))ωgh(t)

= 2
(
κ̄h

∫
Mh

ωgh(t) −
∫
Mh

κh(t)ωgh(t)

)
= 2κ̄h

( ∫
Mh

ωgh(t) −
∫
Mh

ωgh(0)

)
,

where in the last step, we apply (3.5a). Then, it holds that

d

dt
f(t) = 2κ̄hf(t).

Since f(0) = 0, it follows that f(t) = 0 for every t ∈ [0, T ].

The finite element discretizations (3.3) and (3.4) can be expressed in matrix-vector
form [35]. Specifically, for the finite element solutions gh(t) ∈ Σh and κh(t) ∈ Vh, we
collect the values of their degrees of freedom (DOFs) as vectors g(t) ∈ RdimΣh and κ(t) ∈
RdimVh , which serve as the vector representations of the finite element solutions gh(t) and
κh(t), respectively. We define the metric-dependent mass matrix M[g(t)] ∈ RdimVh×dimVh

and stiffness matrix A[g(t)] ∈ RdimVh×dimVh as: for i, j = 1, . . . ,dimVh,

(M[g(t)])i,j = (ϕi, ϕj)gh(t),Mh
, (A[g(t)])i,j = (∇gh(t)ϕi,∇gh(t)ϕj)gh(t),Mh

,

with the finite element nodal basis functions ϕi ∈ Vh. Therefore, algebraically scheme
(3.3) corresponds to a differential algebraic equation (DAE)

ġ(t) + f [g(t),κ(t)] = 0, (3.6a)

d

dt

(
M[g(t)]κ(t)

)
+A[g(t)]κ(t) = 0, (3.6b)
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where f [g(t),κ(t)] ∈ RdimΣh collects the DOFs associated with 2Pgh(t)((κh(t)− κ̄h)gh(t))
in (3.3a). Similarly, (3.4) also corresponds to a differential algebraic equation, and it can
be obtained by replacing (3.6a) with

ġ(t) + f̃ [g(t),κ(t)] = 0, (3.6c)

where f̃ [g(t),κ(t)] ∈ RdimΣh collects the DOFs associated with 2Πgh(t)((κh(t)− κ̄h)gh(t))
in (3.4a).

3.3. Approximations of the Riemannian metric and the Gaussian curva-
ture. Let g(t) be the smooth solution of equation (2.3). We denote its pullback on Mh

and the canonical Regge interpolation as

g(−l)(t) = a∗g(t) ∈ Σ+, and g∗h(t) = Phg
(−l)(t) ∈ Σh.

The following property follows directly from the definition of the canonical Regge inter-
polation and its approximation properties; see Section 2.3 in [37]. For t ∈ [0, T ],

∂tg
∗
h(t) = ∂tPhg

(−l)(t) = Ph∂tg
(−l)(t) = Ph(∂tg)

(−l)(t), (3.7a)

∥g∗h(t)− g(−l)(t)∥Wk,p(K) ≲ hr+1−k∥g(−l)(t)∥W r+1,p(K), (3.7b)

∥∂tg∗h(t)− (∂tg)
(−l)(t)∥Wk,p(K) ≲ hr+1−k∥(∂tg)(−l)(t)∥W r+1,p(K), (3.7c)

where k ∈ {0, . . . , r + 1}, p ∈ [1,∞], and K ∈ Th. The following result, established in
Lemmas 4.5–4.6 of [26], is useful for controlling errors in the inverse and determinant of
a metric tensor. For a triangle K ∈ Th, let g and g̃ be smooth symmetric (0, 2)-tensor
fields on K. The following estimates hold for p ∈ [1,∞]:

∥(g̃)−1 − g−1∥Lp(K) ≤
∥g−1∥2L∞(K)

1− ∥g̃ − g∥L∞(K)∥g−1∥L∞(K)
∥g̃ − g∥Lp(K), (3.8a)

∥
√
det(g̃)−

√
det(g)∥Lp(K) ≤

(
∥g̃∥L∞(K) + ∥g∥L∞(K)

)
∥g−1∥L∞(K) ∥g̃ − g∥Lp(K). (3.8b)

Under the conditions of Theorem 3.1, a direct consequence of (3.8) and (3.7) is that, if the
mesh size h is sufficiently small, the canonical Regge interpolant g∗h(t) ∈ Σh is uniformly
positive definite and satisfies

∥
√
det g∗h(t)−

√
det g(−l)(t)∥L∞(Mh) + ∥(g∗h)−1(t)− (g(−l))−1(t)∥L∞(Mh) ≲ hr+1, (3.9)

for t ∈ [0, T ]. In the following, we always assume that h is sufficiently small such that
g∗h(t) ∈ Σh,+, which implies that g∗h(t) can serve as a Riemannian metric on Mh.

Lemma 3.4 (Norm equivalence of g∗h). Under the conditions of Theorem 3.1,
there exists a constant h0 > 0 such that for 0 < h ≤ h0 and v, w ∈ H1(M), the following
estimates hold for t ∈ [0, T ],

|(∇gv,∇gw)g(t),M − (∇g∗
h
v(−l),∇g∗

h
w(−l))g∗

h(t),Mh
| (3.10a)

≲ hr+1∥∇v(−l)∥L2(Mh)∥∇w(−l)∥L2(Mh),

|(v, w)g(t),M − (v(−l), w(−l))g∗
h(t),Mh

| ≲ hr+1∥v(−l)∥L2(Mh)∥w
(−l)∥L2(Mh). (3.10b)

Moreover, the following norm equivalence holds for t ∈ [0, T ],

∥v(−l)∥L2(Mh) ≂ ∥v(−l)∥L2(g∗
h(t),Mh) ≂ ∥v∥L2(g(t),M) ≂ ∥v∥L2(M), (3.10c)

∥∇v(−l)∥L2(Mh) ≂ ∥∇g∗
h
v(−l)∥L2(g∗

h(t),Mh) ≂ ∥∇gv∥L2(g(t),M) ≂ ∥∇v∥L2(M). (3.10d)

Proof. For a flat triangle K ∈ Th, let K̃ = a(K) ⊂ M be a curved triangle that

lies on the smooth manifold M. Then, the set T̃h = {K̃ = a(K), where K ∈ Th}, forms
a curved triangulation of the smooth manifold M. Using the property of the pullback
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operator, the following expressions hold:

(v, w)g(t),K̃ = (v(−l), w(−l))g(−l),K =

∫
K

v(−l)w(−l)
√
det g(−l)dx,

(∇gv,∇gw)g(t),K̃ =

∫
K

(g(−l))−1∇v(−l) · ∇w(−l)
√

det g(−l)dx.

Similarly, the following expressions hold:

(v(−l), w(−l))g∗
h(t),K

=

∫
K

v(−l)w(−l)
√

det g∗hdx,

(∇g∗
h
v(−l),∇g∗

h
w(−l))g∗

h(t),K
=

∫
K

(g∗h)
−1∇v(−l) · ∇w(−l)

√
det g∗hdx.

By comparing the above expressions, summing over all K ∈ Th, and invoking (3.9), we
obtain (3.10a) and (3.10b). Under the conditions of Theorem 3.1, both g(−l)(t) and its
inverse (g(−l)(t))−1 are uniformly bounded on the time interval [0, T ]. According to (3.7)
and (3.9), for sufficiently small h, both g∗h(t) and its inverse (g∗h(t))

−1 are also uniformly
bounded on the time interval [0, T ]. Therefore, (3.10c) and (3.10d) follow from taking
v = w in the above expressions and applying a Hölder inequality.

For a smooth scalar function u(t) = u(·, t) : M → R, we define its Ritz projection
onto the Lagrange finite element space Vh as Rhu(t) ∈ Vh, by requiring

(∇g∗
h
Rhu(t),∇g∗

h
ϕh)g∗

h,Mh
= (∇gu(t),∇gϕ

(l)
h )g,M, ∀ϕh ∈ Vh, (3.11a)

((Rhu(t))
(l), 1)M = (u(t), 1)M. (3.11b)

The following lemma provides an error estimate for the Ritz projection and its time
derivative.

Lemma 3.5 (Properties of Ritz projection). For a smooth function u(t) =
u(·, t) : M → R, let Rhu(t) ∈ Vh be its Ritz projection onto the Lagrange finite element
space Vh of degree q, as defined in (3.11), where g∗h = Phg

(−l)(t) ∈ Σh,+ is the canonical
Regge interpolation onto the Regge element space of degree r. Then, under the conditions
of Theorem 3.1, there exists a constant h0 > 0 such that for 0 < h ≤ h0, the following
error estimates hold for t ∈ [0, T ]:

∥(u(t))(−l) −Rhu(t)∥H1(Mh) + ∥∂t(u(t))(−l) − ∂tRhu(t)∥H1(Mh) ≲ hr+1 + hq, (3.12a)

∥(u(t))(−l) −Rhu(t)∥L2(Mh) + ∥∂t(u(t))(−l) − ∂tRhu(t)∥L2(Mh) ≲ hr+1 + hq+1, (3.12b)

∥(u(t))(−l) −Rhu(t)∥L∞(Mh) ≲ ln(
1

h
)hr+1 + (ln(

1

h
))q̄hq+1, (3.12c)

where q̄ = 1 when q = 1, and q̄ = 0 otherwise.

Proof. The L2, H1, and L∞ error estimates for the Ritz projection Rhu(t) follow
the framework developed in [17, Section 3]. Specifically, we first rewrite (3.11a) in the
equivalent form

(∇g((Rhu)
(l) − u),∇gϕ

(l)
h )g,M = F (ϕ

(l)
h ), ∀ϕh ∈ Vh, (3.13)

where the linear functional F is defined by

F (ϕ
(l)
h ) = (∇g(Rhu)

(l),∇gϕ
(l)
h )g,M − (∇g∗

h
Rhu(t),∇g∗

h
ϕh)g∗

h,Mh
.

Then, one can verify that assumptions A1-A4 in [17, Section 3.1] are satisfied in our
setting. Therefore, by [17, Theorem 3.1, (3.3) and (3.5)] and [17, Theorem 3.2, (3.14)],
together with Lemma 3.4, the following L2, H1, and L∞ estimates for Rhu(t) hold:

∥u(−l) −Rhu∥H1(Mh) ≲ hr+1 + hq, (3.14a)

∥u(−l) −Rhu∥L2(Mh) ≲ hr+1 + hq+1, (3.14b)

∥u(−l) −Rhu∥L∞(Mh) ≲ ln
( 1
h

)
hr+1 +

(
ln
( 1
h

))q̄
hq+1. (3.14c)
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The error estimates for the time derivative ∂tRhu(t) are deferred to Appendix A.

Let κ(t) : M → R be the smooth solution of (2.3). In the following, we define

κ∗
h(t) = Rhκ(t) ∈ Vh.

Based on Lemma 3.5 (Properties of Ritz projection), (3.7), and (3.9), the following bound-
edness results hold for r ≥ 0 and q ≥ 1:

∥κ∗
h∥L∞(0,T ;W 1,∞(Mh)) + ∥∂tκ∗

h∥L∞(0,T ;L∞(Mh)) ≤ C, (3.15a)

∥g∗h∥L∞(0,T ;L∞(Mh)) + ∥(g∗h)−1∥L∞(0,T ;L∞(Mh))+ (3.15b)

∥
√

det g∗h∥L∞(0,T ;L∞(Mh)) + ∥∂tg∗h∥L∞(0,T ;L∞(Mh)) ≤ C.

Both (3.15a) and (3.15b) will be frequently employed in the subsequent stability analysis
to control the nonlinearity.

4. Stability estimate.

4.1. Consistency defects and error equations. Recall that g∗h(t) ∈ Σh and
κ∗
h(t) ∈ Vh are the canonical Regge interpolation of g(t), and the Ritz projection of κ(t),

respectively, which serve as approximations to the smooth solutions of equation (2.3). We
use eg(t) = gh(t)− g∗h(t) ∈ Σh and eκ(t) = κh(t)−κ∗

h(t) ∈ Vh to denote the finite element
error functions. The approximations g∗h(t) and κ∗

h(t) satisfy the numerical schemes (3.3)
and (3.4) up to the consistency defect functions dg(t), dL2,g(t) ∈ Σh and dκ(t) ∈ Vh, i.e.,

∂tg
∗
h(t) + 2Pg∗

h(t)
((κ∗

h(t)− κ̄h)g
∗
h(t)) = dg(t), (4.1a)

∂tg
∗
h(t) + 2Πg∗

h(t)
((κ∗

h(t)− κ̄h)g
∗
h(t)) = dL2,g(t), (4.1b)

d

dt
(κ∗

h(t), ϕh)g∗
h(t),Mh

+ (∇g∗
h
κ∗
h(t),∇g∗

h
ϕh)g∗

h(t),Mh
= (dκ(t), ϕh)g∗

h(t),Mh
, (4.1c)

for all ϕh ∈ Vh. Let g∗(t) ∈ RdimΣh and κ∗(t), eκ(t),dκ(t) ∈ RdimVh be the vector
representations of g∗h(t) ∈ Σh and κ∗

h(t), eκ(t), dκ(t) ∈ Vh, respectively. The matrix-vector
formulation of the consistency defect equation (4.1c) is given by:

d

dt

(
M[g∗(t)]κ∗(t)

)
+A[g∗(t)]κ∗(t) = M[g∗(t)]dκ(t).

Substituting this into (3.6b), we obtain the error equation of eκ:

d

dt

(
M[g(t)]eκ(t)

)
+A[g(t)]eκ(t) =

d

dt

(
(M[g∗(t)]−M[g(t)])κ∗(t)

)
+
(
A[g∗(t)]−A[g(t)]

)
κ∗(t)−M[g∗(t)]dκ.

(4.2)

Similarly, subtracting (4.1a) from (3.3a) and (4.1b) from (3.4a), the error equations of eg
for schemes (3.3) and (3.4) read

∂teg+2Pgh(eκgh) + 2Pgh((κ
∗
h − κ̄h)eg) + 2(Pgh − Pg∗

h
)((κ∗

h − κ̄h)g
∗
h) + dg = 0, (4.3a)

∂teg+2Πgh(eκgh) + 2Πgh((κ
∗
h − κ̄h)eg) + 2(Πgh −Πg∗

h
)((κ∗

h − κ̄h)g
∗
h) + dL2,g = 0. (4.3b)

The stability analysis will be based on the error equations in (4.3a), (4.3b) and (4.2).

4.2. Preparation for stability estimate. Let p > 2 be a fixed number. We first
consider the Lp stability estimate for the scheme (3.3) with arbitrary polynomial orders
r ≥ 0 and q ≥ 1. Let t∗ ∈ (0, T ] be the supremum of time such that the following estimate
holds (with a coefficient of 1 on the right-hand side):

∥eg∥L∞(0,t∗;Lp(Mh)) + ∥eκ∥L∞(0,t∗;L2(Mh)) ≤ h
1
2+

1
p . (4.4)

Since eg(0) = eκ(0) = 0 and the semidiscrete finite element solutions are continuous
in time, it follows that t∗ > 0. Ultimately, our proof will be completed by showing
that t∗ = T . The bound in (4.4) ensures the boundedness of the numerical solutions of
(3.3) on the time interval [0, t∗]. For instance, by utilizing the inverse estimate and the
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boundedness in (3.15b), we obtain

∥gh∥L∞(0,t∗;L∞(Mh)) ≲ ∥g∗h∥L∞(0,t∗;L∞(Mh)) + ∥eg∥L∞(0,t∗;Lp(Mh))h
− 2

p ≲ 1 + h
1
2−

1
p .

Since 1
2 − 1

p > 0, combining (3.8), for sufficiently small h, we obtain the boundedness of

gh(t),

∥gh∥L∞(0,t∗;L∞(Mh)) + ∥g−1
h ∥L∞(0,t∗;L∞(Mh)) + ∥

√
det gh∥L∞(0,t∗;L∞(Mh)) ≤ C. (4.5)

Moreover, for another fixed number q̃ satisfying 2 < q̃ < 4p
p−2 , using an inverse estimate

and boundedness in (3.15a), it holds that

∥κh∥L∞(0,t∗;Lq̃(Mh)) ≲ ∥κ∗
h∥L∞(0,t∗;Lq̃(Mh)) + ∥eκ∥L∞(0,t∗;L2(Mh))h

−1+ 2
q̃ ≲ 1 + h

1
p−

1
2+

2
q̃ .

Since 1
p − 1

2 + 2
q̃ = 4p+2q̃−pq̃

2pq̃ > 0, for sufficiently small h, we obtain the boundedness of

κh(t),

∥κh∥L∞(0,t∗;Lq̃(Mh)) ≤ C, where 2 < q̃ <
4p

p− 2
. (4.6)

By a similar argument as in Lemma 3.4 (Norm equivalence of g∗h), a direct application of
the boundedness results in (3.15b) and (4.5) lead to the following lemma.

Lemma 4.1 (Norm equivalence of gh ). Under the boundedness results in (3.15b)
and (4.5), it holds that for t ∈ [0, t∗] and s ∈ [2,∞],

∥v(l)∥Ls(M) ≂ ∥v∥Ls(Mh) ≂ ∥v∥Ls(g∗
h,Mh) ≂ ∥v∥Ls(gh,Mh), ∀v ∈ Ls(Mh),

(4.7a)

∥∇v(l)∥L2(M) ≂ ∥∇v∥L2(Mh) ≂ ∥∇g∗
h
v∥L2(g∗

h,Mh) ≂ ∥∇ghv∥L2(gh,Mh), ∀v ∈ H1(Mh).

(4.7b)

Moreover, for tensor fields σ, ρ ∈ Σ, it holds that for t ∈ [0, t∗],

|(σ, ρ)g∗
h,Mh

− (σ, ρ)gh,Mh
| ≲ ∥g∗h − gh∥L2(Mh)∥σ∥L∞(Mh)∥ρ∥L2(Mh), (4.7c)

∥σ∥L2(Mh) ≂ ∥σ∥L2(g∗
h(t),Mh) ≂ ∥σ∥L2(gh(t),Mh). (4.7d)

Proof. Under the boundedness results in (3.15b) and (4.5), the norm equivalence
results in (4.7a), (4.7b), and (4.7d) can be proven by a similar argument as in Lemma 3.4
(Norm equivalence of g∗h) and are therefore omitted. For the proof of (4.7c), we have

(σ, ρ)g∗
h,Mh

=

∫
Mh

Tr((g∗h)
−1σ(g∗h)

−1ρ)
√

det g∗hdx,

(σ, ρ)gh,Mh
=

∫
Mh

Tr((gh)
−1σ(gh)

−1ρ)
√

det ghdx.

Comparing the above expressions and invoking the boundedness results in (3.15b) and
(4.5), together with (3.8), we obtain, for t ∈ [0, t∗],

|(σ, ρ)g∗
h(t),Mh

− (σ, ρ)gh(t),Mh
|

≲ ∥σ∥L∞(Mh)∥ρ∥L2(Mh)

(
∥
√

det g∗h −
√
det gh∥L2(Mh) + ∥(g∗h)−1 − (gh)

−1∥L2(Mh)

)
≲ ∥σ∥L∞(Mh)∥ρ∥L2(Mh)∥g

∗
h − gh∥L2(Mh).

Furthermore, we can establish the following stability and approximation results for
the projection operators defined in (3.1) and (3.2). The proof of these two lemmas are
postponed to Appendix B.

Lemma 4.2 (Stability of Pgh and Pg∗
h
). Under the boundedness results in (3.15b)

and (4.5), for any triangle K ∈ Th, let σ be a smooth symmetric (0, 2)-tensor field on K.
Then it holds that

∥Pgh(t)σ∥L∞(K) ≲ ∥σ∥L∞(K), t ∈ [0, t∗], ∥Pg∗
h(t)

σ∥L∞(K) ≲ ∥σ∥L∞(K), t ∈ [0, T ].

(4.8a)
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Moreover, if σ is a polynomial symmetric (0, 2)-tensor field on K, it holds that, for 2 ≤
s ≤ +∞,

∥Pgh(t)σ∥Ls(K) ≲ ∥σ∥Ls(K), t ∈ [0, t∗], ∥Pg∗
h(t)

σ∥Ls(K) ≲ ∥σ∥Ls(K), t ∈ [0, T ],

(4.8b)

∥(Pg∗
h(t)

− Pgh(t))σ∥Ls(K) ≲ ∥gh(t)− g∗h(t)∥Ls(K)∥σ∥L∞(K), t ∈ [0, t∗]. (4.8c)

Lemma 4.3 (Approximation of Pg∗
h
and Πg∗

h
). Under the boundedness results in

(3.15b), let σ ∈ Σ be a piecewise smooth symmetric (0, 2)-tensor field on Mh. Then it
holds that

∥Pg∗
h(t)

σ − σ∥L∞(Mh) ≲ hr+1, and ∥Πg∗
h(t)

σ − σ∥L2(Mh) ≲ hr+1, t ∈ [0, T ]. (4.9)

Remark 4.1. For the L2 stability estimate of both schemes (3.3) and (3.4) with
r ≥ 1 and q ≥ 1, we replace the bound in (4.4) by:

∥eg∥L∞(0,t∗;L2(Mh)) + ∥eκ∥L∞(0,t∗;L2(Mh)) ≤ h1.5. (4.10)

Then, by the same argument, the finite element solutions given by schemes (3.3) and (3.4)
with r ≥ 1 and q ≥ 1 satisfy

∥gh∥L∞(0,t∗;L∞(Mh)) + ∥(gh)−1∥L∞(0,t∗;L∞(Mh)) + ∥
√
det gh∥L∞(0,t∗;L∞(Mh)) ≤ C, (4.11a)

∥κh∥L∞(0,t∗;L2(Mh)) ≤ C. (4.11b)

It is easy to see that the results of Lemma 4.1, Lemma 4.2, and Lemma 4.3 remain valid.

As a direct application of Lemma 4.2 and Lemma 4.3, the following bounds for the
consistency defect functions hold.

Lemma 4.4 (Consistency defect estimates ). Under the conditions of Theorem
3.1, let dg, dL2,g ∈ Σh and dκ ∈ Vh denote the consistency defect functions defined in
(4.1a) , (4.1b) and (4.1c), respectively. The following estimates hold for t ∈ [0, T ],

∥dL2,g(t)∥L2(Mh) + ∥dg(t)∥L2(Mh) ≲ hr+1 + hq+1, (4.12a)

∥dg(t)∥Lp(Mh) ≲ (ln
1

h
)hr+1 + (ln

1

h
)q̄hq+1, (4.12b)

∥dκ(t)∥L2(Mh) ≲ hr+1 + hq+1. (4.12c)

Proof. By pulling back the equation (2.3a) to Mh, we obtain

∂tg
(−l)(t) + 2

(
κ(−l)(t)− κ̄

)
g(−l)(t) = 0.

Substituting this into (4.1a), we have:

dg =(∂tg
∗
h − ∂tg

(−l)) + 2Pg∗
h
((κ∗

h − κ̄h)(g
∗
h − g(−l)))

+ 2Pg∗
h
((κ∗

h − κ(−l))g(−l)) + 2Pg∗
h
((κ̄− κ̄h)g

(−l)) + 2(Pg∗
h
− I)((κ(−l) − κ̄)g(−l)).

Take the Lp norm (for some p > 2) and apply (4.8a) in Lemma 4.2 (Stability of Pgh

and Pg∗
h
), Lemma 4.3 (Approximation of Pg∗

h
and Πg∗

h
), (3.12c) in Lemma 3.5 (Properties

of the Ritz projection), (3.7), the boundedness result in (3.15), and the easily proven
estimate ∥κ̄h − κ̄∥L∞(Mh) ≲ hq+1 + hr+1. Then, the following holds for t ∈ [0, T ]:

∥dg(t)∥Lp(Mh) ≲ ∥∂tg∗h − ∂tg
(−l)∥Lp(Mh) + ∥(κ∗

h − κ̄h)(g
∗
h − g(−l))∥L∞(Mh)

+ ∥(κ∗
h − κ(−l))g(−l)∥L∞(Mh) + ∥(κ̄h − κ̄)g(−l)∥L∞(Mh) + hr+1

≲ (ln
1

h
)hr+1 + (ln

1

h
)q̄hq+1.
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To estimate the L2 norm of dg, special attention needs to be paid to the third term of dg,

∥Pg∗
h
((κ∗

h − κ(−l))g(−l))∥L2(Mh)

≲ ∥(κ∗
h − Ihκ

(−l))g∗h∥L2(Mh) + ∥(Ihκ(−l) − κ(−l))g∗h + (κ∗
h − κ(−l))(g(−l) − g∗h)∥L∞(Mh)

≲ hq+1 + hr+1,

where we have inserted the Lagrange interpolation Ihκ
(−l) ∈ Vh and utilized (4.8b) to

obtain the first term, and (4.8a) to obtain the second term in the above estimate. Thus,
we have for t ∈ [0, T ],

∥dg(t)∥L2(Mh) ≲ ∥(∂tg∗h − ∂tg
(−l))∥L2(Mh) + ∥(κ∗

h − κ̄h)∥L∞(Mh)∥(g
∗
h − g(−l))∥L∞(Mh)

+ ∥Pg∗
h
((κ∗

h − κ(−l))g(−l))∥L2(Mh) + ∥κ̄h − κ̄∥L∞(Mh)∥g
(−l)∥L∞(Mh) + hr+1

≲ hr+1 + hq+1.

By a similar approach, it is straightforward to verify that the consistency defect function
dL2,g defined in (4.1b) also satisfies the above estimate.

For ϕh ∈ Vh, we take the test function v = ϕ
(l)
h ∈ H1(M) in equation (2.3b), yielding

d

dt
(κ(t), ϕ

(l)
h )g(t),M + (∇g(t)κ(t),∇g(t)ϕ

(l)
h )g(t),M = 0.

Substituting this into (4.1c), we obtain:

(dκ, ϕh)g∗
h(t),Mh

=
d

dt
(κ∗

h(t), ϕh)g∗
h(t),Mh

− d

dt
(κ(t), ϕ

(l)
h )g(t),M

+ (∇g∗
h
κ∗
h(t),∇g∗

h(t)
ϕh)g∗

h(t),Mh
− (∇g(t)κ(t),∇g(t)ϕ

(l)
h )g(t),M

=
d

dt
(κ∗

h(t), ϕh)g∗
h(t),Mh

− d

dt
(κ(t), ϕ

(l)
h )g(t),M.

The last two terms cancel because κ∗
h(t) = Rhκ(t), and by the definition of the Ritz

projection in (3.11a). Furthermore, we have:

d

dt
(κ∗

h(t), ϕh)g∗
h(t),Mh

=

∫
Mh

(
(∂tκ

∗
h)ϕh

√
det g∗h + κ∗

hϕh(∂t
√

det g∗h)
)
dx,

d

dt
(κ(t), ϕ

(l)
h )g(t),M =

∫
Mh

(
(∂tκ

(−l))ϕh

√
det g(−l) + κ(−l)ϕh(∂t

√
det g(−l))

)
dx.

Substituting the following identity for the time derivative of the determinant,

∂t

√
det g∗h(t) =

1

2

√
det g∗h(t)(g

∗
h(t))

−1 : ∂tg
∗
h(t), (4.13)

and applying (3.7), (3.9) and Lemma 3.5 (Properties of Ritz projection) as well as the
boundedness result in (3.15), we have

(dκ, ϕh)g∗
h(t),Mh

≲ (hr+1 + hq+1)∥ϕh∥L2(g∗
h(t),Mh).

Therefore, (4.12c) is proved by taking ϕh = dκ and applying the norm equivalence in
Lemma 3.4 (Norm equivalence of g∗h).

4.3. Stability estimate. This subsection establishes the stability estimates for the
error equations in (4.3a), (4.3b), and (4.2). We begin by considering the Lp stability
estimate of eg for scheme (3.3) with r ≥ 0 and q ≥ 1. Recall the error equation (4.3a),

∂teg = −2Pgh(eκgh)− 2Pgh((κ
∗
h − κ̄h)eg)− 2(Pgh − Pg∗

h
)((κ∗

h − κ̄h)g
∗
h(t))− dg.

Invoking (4.8c) in Lemma 4.2 (Stability of Pgh and Pg∗
h
), we have for s ∈ [2,+∞] and

t ∈ [0, t∗]

∥(Pgh − Pg∗
h
)((κ∗

h − κ̄h)g
∗
h(t))∥Ls(Mh) ≲ ∥eg∥Ls(Mh)∥(κ

∗
h − κ̄h)g

∗
h(t)∥L∞(Mh). (4.14)
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Taking the L2 norm in the above error equation, by (4.14), Lemma 4.2 (Stability of Pgh

and Pg∗
h
), as well as boundedness results in (3.15) and (4.5), we have for t ∈ [0, t∗],

∥∂teg(t)∥L2(Mh) ≲ ∥dg∥L2(Mh) + ∥Pgh(eκgh)∥L2(Mh)

+ ∥Pgh((κ
∗
h − κ̄h)eg)∥L2(Mh) + ∥(Pgh − Pg∗

h
)((κ∗

h − κ̄h)g
∗
h(t))∥L2(Mh)

≲ ∥dg∥L2(Mh) + ∥eκ∥L2(Mh) + ∥eg∥L2(Mh).
(4.15)

This, combined with the estimate in (4.12a) and the bound in (4.4), implies

∥∂teg∥L∞(0,t∗;L2(Mh)) ≤ Ch
1
2+

1
p .

Furthermore, by a similar argument used in (4.6), for sufficiently small h, we have

∥∂tgh∥L∞(0,t∗;Lq̃(Mh)) ≤ C, where 2 < q̃ <
4p

p− 2
. (4.16)

Proposition 4.5 (Lp stability estimate of eg for scheme (3.3)). Under the
conditions of Theorem 3.1, for the scheme in (3.3) with r ≥ 0, q ≥ 1, there exists a
constant h0 > 0 such that the following stability result holds for 0 < h ≤ h0 and t ∈ [0, t∗]:

∥eg(t)∥2Lp(Mh)
≲

∫ t

0

∥dg(s)∥2Lp(Mh)
+ ∥eκ(s)∥2L2(Mh)

+ ∥∇eκ(s)∥2L2(Mh)
. (4.17)

Proof. Integrating (4.3a) from 0 to t, we have

eg(t) = −2

∫ t

0

Pgh(eκgh)−2

∫ t

0

Pgh((κ
∗
h−κ̄h)eg)−2

∫ t

0

(Pgh−Pg∗
h
)((κ∗

h−κ̄h)g
∗
h(t))−

∫ t

0

dg.

Taking the Lp norm and applying (4.14), Lemma 4.2 (stability of Pgh and Pg∗
h
), along

with the boundedness results in (3.15) and (4.5), we obtain for t ∈ [0, t∗],

∥eg(t)∥Lp(Mh) ≲
∫ t

0

∥dg∥Lp(Mh) +

∫ t

0

∥gh∥L∞(Mh)∥eκ∥Lp(Mh)

+

∫ t

0

∥(κ∗
h − κ̄h)∥L∞(Mh)∥eg∥Lp(Mh) +

∫ t

0

∥((κ∗
h − κ̄h)g

∗
h(t))∥L∞(Mh)∥eg∥Lp(Mh)

≲
∫ t

0

∥dg∥Lp(Mh) +

∫ t

0

∥eκ∥Lp(Mh) +

∫ t

0

∥eg∥Lp(Mh).

By Grönwall’s inequality, for t ∈ [0, t∗], we have

∥eg(t)∥Lp(Mh) ≲
∫ t

0

∥dg(s)∥Lp(Mh) +

∫ t

0

∥eκ(s)∥Lp(Mh)

≲ (

∫ t

0

∥dg(s)∥2Lp(Mh)
)1/2 + (

∫ t

0

∥eκ(s)∥2L2(Mh)
)1/2 + (

∫ t

0

∥∇eκ(s)∥2L2(Mh)
)1/2,

where in the last step, we used the Sobolev embedding H1(Mh) ↪→ Lp(Mh).

Remark 4.2. For the L2 stability estimate of eg for both schemes (3.3) and (3.4)
with r ≥ 1, q ≥ 1, special attention needs to be paid to the error equation (4.3b), which
involves the L2 projection Πgh(t). In this case, the estimate in (4.14) is replaced by the
following estimate,

∥(Πgh −Πg∗
h
)((κ∗

h − κ̄h)g
∗
h)∥L2(Mh)

≲ (∥(κ∗
h − κ̄h)g

∗
h∥L∞(Mh) + ∥∂tg∗h∥L∞(Mh))∥eg∥L2(Mh) + ∥dL2,g∥L2(Mh),

(4.18)
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which can be proved as follows. For any ρ ∈ Σh, it holds that

((Πgh −Πg∗
h
)((κ∗

h − κ̄h)g
∗
h), ρ)gh,Mh

= ((κ∗
h − κ̄h)g

∗
h, ρ)gh,Mh

− ((κ∗
h − κ̄h)g

∗
h, ρ)g∗

h,Mh

+ (Πg∗
h
((κ∗

h − κ̄h)g
∗
h), ρ)g∗

h,Mh
− (Πg∗

h
((κ∗

h − κ̄h)g
∗
h), ρ)gh,Mh

≲ ∥(κ∗
h − κ̄h)g

∗
h∥L∞(Mh)∥eg∥L2(Mh)∥ρ∥L2(Mh)

+
∣∣(∂tg∗h − dL2,g, ρ)gh,Mh

− (∂tg
∗
h − dL2,g, ρ)g∗

h,Mh

∣∣
≲

(
(∥(κ∗

h − κ̄h)g
∗
h∥L∞(Mh) + ∥∂tg∗h∥L∞(Mh))∥eg∥L2(Mh) + ∥dL2,g∥L2(Mh)

)
∥ρ∥L2(Mh),

where we substitute equation (4.3b) and apply (4.7c) and (4.7d) in Lemma 4.1 (Norm
equivalence of gh). Then, (4.18) is proved by setting ρ = (Πgh −Πg∗

h
)((κ∗

h− κ̄h)g
∗
h). Now,

applying a similar approach as in (4.15) while utilizing (4.11) and (4.10) from Remark
4.1, we obtain

∥∂teg∥L∞(0,t∗;L2(Mh)) ≲ h1.5,

which consequently implies

∥∂tgh∥L∞(0,t∗;L∞(Mh)) ≲ ∥∂tg∗h∥L∞(0,t∗;L∞(Mh)) + h−1∥∂teg∥L∞(0,t∗;L2(Mh)) ≤ C, (4.19)

for the finite element solutions given by schemes (3.3) and (3.4) with r ≥ 1, q ≥ 1.
Moreover, employing a similar approach as in Proposition 4.5 with (4.18), we derive the
following L2 stability estimates for eg on [0, t∗],

∥eg(t)∥2L2(Mh)
≲

∫ t

0

∥dg(s)∥2L2(Mh)
+ ∥eκ(s)∥2L2(Mh)

, (4.20a)

∥eg(t)∥2L2(Mh)
≲

∫ t

0

∥dL2,g(s)∥2L2(Mh)
+ ∥eκ(s)∥2L2(Mh)

, (4.20b)

corresponding to the finite element solutions given by (3.3) and (3.4) respectively.

We now turn to the stability estimate of eκ in the error equation (4.2). By utilizing
the matrix-vector representation, the following holds:

1

2

d

dt
(∥eκ∥2L2(gh,Mh)

) + ∥∇gheκ∥2L2(gh,Mh)
=

1

2

d

dt

(
eκ

⊤M[g(t)]eκ
)
+ eκ

⊤A[g(t)]eκ

= eκ
⊤( d

dt

(
M[g(t)]eκ

)
+A[g(t)]eκ

)
− 1

2
eκ

⊤ ˙(M[g(t)])eκ.

Then, substituting the error equation (4.2), we have,

1

2

d

dt
(∥eκ∥2L2(gh,Mh)

) + ∥∇gheκ∥2L2(gh,Mh)
= eκ

⊤( ˙(M[g∗(t)])− ˙(M[g(t)]))κ∗(t)

+ eκ
⊤(M[g∗(t)]−M[g(t)]) ˙κ∗(t) + eκ

⊤(A[g∗(t)]−A[g(t)])κ∗(t)

− 1

2
eκ

⊤ ˙(M[g(t)])eκ − eκ
⊤M[g∗(t)]dκ

= I1 + I2 + I3 + I4 − eκ
⊤M[g∗(t)]dκ.

(4.21)
To handle I1, . . . , I4, we introduce the intermediate metric between gh(t) and g∗h(t), de-
fined as

gh,θ(t) = θgh(t) + (1− θ)g∗h(t) ∈ Σh, θ ∈ [0, 1].

The following identities thus hold:

(gh(t))
−1 − (g∗h(t))

−1 = −
∫ 1

0

g−1
h,θ(t)

d

dθ
(gh,θ(t))g

−1
h,θ(t) = −

∫ 1

0

g−1
h,θ(t)eg(t)g

−1
h,θ(t), (4.22a)

√
det gh(t)−

√
det g∗h(t) =

1

2

∫ 1

0

√
det gh,θ(t)g

−1
h,θ(t) : eg(t). (4.22b)

From (3.8) and the boundedness results in (3.15b) and (4.5), we obtain the following
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bound for the intermediate metric gh,θ with θ ∈ [0, 1]:

∥gh,θ∥L∞(0,t∗;L∞(Mh)) + ∥g−1
h,θ∥L∞(0,t∗;L∞(Mh)) + ∥

√
det gh,θ∥L∞(0,t∗;L∞(Mh)) ≤ C. (4.23)

Based on (4.22a), (4.22b), the terms I1, . . . , I4 in (4.21) can be expressed using the fol-
lowing lemma.

Lemma 4.6. For any vh, wh ∈ Vh with vector representations v,w ∈ RdimVh , the
following equalities hold:

v⊤(M[g∗(t)]−M[g(t)])w = −1

2

∫
Mh

vhwh

( ∫ 1

0

√
det gh,θg

−1
h,θ

)
: egdx, (4.24a)

v⊤ ˙(M[g(t)])w =
1

2

∫
Mh

vhwh

(√
det gh(gh)

−1 : (∂tgh)
)
dx, (4.24b)

v⊤( ˙(M[g∗(t)])− ˙(M[g(t)]))w = −1

4

∫
Mh

vhwh

( ∫ 1

0

√
det gh,θg

−1
h,θ : eg

)
(g∗h)

−1 : (∂tg
∗
h)dx

− 1

2

∫
Mh

vhwh

√
det gh(g

∗
h)

−1 : (∂teg)dx

+
1

2

∫
Mh

vhwh

√
det gh

( ∫ 1

0

g−1
h,θegg

−1
h,θ

)
: (∂tgh)dx, (4.24c)

v⊤(A[g∗(t)]−A[g(t)])w = −1

2

∫
Mh

(g∗h)
−1∇vh · ∇wh

( ∫ 1

0

√
det gh,θg

−1
h,θ

)
: egdx

+

∫
Mh

( ∫ 1

0

g−1
h,θegg

−1
h,θ

)
∇vh · ∇wh

√
det ghdx. (4.24d)

Proof. (4.24a) follows from the definition of the metric-dependent mass matrices
M[g∗(t)], M[g(t)], and the identity (4.22b). (4.24b) follows from the identity (4.13). For
(4.24c), it holds that

v⊤( ˙(M[g∗(t)])− ˙(M[g(t)]))w =
1

2

∫
Mh

vhwh

(√
det g∗h −

√
det gh

)
(g∗h)

−1 : (∂tg
∗
h)dx

+
1

2

∫
Mh

vhwh

√
det gh(g

∗
h)

−1 :
(
(∂tg

∗
h)− (∂tgh)

)
dx

+
1

2

∫
Mh

vhwh

√
det gh

(
(g∗h)

−1 − (gh)
−1

)
: (∂tgh)dx.

Therefore, (4.24c) is proved by using (4.22a) and (4.22b). For (4.24d), it holds that

v⊤A[g∗(t)]w − v⊤A[g(t)]w =

∫
Mh

(g∗h)
−1∇vh · ∇wh

(√
det g∗h −

√
det gh

)
dx

+

∫
Mh

(
(g∗h)

−1 − (gh)
−1

)
∇vh · ∇wh

√
det ghdx.

Therefore, (4.24d) is proved by using (4.22a) and (4.22b).
Proposition 4.7 (Stability estimate of eκ for scheme (3.3)). Under the condi-

tions of Theorem 3.1, for the scheme in (3.3) with r ≥ 0, q ≥ 1, there exists a constant
h0 > 0 such that the following stability result holds for 0 < h ≤ h0 and t ∈ [0, t∗]:

∥eκ(t)∥2L2(Mh)
≲

∫ t

0

∥eg(s)∥2Lp(Mh)
+ ∥dg(s)∥2L2(Mh)

+ ∥dκ(s)∥2L2(Mh)
, (4.25a)∫ t

0

∥∇eκ(s)∥2L2(Mh)
≲

∫ t

0

∥eg(s)∥2Lp(Mh)
+ ∥eκ(s)∥2L2(Mh)

(4.25b)

+

∫ t

0

∥dg(s)∥2L2(Mh)
+ ∥dκ(s)∥2L2(Mh)

.
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Proof. We apply Lemma 4.6 to estimate I1, . . . , I4 in (4.21). For I1, using (4.24c),
we have

I1 = eκ
⊤( ˙(M[g∗(t)])− ˙(M[g(t)]))κ∗(t)

≲ ∥eκ∥L2(Mh)

(
(

∫ 1

0

∥
√
det gh,θg

−1
h,θ∥L∞(Mh))∥κ

∗
h(g

∗
h)

−1 : ∂tg
∗
h∥L∞(Mh)

)
∥eg∥L2(Mh)

+ ∥eκ∥L2(Mh)

(
∥κ∗

h

√
det gh(g

∗
h)

−1∥L∞(Mh)

)
∥∂teg∥L2(Mh)

+ ∥eκ∥L2(Mh)

(
∥κ∗

h

√
det gh∥L∞(Mh)(

∫ 1

0

∥g−1
h,θ∥

2
L∞(Mh)

)
)
∥∂tgh∥Lp′ (Mh)

∥eg∥Lp(Mh).

Here p′ = 2p
p−2 , thus we have 2 < p′ < 4p

p−2 . According to the boundedness results in

(3.15), (4.5), (4.16) and (4.23), it holds that for t ∈ [0, t∗],

I1 ≲ ∥eκ(t)∥2L2(Mh)
+ ∥eg(t)∥2Lp(Mh)

+ ∥∂teg(t)∥2L2(Mh)
.

We use (4.24a) to estimate I2 = eκ
⊤(M[g∗(t)]−M[g(t)]) ˙κ∗(t):

I2 ≲ ∥eκ∥L2(Mh)

(
∥∂tκ∗

h∥L∞(Mh)(

∫ 1

0

∥
√
det gh,θ∥L∞(Mh)∥g

−1
h,θ∥L∞(Mh))

)
∥eg∥L2(Mh).

According to the boundedness results in (3.15) and (4.23), it holds that for t ∈ [0, t∗],

I2 ≲ ∥eκ(t)∥2L2(Mh)
+ ∥eg(t)∥2L2(Mh)

.

For I3 = eκ
⊤(A[g∗(t)]−A[g(t)])κ∗(t), using (4.24d), we have

I3 ≲ ∥∇eκ∥L2(Mh)

(
∥(g∗h)−1∇κ∗

h∥L∞(Mh)(

∫ 1

0

∥(
√

det gh,θ)g
−1
h,θ∥L∞(Mh))

)
∥eg∥L2(Mh)

+ ∥∇eκ∥L2(Mh)

(
(

∫ 1

0

∥g−1
h,θ∥

2
L∞(Mh)

)∥∇κ∗
h∥L∞(Mh)∥

√
det gh∥L∞(Mh)

)
∥eg∥L2(Mh).

According to the boundedness results in (3.15), (4.5) and (4.23), it holds that for t ∈
[0, t∗],

I3 ≲ ε∥∇eκ(t)∥2L2(Mh)
+ ε−1∥eg(t)∥2L2(Mh)

,

where ε > 0 can be arbitrary small. We apply (4.24b) to estimate I4,

I4 = −1

2
eκ

⊤ ˙(M[g(t)])eκ = −1

4

∫
Mh

eκeκ
(√

det gh(t)(gh(t))
−1 : (∂tgh)

)
dx

≲
(
∥
√

det gh∥L∞(Mh)∥(gh)
−1∥L∞(Mh)

)
∥∂tgh∥Lp′ (Mh)

∥eκ∥Lp(Mh)∥eκ∥L2(Mh).

Similarly to I1, according to (4.16) and (4.5), it holds that for t ∈ [0, t∗],

I4 ≲ ∥eκ∥Lp(Mh)∥eκ∥L2(Mh) ≲ ∥eκ∥H1(Mh)∥eκ∥L2(Mh) ≲ ε∥∇eκ∥2L2(Mh)
+ ε−1∥eκ∥2L2(Mh)

,

where we have used the Sobolev embedding H1(Mh) ↪→ Lp(Mh).

Combining the above estimates of I1, · · · , I4 with (4.21), we have, for t ∈ [0, t∗],

1

2

d

dt
(∥eκ∥2L2(gh,Mh)

) + ∥∇gheκ∥2L2(gh,Mh)

≲ ∥eg(t)∥2Lp(Mh)
+ ∥eκ(t)∥2L2(Mh)

+ ∥dκ(t)∥2L2(Mh)
+ ∥∂teg(t)∥2L2 + ε∥∇eκ(t)∥2L2(Mh)

.

On the right-hand side, the term ∥∂teg(t)∥2L2(Mh)
can be further estimated using (4.15),

while the term ε∥∇eκ(t)∥2L2(Mh)
can be absorbed into the left-hand side. Consequently,

we obtain
1

2

d

dt
(∥eκ∥2L2(gh,Mh)

) + ∥∇gheκ∥2L2(gh,Mh)

≲ ∥eg(t)∥2Lp(Mh)
+ ∥eκ(t)∥2L2(Mh)

+ ∥dg(t)∥2L2(Mh)
+ ∥dκ(t)∥2L2(Mh)

.

By applying Grönwall’s inequality and the norm equivalence in Lemma 4.1, and then
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integrating over [0, t] for t ∈ [0, t∗], we obtain the estimates in (4.25a) and (4.25b).
Remark 4.3. To establish the L2 stability estimate for both schemes (3.3) and (3.4)

with r ≥ 1, q ≥ 1, we employ a similar approach as in Proposition 4.7, utilizing (4.19)
from Remark 4.2, as well as (4.11) and (4.10) from Remark 4.1. This leads to the following
L2 stability estimates for eκ on [0, t∗]:

∥eκ(t)∥2L2(Mh)
≲

∫ t

0

∥dg(s)∥2L2(Mh)
+

∫ t

0

∥dκ(s)∥2L2(Mh)
+

∫ t

0

∥eg(s)∥2L2(Mh)
, (4.26a)

∥eκ(t)∥2L2(Mh)
≲

∫ t

0

∥dL2,g(s)∥2L2(Mh)
+

∫ t

0

∥dκ(s)∥2L2(Mh)
+

∫ t

0

∥eg(s)∥2L2(Mh)
, (4.26b)

corresponding to the finite element solutions given by (3.3) and (3.4) respectively.

5. Error estimate. In this section, we first prove Theorem 3.1 by combining the
stability estimates from Proposition 4.5 and Proposition 4.7 with the consistency defect
estimates in Lemma 4.4. We then prove Theorem 3.2 in a similar manner, using the
stability results from Remark 4.2 and Remark 4.3.
Proof of Theorem 3.1: Combining (4.17), (4.25a) and (4.25b) we have , for t ∈ [0, t∗]

∥eg(t)∥2Lp(Mh)
+ ∥eκ(t)∥2L2(Mh)

≲
∫ t

0

(
∥eg(s)∥2Lp(Mh)

+ ∥eκ(s)∥2L2(Mh)

)
+

∫ t

0

(
∥dg(s)∥2Lp(Mh)

+ ∥dg(s)∥2L2(Mh)
+ ∥dκ(s)∥2L2(Mh)

)
.

By Grönwall’s inequality, for t ∈ [0, t∗], we have

∥eg(t)∥2Lp(Mh)
+ ∥eκ(t)∥2L2(Mh)

≲
∫ t

0

(
∥dg(s)∥2Lp(Mh)

+ ∥dg(s)∥2L2(Mh)
+ ∥dκ(s)∥2L2(Mh)

)
.

Then, the estimates (4.12a), (4.12b), and (4.12c) imply that for t ∈ [0, t∗]

∥eg(t)∥Lp(Mh) + ∥eκ(t)∥L2(Mh) ≲ (ln(
1

h
))q̄hq+1 + ln(

1

h
)hr+1. (5.1)

Since r ≥ 0 and q ≥ 1, by the continuity of the spatially semidiscrete finite element
solution in time (which is essentially the solution of an ODE problem), the above estimate
implies that (4.4) still holds in a bigger interval [0, t∗+δ] for some δ > 0. Since t∗ ∈ (0, T ]
is the supremum of times such that (4.4) holds for t ∈ [0, t∗], it follows that t∗ = T and
(5.1) holds for all t ∈ [0, T ].

The proof of Theorem 3.1 is concluded by combining (5.1) with the approximation
properties in (3.7) and Lemma 3.5 (properties of the Ritz projection).
Proof of Theorem 3.2: We provide the proof only for the scheme (3.3), as the proof for
scheme (3.4) is the same and thus omitted. In the case of r ≥ 1, q ≥ 1, combining (4.20a)
in Remark 4.2 and (4.26a) in Remark 4.3, we have for t ∈ [0, t∗],

∥eg(t)∥2L2(Mh)
+ ∥eκ(t)∥2L2(Mh)

≲
∫ t

0

(∥dg(s)∥2L2(Mh)
+ ∥dκ(s)∥2L2(Mh)

) +

∫ t

0

(∥eg(s)∥2L2(Mh)
+ ∥eκ(s)∥2L2(Mh)

).

The estimates (4.12a), (4.12c) and the Grönwall’s inequality imply that for t ∈ [0, t∗]

∥eg(t)∥L2(Mh) + ∥eκ(t)∥L2(Mh) ≲ hq+1 + hr+1. (5.2)

Since q ≥ 1 and r ≥ 1, by applying the same argument as in Theorem 3.1, we conclude
that t∗ = T in (4.10) of Remark 4.1, and that (5.2) holds for all t ∈ [0, T ]. Therefore, the
proof of Theorem 3.2 is concluded by combining (5.2) with the approximation properties
in (3.7) and Lemma 3.5 (Properties of Ritz projection).

6. Computing an embedding . This section introduces an approach for determin-
ing an evolving surface M(t) ⊂ R3 that realizes the given evolving metric g(t). We begin
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by deriving the PDE governing the surface velocity, which we then discretize using the
parametric FEM. Given an evolving metric g(t) on M(0) := M, we want to construct a
family of surfaces M(t) ⊂ R3 and a map φt : M(0) → M(t) so that

φ∗
t i

∗δR3 = g(t), (6.1)

where i∗ represents the pullback under the inclusion i : M(t) ↪→ R3, and φ∗
t represents

the pullback under φt. Let n = n(·, t) : M(t) → R3 denote the unit normal vector to
M(t), and let P = I −nn⊤ : M(t) → R3×3 denote the tangential projection matrix. The
surface gradient on M(t) is denoted by ∇M(t). Differentiating (6.1) with respect to t

and applying the pushforward φt∗ = (φ−1
t )∗ yields

LV i
∗δR3 = φt∗ġ, (6.2)

where LV denotes the Lie derivative with respect to the velocity field V = φ̇t ◦ φ−1
t .

Using the identity LV i
∗δR3 = 2∇sym

M(t)V , where ∇sym
M(t) denotes the symmetrized covariant

derivative, which is defined by ∇sym
M(t)V = 1

2P
(
∇M(t)V + (∇M(t)V )⊤

)
P, we obtain

∇sym
M(t)V =

1

2
φt∗ġ. (6.3)

Now let us decompose V into its tangential and normal components by writing

V = V || + un,

where V || = PV is tangent to M(t) and u = V ·n. Substituting this into (6.3), we obtain
the PDE that the surface velocity should satisfy:

∇sym
M(t)V

|| + u II =
1

2
φt∗ġ, (6.4)

where II = ∇M(t)n is the second fundamental form. However, the PDE (6.4) is underde-
termined; therefore, we propose the following problem to uniquely determine a solution.
We introduce a symmetric positive definite bilinear form aM(t)(·, ·) on H1(M(t))3 and
we then consider the following problem:

min
1

2
aM(t)(V, V ),

s.t. ∇sym
M(t)V

|| + u II =
1

2
φt∗ġ.

This can be reformulated as the following PDE for the surface velocity: Find a velocity
field V ∈ H1(M(t))3 and a symmetric (0, 2)-tensor field σ on M(t) such that

aM(t)(V,W ) + (σ,∇sym
M(t)W

|| + w II)M(t) = 0, (6.5a)

(∇sym
M(t)V

|| + u II, ρ)M(t) =
1

2
(φt∗ġ, ρ)M(t), (6.5b)

holds for all W ∈ H1(M(t))3 and all symmetric (0, 2)-tensor fields ρ on M(t), where
W = W || + wn, as in the previous decomposition.

Remark 6.1. (Choice of aM(t)(·, ·)) The choice of aM(t)(·, ·) is crucial for ensuring
the stability of the PDE (6.5). Here, we define

aM(t)(V,W ) = (∇sym
M(t)V

||,∇sym
M(t)W

||)L2(M(t)) + (u,w)L2(M(t)),

where V = V ||+un and W = W ||+wn, based on the observation that the terms ∇sym
M(t)V

||

and u II are involved in (6.5b).
Remark 6.2. (Well-posedness of (6.5)) The well-posedness of (6.5) for general

surfaces remains a significant challenge to analyze; our current analysis is limited to
planar 2D parameter domains. The analysis on planar domains demonstrates that the
positive definiteness of the second fundamental form II is a critical property. Nevertheless,
the embedding PDE (6.5) remains applicable for computations and provides an efficient
method to simulate and visualize the solution of the Ricci flow.

We approximate the evolving surface M(t) by a piecewise flat triangular surface
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Mh(t) =
⋃

K∈Th(t)
K, where Th(t) denotes the set of triangles and Eh(t) denotes the set

of edges on the surface Mh(t). We employ the P 1 vector-valued Lagrange element space
V 1
h (Mh(t))

3 on Mh(t), defined by

V 1
h (Mh(t)) = {w ∈ C(Mh(t)) | w|K ∈ P1(K),∀K ∈ Th(t)}.

The lowest-order Regge element space on Mh(t) is given by

Σ0
h(Mh(t)) = {σ ∈

∏
K∈Th(t)

P0S
0
2(K) | i∗K1,e(σ|K1) = i∗K2,e(σ|K2),∀e = K1 ∩K2 ∈ Eh(t)}.

We use φh(t) = φh(·, t) ∈ V 1
h (Mh(0))

3 to denote the discrete flow map that mapsMh(0) =
Mh to Mh(t). Since the evolving discrete surface Mh(t) is piecewise flat, we denote by
nh the piecewise constant normal vector on Mh(t), and note that its second fundamental
form vanishes on each triangle. Therefore, on each triangle K of Mh(t), we have

∇sym
Mh(t)

vh = ∇sym
Mh(t)

v
∥
h, ∀vh ∈ V 1

h (Mh(t))
3,

where v
∥
h = vh − (nh · vh)nh denotes the tangential component of vh. We therefore define

the bilinear form aMh(t)(·, ·) on V 1
h (Mh(t))

3 by

aMh(t)(wh, uh) =
(
∇sym

Mh(t)
wh,∇sym

Mh(t)
uh

)
Mh(t)

+ (wh · nh, uh · nh)Mh(t)
,

where wh, uh ∈ V 1
h (Mh(t))

3.

Now, given an evolving metric gh(t) ∈ Σh on Mh(0) = Mh, the parametric FEM for
(6.5) is to find (φh(·, t), vh(·, t), σh(·, t)) ∈ V 1

h (Mh(0))
3 × V 1

h (Mh(t))
3 × Σ0

h(Mh(t)) such
that

∂tφh = vh ◦ φh, (6.6a)

(∇sym
Mh(t)

vh,∇sym
Mh(t)

wh)Mh(t) + (vh · nh, wh · nh)Mh(t) + (σh,∇sym
Mh(t)

wh)Mh(t) = 0, (6.6b)

(∇sym
Mh(t)

vh, ρh)Mh(t) =
1

2
((φh(t))∗ġh, ρh)Mh(t), (6.6c)

holds for all wh ∈ V 1
h (Mh(t))

3 and ρh ∈ Σ0
h(Mh(t)), where (φh(t))∗ = ((φh(t))

−1)∗ is the
pushforward under the discrete flow map φh(t) : Mh(0) → Mh(t).

7. Numerical experiments. In this section, we present numerical examples to
illustrate the convergence of the proposed schemes (3.3) and (3.4), as well as the simulation
of the Ricci flow. In all the following numerical experiments, the time discretization is
performed using a three-step linearly implicit BDF scheme, with a sufficiently small time
step to ensure that the time-discretization error is negligible compared with the spatial-
discretization error. The numerical experiments are implemented using the open-source
finite element library NGSolve [46].

Example 7.1 (Convergence rates for metric and Gauss curvature). In the
first example, we test the convergence rates in computing the metric and Gauss curvature
in the Ricci flow of a revolution metric, which was considered in [45]. For each point
(x, y, z) on the the unit sphere S2 ⊂ R3, we define its coordinates (s, θ) by

s =
π

2
− arcsin(z) ∈ [0, π], and θ = arctan(y/x) ∈ [0, 2π).

In these coordinates, the revolution metric on S2 evolving under the Ricci flow can be
written as

g(t; s, θ) = h(t; s) ds2 +m(t; s) dθ2.

The coefficient h satisfies

∂th = ∂s

(
∂sh

h

)
+

∂sq

2q

∂sh

h
+

(
∂2
sq

q
− 1

2

(∂sq)
2

q2

)
, (7.1a)

where q(s) = m(s, 0)/h(s, 0), together with the boundary conditions ∂sh(0, t) = ∂sh(π, t) =
0. Then m is determined by m(s, t) = (m(s, 0)/h(s, 0))h(s, t). We consider the following
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initial values: h(s, 0) =
√
cos2(s) + 9 sin2(s) and m(s, 0) = sin2(s) for s ∈ [0, π].

The reference solution ĥ(s, T ) and m̂(s, T ) = m(s,0)
h(s,0) ĥ(s, T ) is obtained by solving

equation (7.1) using the Lagrange finite elements of degree 5 and the 3-step linearly
implicit BDF, with sufficiently small mesh size of 2.5 × 10−3 and time stepsize of 10−5.
The reference solutions for the metric and Gauss curvature are defined as

ĝ = ĥ(s)ds2 + m̂(s)dθ2, κ̂ = − (∂sm̂)2

2m̂2ĥ
+

∂2
sm̂

m̂ĥ
− ∂sm̂∂sĥ

2m̂ĥ2
.

The errors êg = gh − ĝ(−l) and êκ = κh − κ̂(−l) of the numerical solutions at T = 0.05 are
presented in Figure 7.1 for several different mesh sizes h = 0.25, 0.2, 0.15, 0.1, 0.08, 0.06,
with a sufficiently small time stepsize of 10−3 which guarantees that the error from time
discretization can be neglected in observing the convergence rates with respect to h. The
numerical results in Figure 7.1 indicate that the errors of the numerical solutions are
approximately O(hq+1 + hr+1), which is consistent with the theoretical results proved in
Theorems 3.1 and 3.2 (up to a logarithmic factor that is typically difficult to observe in
numerical experiments). In the case (r, q) = (0, 1), we observe that êκ = O(h2), which
is one order higher than the result established in Theorem 3.1. A rigorous proof of
this special case would be both interesting and challenging, and may require techniques
developed in [23, 48], which address optimal-order error analysis for coupled systems of
nonlinear PDEs involving incompatible finite element degrees. The superconvergence
results in [27, Theorem 6.5] may also be relevant.

(a) Errors by the numerical scheme (3.3) (b) Errors by the numerical scheme (3.4)

Fig. 7.1: Convergence rates for revolution metric with time stepsize 10−3.

Example 7.2 (Numerical simulation of normalized Ricci flow). In the second
example, we present numerical simulation and its visualization of the normalized Ricci
flow with the following three different initial surfaces:

M =

{
1
2
sinφ cos θ

1
2
sinφ sin θ

cosφ

 : θ ∈ [0, 2π), φ ∈ [0, π]

}
, (7.2a)

M =

{ (0.7 sinφ+ 0.1 sin(2φ)) cos θ

(0.7 sinφ+ 0.1 sin(2φ)) sin θ

0.5 cosφ

 : θ ∈ [0, 2π), φ ∈ [0, π]

}
, (7.2b)
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M =

{ 2.5 cos(φ) cos θ

2.5 cos(φ) sin θ

(1 + 0.6(cos2(φ)− 1)2) sin(φ)

 : θ ∈ [0, 2π), φ ∈ [−π/2, π/2]

}
. (7.2c)

The initial values of the metric and Gauss curvature are set using the induced Euclidean
metric of the initial surfaces, and the time stepsize is chosen as 10−3. To visualize the Ricci
flow, we numerically embed the solution into R3 using the algorithm described in Section 6
(see (6.6)). The simulation results of the embedded Ricci flow are shown in Figure 7.2.
These results demonstrate the effectiveness of the proposed method for simulating the
Ricci flow embedded in R3. A rigorous analysis of the embedding algorithm is beyond
the scope of this paper and remains an interesting and challenging topic.

(a) Initial surface in (7.2a) (b) Surface at t = 0.15 (c) Surface at t = 0.7

(d) Initial surface in (7.2b) (e) Surface at t = 0.06 (f) Surface at t = 0.4

(g) Initial surface in (7.2c) (h) Surface at t = 0.3 (i) Surface at t = 4.3

Fig. 7.2: Numerical simulation of normalized Ricci flow.

8. Conclusion. We have proved the convergence of a finite element discretization for
the two-dimensional Ricci flow by reformulating it as a solution-driven metric evolution.
In this formulation, the evolution of the metric is governed by the Gaussian curvature,
which satisfies a parabolic equation depending on the evolving metric. The proposed
numerical method preserves key geometric structures of the Ricci flow, including area
conservation and the Gauss–Bonnet theorem. To analyze the convergence of the numerical
solutions, we adapted a matrix-vector formulation originally developed for solution-driven
surface evolution under extrinsic curvature flows and leveraged the parabolic structure
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of the equation governing the Gaussian curvature. Our FEM semi-discretization yields
a DAE system that we solved with linearly implicit BDF methods. A fully discrete
error analysis should be possible if one combines our spatial estimates with established
techniques (see, e.g., [20, (5.43)] or [33, Section 6]). We plan to further investigate this in
future work.

Evolution equations for intrinsic curvature are a central tool in the analysis of in-
trinsic curvature flows. For many flows—such as the Calabi flow, the 3D Yamabe flow,
and the 3D Ricci flow—the intrinsic curvature evolution typically has a parabolic struc-
ture. Therefore the analytical framework presented here—including the reformulation
into a solution-driven metric evolution and the error analysis based on the matrix–vector
formulation—offers a promising approach for studying the convergence of numerical ap-
proximations of other intrinsic geometric flows. This will be the focus of our future work.
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Supplementary material

This supplementary material complements the paper by providing some fundamental
results that will be used in this paper.

Appendix A. Error estimates for the time derivative of the Ritz projection.

This section proves the error estimates for the time derivative of the Ritz projection,
∂tRhu, stated in Lemma 3.5. The H1 and L2 error estimates in (3.12a) and (3.12b) are
derived in the following two parts.
Part 1. H1 error estimate of ∂tRhu(t): We differentiate (3.11) with respect to time:

(∇g∗
h
∂tRhu,∇g∗

h
ϕh)g∗

h,Mh
+

∫
Mh

∂t(
√
det g∗h(g

∗
h)

−1)∇Rhu · ∇ϕhdx

= (∇g∂tu,∇gϕ
(l)
h )g,M +

∫
Mh

∂t(
√
det g(−l)(g(−l))−1)∇u(−l) · ∇ϕhdx, (A.1a)

((∂tRhu)
(l), 1)M = (∂tu, 1)M. (A.1b)

Recall Ihu
(−l)(t) ∈ Vh is the Lagrange interpolant. It satisfies

∂tIhu
(−l) = Ih∂tu

(−l) = Ih(∂tu)
(−l) ∈ Vh.

Substituting ∂tIhu
(−l) into (A.1a), we have

(∇g∗
h
(∂tRhu− ∂tIhu

(−l)),∇g∗
h
ϕh)g∗

h,Mh

= (∇g∂tu,∇gϕ
(l)
h )g,M − (∇g∗

h
(∂tu)

(−l),∇g∗
h
(ϕh))g∗

h,Mh

+ (∇g∗
h
((∂tu)

(−l) − ∂tIhu
(−l)),∇g∗

h
(ϕh))g∗

h,Mh

+

∫
Mh

(
∂t(

√
det g(−l)(g(−l))−1)∇u(−l) − ∂t(

√
det g∗h(g

∗
h)

−1)∇Rhu
)
· ∇ϕhdx

= I1 + I2 + I3.

We use (3.10b) in Lemma 3.4 (Norm equivalence of g∗h) to derive an estimate for I1:

I1 = (∇g∂tu,∇gϕ
(l)
h )g,M − (∇g∗

h
(∂tu)

(−l),∇g∗
h
(ϕh))g∗

h,Mh

≲ hr+1∥∇(∂tu)
(−l)∥L2(Mh)∥∇(ϕh)∥L2(Mh).

For I2, we employ the interpolation approximation property of ∂tIhu
(−l) = Ih(∂tu)

(−l) ∈
Vh:

I2 = (∇g∗
h
((∂tu)

(−l) − ∂tIhu
(−l)),∇g∗

h
(ϕh))g∗

h,Mh
≲ hq∥∇(ϕh)∥L2(Mh).

For I3, we utilize (3.9) and (3.7) alongside the H1 error estimate of the Ritz projection
(3.14a):

I3 =

∫
Mh

(
∂t(

√
det g(−l)(g(−l))−1)∇u(−l) − ∂t(

√
det g∗h(g

∗
h)

−1)∇Rhu
)
· ∇ϕhdx

≲ (hr+1 + hq)∥∇(ϕh)∥L2(Mh).

Let ϕh = (∂tRhu− ∂tIhu
(−l)). By combining the estimates for I1, I2, and I3, we obtain

the H1 error estimate for ∂tRhu(t):

∥∇((∂tu(t))
(−l) − ∂tRhu(t))∥L2(Mh) ≲ hq + hr+1. (A.2)

Part 2. L2 error estimate of ∂tRhu(t): Let

Eh(t) = ∂tRhu(t)− ∂tu
(−l)(t), and ((Eh(t))(l), 1)M = 0,

where the last condition follows from (A.1b). Consider the following elliptic problem:
find Ψ : M → R such that

(∇gΨ,∇gv)g,M = (E(l)
h , v)M, ∀v ∈ H1(M).
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According to the regularity theory of elliptic equations, we have Ψ ∈ H2(M) and it
satisfies

∥Ψ∥H2(M) ≲ ∥(Eh)(l)∥L2(M) ≲ ∥Eh∥L2(Mh). (A.3)

Using (3.10c) in Lemma 3.4 (Norm equivalence of g∗h), we have

∥Eh∥2L2(Mh)
≂ ((Eh)(l), (Eh)(l))M = (∇gΨ,∇g(Eh)(l))g,M
= (∇gΨ,∇g(∂tRhu)

(l))g,M − (∇gΨ,∇g∂tu)g,M

= (∇gΨ,∇g(∂tRhu)
(l))g,M − (∇g∗

h
(Ψ)(−l),∇g∗

h
(∂tRhu))g∗

h,Mh

+ (∇g∗
h
(Ψ)(−l),∇g∗

h
(∂tRhu))g∗

h,Mh
− (∇gΨ,∇g∂tu)g,M = I1 + I2.

We use (3.10b) in Lemma 3.4 (Norm equivalence of g∗h) to derive an estimate for I1:

I1 = (∇gΨ,∇g(∂tRhu)
(l))g,M − (∇g∗

h
(Ψ)(−l),∇g∗

h
(∂tRhu))g∗

h,Mh

≲ hr+1∥∇(∂tRhu)∥L2(Mh)∥∇(Ψ)(−l)∥L2(Mh) ≲ hr+1∥Eh∥L2(Mh).

For I2, recall (A.1a). We have

(∇g∗
h
∂tRhu,∇g∗

h
Ih(Ψ)(−l))g∗

h,Mh
− (∇g∂tu,∇g(Ih(Ψ)(−l))(l))g,M

=

∫
Mh

(
∂t(

√
det g(−l)(g(−l))−1)∇u(−l) − ∂t(

√
det g∗h(g

∗
h)

−1)∇Rhu
)
· ∇Ih(Ψ)(−l)dx.

Substituting it into I2, we have

I2 = (∇g∗
h
((Ψ)(−l) − Ih(Ψ)(−l)),∇g∗

h
(∂tRhu))g∗

h,Mh
− (∇g(Ψ− (Ih(Ψ)(−l))(l)),∇g∂tu)g,M

+

∫
Mh

∂t(
√

det g(−l)(g(−l))−1)
(
∇u(−l) −∇Rhu

)
· ∇(Ih(Ψ)(−l) − (Ψ)(−l))dx.

+

∫
Mh

(
∂t(

√
det g(−l)(g(−l))−1)− ∂t(

√
det g∗h(g

∗
h)

−1)
)
∇Rhu · ∇Ih(Ψ)(−l)dx

+

∫
Mh

∂t(
√

det g(−l)(g(−l))−1)
(
∇u(−l) −∇Rhu

)
· ∇(Ψ)(−l)dx = A1 +A2 +A3 +A4.

For A1, we utilize (3.10b) in Lemma 3.4 (Norm equivalence of g∗h) and the H1 error
estimate of ∂tRhu (A.2) alongside the elliptic regularity (A.3):

A1 = (∇g∗
h
((Ψ)(−l) − Ih(Ψ)(−l)),∇g∗

h
(∂tRhu− (∂tu)

(−l)))g∗
h,Mh

+ (∇g∗
h
((Ψ)(−l) − Ih(Ψ)(−l)),∇g∗

h
(∂tu)

(−l))g∗
h,Mh

− (∇g(Ψ− (Ih(Ψ)(−l))(l)),∇g∂tu)g,M

≲ (hq+1 + hr+1)∥Ψ∥H2(M) ≲ (hq+1 + hr+1)∥Eh∥L2(Mh).

For A2, we utilize H1 error estimate of Rhu (3.14a) and elliptic regularity (A.3):

A2 =

∫
Mh

∂t(
√
det g(−l)(g(−l))−1)

(
∇u(−l) −∇Rhu

)
· ∇(Ih(Ψ)(−l) − (Ψ)(−l))dx

≲ (hq+1 + hr+2)∥Ψ∥H2(M) ≲ (hq+1 + hr+2)∥Eh∥L2(Mh).

For A3, we utilize (3.9) and (3.7) alongside the elliptic regularity (A.3):

A3 =

∫
Mh

(
∂t(

√
det g(−l)(g(−l))−1)− ∂t(

√
det g∗h(g

∗
h)

−1)
)
∇Rhu · ∇Ih(Ψ)(−l)dx

≲ hr+1∥∇(Ψ)(−l)∥L2(Mh)∥∇Rhu∥L2(Mh) ≲ hr+1∥Eh∥L2(Mh).
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Finally, for A4, we compute

∂t(
√
det g(−l)(g(−l))−1)

= (∂t
√
det g(−l))(g(−l))−1 +

√
det g(−l)(∂t(g

(−l))−1)

=
1

2

√
det g(−l)(g(−l))−1 : (∂tg

(−l))(g(−l))−1 −
√

det g(−l)(g(−l))−1(∂tg
(−l))(g(−l))−1

=
(1
2
(g(−l))−1 : (∂tg

(−l))I− (g(−l))−1(∂tg
(−l))

)√
det g(−l)(g(−l))−1

= σ
√
det g(−l)(g(−l))−1,

where we denote

σ(t) =
1

2
(g(−l)(t))−1 : (∂tg

(−l)(t))I− (g(−l)(t))−1(∂tg
(−l)(t)).

Then, we have

A4 =

∫
Mh

σ
√

det g(−l)(g(−l))−1∇(u(−l) −Rhu) · ∇(Ψ)(−l)dx

= (σ(l)∇g(u− (Rhu)
(l)),∇gΨ)g,M

= −((u− (Rhu)
(l)),∇g · (σ(l)∇gΨ))g,M,

where

σ(l) =
(1
2
(g(−l))−1 : (∂tg

(−l))δlk − (g(−l))l,j(∂tg
(−l))j,k

)
dxk ⊗ ∂l

is a (1, 1)-tensor field on M with W 1,∞ regularity. Therefore, combining with elliptic
regularity (A.3) and the L2 estimate of Rhu (3.14b), we have

A4 ≲ (hq+1 + hr+1)∥Ψ∥H2(M) ≲ (hq+1 + hr+1)∥Eh∥L2(Mh).

By combining the estimates for I1, I2, and A1, A2, A3, A4, we obtain the L2 error estimate
for ∂tRhu(t):

∥(∂tu(t))(−l) − ∂tRhu(t)∥L2(Mh) ≲ hq+1 + hr+1. (A.4)

Appendix B. Proofs of Lemma 4.2 and Lemma 4.3.

This section establishes the proofs of Lemma 4.2 and Lemma 4.3. To begin with, we
first present the following norm equivalence property for the Regge element.

Lemma B.1. Under the boundedness results in (3.15b) and (4.5), for any triangle
K ∈ Th and s ∈ [1,+∞], the following norm equivalence holds:

∥σh∥Ls(K) ≂ h2/s−2

dimPrS
0
2(K)∑

α=1

|Nα,gh(σh)|, ∀σh ∈ PrS
0
2(K), t ∈ [0, t∗], (C.1)

where the linear functionals Nα,gh : PrS
0
2(K) → R, for α = 1, . . . ,dimPrS

0
2(K), are the

degrees of freedom, defined by

Nα,gh(σh) = (σh, ρα)gh,K , or Nα,gh(σh) = ⟨σh(τgh , τgh), qα⟩gh,e. (C.2)

Here ρα ∈ Pr−1S
0
2(K) and qα ∈ Pr(e) satisfy

∥ρα∥L∞(K) ≂ 1, and ∥qα∥L∞(K) ≂ h. (C.3)

Similar results also hold for g∗h, i.e.,

∥σh∥Ls(K) ≂ h2/s−2

dimPrS
0
2(K)∑

α=1

|Nα,g∗
h
(σh)|, ∀σh ∈ PrS

0
2(K), t ∈ [0, T ]. (C.4)

Proof. We provide the proof of (C.1), and the proof of (C.4) is similar, and therefore

omitted. Let FK : K̂ → K be an affine map from a reference triangle K̂ ⊂ R2 to K ⊂ Mh.

Denote (FK)∗ : TK̂ → TK the tangent map of FK . Let ∂̂i, i = 1, 2, be a basis for the
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tangent space of K̂. Then ∂̄i = (FK)∗∂̂i, i = 1, 2, form a basis for the tangent space of

K. Now, for σh ∈ PrS
0
2(K), we denote its pullback as σ̂h ∈ Pr(K̂;R2×2

sym), defined as:

(σ̂h)ij = σh(∂̄i, ∂̄j) = σh((FK)∗∂̂i, (FK)∗∂̂j) = ((FK)∗σh)(∂̂i, ∂̂j), on K̂.

Then, by a scaling argument [37, Lemma 2.11], we have:

∥σh∥Ls(K) ≂ ∥σ̂h∥Ls(K̂)h
2/s−2, ∀s ∈ [1,∞]. (C.5)

For the metric gh on K, we denote its pullback as ĝh ∈ Pr(K̂;R2×2
sym), defined as:

(ĝh)ij = gh(∂̄i, ∂̄j) = gh((FK)∗∂̂i, (FK)∗∂̂j) = ((FK)∗gh)(∂̂i, ∂̂j), on K̂.

Let τ̂ be the unit tangent vector of an edge ê of the reference triangle K̂. Then it holds

that τgh = (FK)∗τ̂ /
√
τ̂⊤ĝhτ̂ . Let (ĝh)

kl and det(ĝh) represent the components of the
inverse of ĝh and the determinant of ĝh. Based on the boundedness result in (4.5) and a
scaling argument, we have

∥ĝh∥L∞(K̂) ≂ h2∥gh∥L∞(K) ≂ h2, ∥(ĝh)kl∥L∞(K̂) ≂ h−2,

∥
√
τ̂⊤ĝhτ̂∥L∞(K̂) ≂ h, ∥ det(ĝh)∥L∞(K̂) ≂ h4.

(C.6)

Now, for σ̂h ∈ Pr(K̂;R2×2
sym), we define the functional N̂α : Pr(K̂;R2×2

sym) → R, α =

1, . . . ,dimPr(K̂;R2×2
sym), as

N̂α(σ̂h) = h

∫
ê

(τ̂⊤σ̂hτ̂)q̂α√
τ̂⊤ĝhτ̂

dŝ, or N̂α(σ̂h) = h2

∫
K̂

Tr(ĝ−1
h σ̂hĝ

−1
h ρ̂α)

√
det(ĝh)dx̂,

where q̂α ∈ Pr(ê) and ρ̂α ∈ Pr−1(K̂;R2×2
sym) are fixed functions on K̂, satisfying

∥q̂α∥L∞(K̂) ≂ 1 and ∥ρ̂α∥L∞(K̂) ≂ 1. Based on the norm-equivalence in the finite dimen-

sional space Pr(K̂;R2×2
sym) and the estimate in (C.6), for any s ∈ [1,∞], it holds that

∥σ̂h∥Ls(K̂) ≂
dimPr(K̂;R2×2

sym)∑
α=1

|N̂α(σ̂h)|, ∀σ̂h ∈ Pr(K̂;R2×2
sym), (C.7)

where the hidden constant is independent of h.

Define ρα ∈ Pr−1S
0
2(K) and qα ∈ Pr(e) as

ρα = h2(ρ̂α)ij ◦ (FK)−1dxidxj , and qα = hq̂α ◦ (FK)−1, on K,

where dxi, i = 1, 2, are covectors satisfying dxi(∂̄j) = δij . Then, it holds that

N̂α(σ̂h) = h

∫
ê

(τ̂⊤σ̂hτ̂)q̂α√
τ̂⊤ĝhτ̂

dŝ = ⟨σh(τgh , τgh), qα⟩gh,e = Nα,gh(σh),

and

N̂α(σ̂h) = h2

∫
K̂

Tr(ĝ−1
h σ̂hĝ

−1
h ρ̂α)

√
det(ĝh)dx̂ = (σh, ρα)gh,K = Nα,gh(σh).

Combining the above two formulas with (C.7) and (C.5), we prove (C.1). The estimate
in (C.3) can be proved using a scaling argument, i.e.,

∥ρα∥L∞(K) ≂ h−2∥h2ρ̂α∥L∞(K̂) ≂ 1, and ∥qα∥L∞(K) ≂ ∥hq̂α∥L∞(K̂) ≂ h.

Proof of Lemma 4.2: Using Lemma B.1 and the definition of Pgh in (3.1), it holds that

∥Pghσ∥L∞(K) ≂ h−2

dimPrS
0
2(K)∑

α=1

|Nα,gh(Pghσ)| = h−2

dimPrS
0
2(K)∑

α=1

|Nα,gh(σ)|. (C.8)

28



For each α = 1, . . . ,dimPrS
0
2(K), using (C.3), we obtain

|Nα,gh(σ)| =

{
(σ, ρα)gh,K ≲ ∥σ∥L∞(K)h

2,

⟨σ(τgh , τgh), qα⟩gh,e ≲ ∥σ∥L∞(e)h
2.

(C.9)

By combining (C.8) and (C.9), we prove the first estimate in (4.8a). The proof of the
second estimate in (4.8a) is similar, therefore omitted.

Now, we assume σ is a polynomial symmetric (0, 2)-tensor field onK, for 1 ≤ s ≤ +∞,
using Lemma B.1, we have

∥Pghσ∥Ls(K) ≂ h2/s−2

dimPrS
0
2(K)∑

α=1

|Nα,gh(Pghσ)| = h2/s−2

dimPrS
0
2(K)∑

α=1

|Nα,gh(σ)|. (C.10)

For each α = 1, . . . ,dimPrS
0
2(K), using (C.3), we obtain

|Nα,gh(σ)| =

{
(σ, ρα)gh,K ≲ ∥σ∥Ls(K)h

2−2/s,

⟨σ(τgh , τgh), qα⟩gh,e ≲ ∥σ∥Ls(e)h
2−1/s ≲ ∥σ∥Ls(K)h

2−2/s,
(C.11)

where in the last step, we utlize the trace estimate for the polynomial (0, 2) tensor field
σ. By combining (C.10) and (C.11), we prove the first estimate of (4.8b). The proof of
the second estimate in (4.8b) is similar, therefore omitted.

We now turn to the estimate (4.8c). From Lemma B.1, we have

∥(Pg∗
h
−Pgh)σ∥Ls(K) ≂ h2/s−2

dimPrS
0
2(K)∑

α=1

|Nα,g∗
h
(Pg∗

h
σ)−Nα,g∗

h
(Pghσ)|

≤ h2/s−2

dimPrS
0
2(K)∑

α=1

|Nα,g∗
h
(σ)−Nα,gh(σ)|+ |Nα,gh(Pghσ)−Nα,g∗

h
(Pghσ)|.

(C.12)
For the first term, it holds that

|Nα,g∗
h
(σ)−Nα,gh(σ)|

=

{
|(σ, ρα)g∗

h,K
− (σ, ρα)gh,K | ≲ h2−2/s∥gh − g∗h∥Ls(K)∥σ∥L∞(K),

|⟨σ(τg∗
h
, τg∗

h
), qα⟩g∗

h,e
− ⟨σ(τgh , τgh), qα⟩gh,e| ≲ h2−1/s∥gh − g∗h∥Ls(e)∥σ∥L∞(e).

Combining this with the trace estimate, ∥gh− g∗h∥Ls(e) ≲ h−1/s∥gh− g∗h∥Ls(K), we obtain

|Nα,g∗
h
(σ)−Nα,gh(σ)| ≲ h2−2/s∥gh − g∗h∥Ls(K)∥σ∥L∞(K). (C.13)

Similarly, we have

|Nα,g∗
h
(Pghσ)−Nα,gh(Pghσ)| ≲ h2−2/s∥gh − g∗h∥Ls(K)∥Pghσ∥L∞(K)

≲ h2−2/s∥gh − g∗h∥Ls(K)∥σ∥L∞(K).
(C.14)

By combining (C.12), (C.13) and (C.14), we prove (4.8c).
Proof of Lemma 4.3: Let Phσ ∈ Σh be the canonical Regge interpolation with respect to
the induced Euclidean metric. Then it holds that ∥Phσ−σ∥L∞(Mh) ≲ hr+1. Utilizing the
identity Phσ = Pg∗

h(t)
Phσ, we have

∥Pg∗
h(t)

σ − σ∥L∞(Mh) ≤ ∥Pg∗
h(t)

(σ − Phσ)∥L∞(Mh) + ∥Phσ − σ∥L∞(Mh) ≲ hr+1,

where we use the L∞ stability of Pg∗
h(t)

in (4.8a). The second estimate in (4.9) can be
proven similarly as follows:

∥Πg∗
h(t)

σ − σ∥L2(Mh) ≲ ∥Πg∗
h(t)

(σ − Phσ)∥L2(g∗
h,Mh) + ∥Phσ − σ∥L2(Mh)

≲ ∥σ − Pg∗
h(t)

σ∥L2(g∗
h,Mh) + hr+1 ≲ hr+1.
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