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HIGH-ORDER MASS- AND ENERGY-CONSERVING SAV-GAUSS
COLLOCATION FINITE ELEMENT METHODS FOR THE
NONLINEAR SCHRODINGER EQUATION*

XIAOBING FENGT, BUYANG LIf, AND SHU MAS

Abstract. A family of arbitrarily high-order fully discrete space-time finite element methods
are proposed for the nonlinear Schrodinger equation based on the scalar auxiliary variable formu-
lation, which consists of a Gauss collocation temporal discretization and the finite element spatial
discretization. The proposed methods are proved to be well-posed and conserving both mass and
energy at the discrete level. An error bound of the form O(hP + 7%+1) in the L°°(0,T; H')-norm is
established, where h and 7 denote the spatial and temporal mesh sizes, respectively, and (p, k) is the
degree of the space-time finite elements. Numerical experiments are provided to validate the theoret-
ical results on the convergence rates and conservation properties. The effectiveness of the proposed
methods in preserving the shape of a soliton wave is also demonstrated by numerical results.
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1. Introduction. This paper is concerned with the development and analysis of
high-order fully discrete numerical methods for the following initial boundary value
problem of the nonlinear Schrédinger (NLS) equation:

(1.1a) i0;u — Au — f(|lul>)u=0 in 02 x (0,7],
(1.1b) u=0 on 912 x (0,T],
(1.1c) u = ug in 2 x {0},

where 2 C R is a polygonal or polyhedral domain with boundary 942, and u : £2 — C
is a complex-valued function, with i =+1/—1, and f : Ry — R is the derivative of some
function F': Ry — R. The best known examples are

2 gt1

(1.2) f(s) = +s"  and F(s) = :I:q+ 137 with ¢ > 1,

b2

where the “—” and “+” cases are often referred to as defocusing and focusing models,
respectively. In the focusing case, the solution will blow up in L°°(§2) within finite
time when the initial energy is negative; see [7, 34]. The NLS equation (1.1) arises
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from many applications in physics and engineering, and is one of the fundamental
equations in mathematical physics [7, 34, 42, 26, 28].

It is well known that the solutions of (1.1) conserve mass and energy in the sense
that for all ¢ > 0

d
(1.3) — / lul?dz = 0 (mass conservation),
dt Jo

d

(1.4) o

1 1
—|Vul? = =F(|u)*) | dz =0 energy conservation).
o\ 2 2

The development of numerical methods that can retain these conservation properties
in numerical solutions is important for long-time numerical simulation and, therefore,
has been one of the research focuses in numerical approximation to the NLS equation.

There exists a large amount of literature on numerical solutions and numerical
analysis of the NLS equation; see [10, 32, 27, 21, 1, 2, 4, 5, 6, 35, 20, 24, 37, 14, 13].
To the best of our knowledge, all the existing mass- and energy-conserving methods
have only second-order accuracy in time and are of the Crank—Nicolson type. No
higher-order time-stepping schemes, which conserve both mass and energy, have been
reported in the literature. Moreover, the existing error estimates for nonlinearly im-
plicit schemes for the NLS equation generally require certain grid-ratio conditions.
The standard grid-ratio conditions in the literature are 7 = o(h%) for the cubic NLS
equation and 7 = o(h%) for general nonlinearity, where h and 7 denote the spatial
and temporal mesh sizes. Karakashian and Makridakis [21, 22] proposed some contin-
uous and discontinuous space-time Galerkin finite element methods for the cubic NLS
equation and proved optimal-order convergence under a weaker grid-ratio condition
7= Inh| — 0 in two dimensions, where k > 2 is the degree of finite elements in
time. For the defocusing cubic NLS equation (or the focusing cubic NLS equation
with sufficiently small initial data), using the energy conservation of the numerical
scheme, error estimates were established without grid-ratio condition in [16, 36]. For
general nonlinearity (possibly focusing), Wang [35] established an error estimate for a
linearized semi-implicit scheme without grid-ratio condition; Henning and Peterseim
[19] established an error estimate for the nonlinearly implicit Crank—Nicolson finite el-
ement method without grid-ratio condition. Both [35] and [19] used an error splitting
technique in which they proved boundedness of the numerical solutions by establishing
an L°-norm error estimate between the fully discrete and the semidiscrete-in-time
numerical solutions. The error splitting technique allows us to avoid grid-ratio con-
ditions in using the inverse inequality.

The objective of this paper is to develop a family of arbitrarily higher-order mass-
and energy-conserving fully discrete space-time finite element methods based on the
scalar auxiliary variable (SAV) formulation of the NLS equation, and to establish the
existence, uniqueness, and optimal-order convergence of numerical solutions without
grid-ratio condition. Two key ideas are utilized in our construction of the method.
First, the SAV reformulation of the NLS equation is used. This approach was intro-
duced in [30, 29] as an enhanced version of the invariant energy quadratization (IEQ)
approach [38, 39, 40, 41], for developing energy-decay methods for dissipative (gradi-
ent flow) systems. Here we adapt the SAV approach to the dispersive NLS equation,
and the SAV reformulation is essential to enable our methods to maintain the energy
conservation property at the discrete level. Second, the Gauss collocation method is
used for time discretization in the SAV formulation of the NLS equation. The method
can be viewed as an efficient implementation of the space-time finite element meth-
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ods for the SAV formulation with Gauss quadrature in time. The Gauss collocation
method was combined with TEQ and SAV to preserve energy decay in solving phase
field equations in [3, 17, 18]. We adopt this method here to preserve mass conservation
without affecting the energy conservation structure of the SAV formulation.

The SAV formulation introduces new difficulties to error analysis for the NLS
equation due to the presence of d;u in the equation of r (see (2.2b)), which leads to a
consistency error of suboptimal order in time and introduces new difficulty in obtain-
ing the stability estimate. These difficulties are overcome by combining three tech-
niques. First, inspired by the error analysis of Karakashian and Makridakis [22], our
proof makes use of properties of the Legendre polynomials on each interval I,,, rewrit-
ing the Gauss collocation method into a space-time Galerkin finite element method,
which makes it easier to choose suitable test functions in the error estimation. Second,
we introduce a temporal Ritz projection and use a superapproximation result of the
temporal local L? projection to eliminate the suboptimal temporal consistency error
caused by O;u in the equation of . Third, we estimate the time derivative of the error
in H~1(£2) using a duality argument, which leads to an optimal-order H!-norm error
estimate. We prove the existence, uniqueness, and optimal-order convergence of nu-
merical solutions based on Schaefer’s fixed point theorem in an L**-neighborhood of
the exact solution. This allows us to avoid grid-ratio conditions for the NLS equation
with general nonlinearity.

The rest of this paper is organized as follows. In section 2, we present the SAV
reformulation of the NLS equation and introduce our SAV space-time Gauss colloca-
tion finite element method. In section 3, we first present an integral reformulation of
the proposed method and then establish its mass and energy conservation properties.
We also derive a consistency error estimate for the method, which is vitally used to
prove an error estimate in the subsequent section. In section 4, we first establish the
well-posedness of the numerical method and then prove an error bound of the form
O(h? + 7%+1) in the energy norm, where 7 and h denote the temporal and spatial
mesh sizes, respectively, with (p, k) denoting the degree of polynomials in the space-
time finite element method. Finally, in section 5, we present a few numerical tests to
validate the theoretical results, and to demonstrate the effectiveness of the proposed
method in preserving the shape of a soliton wave.

Throughout this paper, unless stated otherwise, C will be used to denote a generic
positive constant which is independent of 7, h, n, and N, but may depend on T and
the regularity of solution.

2. Formulation of the SAV-Gauss collocation finite element method.
In this section, we construct a Gauss collocation finite element method based on the
SAV reformulation of the NLS equation.

2.1. Function spaces. Let H*(£2), k > 0, be the conventional complex-valued
Sobolev space of functions on {2, and denote

L*(02)=H2) and HY(N)={ve H(N):v=0ondN}.

We denote by (-,-) and | -|| the inner product and norm of the complex-valued Hilbert
space L?(§2), respectively, defined by

(u,v) ::/Quﬂdx and ||ul| := v/ (u, u).

For m,s > 0 and 1 < p < oo, the notation W™P(0,T; H*({2)) stands for the space-
time Sobolev space of functions which are W™P? in time and H*® in space; see [11,
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Chapter 5.9]. We abbreviate the norms of H*(2) and W™P?(0,T; H*(£2)) as || - || g»
and || - [[wm.»(1,;m7), respectively, omitting the dependence on {2 in the subscripts.

2.2. The SAV reformulation of (1.1). The SAV formulation of the NLS
equation (cf. [29]) introduces an SAV

)
VS A F(luf2)de + co

with a positive ¢g (which guarantees that the function r has a positive lower bound),
and reformulate (1.1) as

1)  r=y/fpsF(uP)dz + ey with gl

(2.2a) i — Au —rg(u)u =0 in 2 x (0,7,
(2.2b) % = Re(3g(u)u, o) in 2 x (0,7,
(2.2¢) u=0 on 012 x (0,7,
(2.2d) u=wug, T=7p in 2 x {0},

where 7y = \/ /. o %F(|u0|2)dx 4+ ¢op. The mass and energy conservation in the SAV

formulation are

d 2 _ d 1 2 2 —
(2.3) dt/Q‘ul dz=0 and dt(2/9|vu| de —r —I—co) =0.

2.3. Space-time finite element spaces. Let 7;, be a shape-regular and quasi-
uniform triangulation of (2 with mesh size h € (0,1) and {t,})_, be a uniform
partition of [0, T] with the time step size 7 € (0, 1), where N is a positive integer and
hence 7 = % For an integer p > 1 we denote by QP the space of complex-valued
polynomials of degree < p in space, and we denote by S;, the complex-valued Lagrange
finite element space subject to the triangulation of {2, defined by

Sp={veC(2): v|[g €Q” forall K €Ty, v=0 on 902},

where C(£2) denotes the space of complex-valued uniformly continuous functions on
£2. Then S}, is a complex Hilbert space with the inner product (-,-) and norm || - ||.

For an integer k > 1, let P* denote the space of real-valued polynomials of degree
< k in t. For a Banach space X, such as X = L?*(2) or X = Sj,, we define the
following tensor-product space:

24) ProX:.= span{p(t)qb(x) cpePk ge X} - {Z;?:Otquj L ;€ X}.

Moreover, let Py, : L?(§2) — Sy, denote the L? projection operator defined by
(w — Phw,vh) =0 Vo,eS8, Ywe Lg(Q).

The following stability properties are well known (cf. [8]):

(2.5a) |1Prw| < |Jwl| Yw € L*(0),

(2.5b) 1Prwllpn < Cllwllg Vw € Hy(£2),

where C' depends only on the shape regularity and quasi-uniformity of the mesh.
We also introduce the global space-time finite element spaces

(2.6) X, p={v, € C([0,T);Sh) : vnls, €P*® Sy, for n=1,...,N},
(2.7) Y7—7h = {qh S C([O,T]) : Qh|1n e P* for n = 1,.. .,N}.
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2.4. SAV-Gauss collocation finite element method. Let ¢; and w;, j =
1,...,k, be the nodes and weights of the k-point Gauss quadrature rule in the interval
[—1,1] (see [31, Table 3.1]), and let t,,; = t,,—1 + (1 +¢;)7/2, j = 1,..., k, denote the
Gauss points in the interval I,, = [t,—1,t,]. We define the following Gauss collocation
finite element method for (2.2).

Main Algorithm.

Step 1: Set u% = Tpup and r2 = rg, where I is the Lagrange interpolation
operator onto the finite element space. Determine (up,r,) € X p x Yz by the
following two steps.

Step 2: For n = 1,2,..., N, define {(uh(tnj),rh(tnj))};?:l C S, x R by solving
recursively (in n) the following nonlinear (algebraic) system:

(2.8a) 1(Opun (tng),vn) + (Vun(tn;), Vo)

— (ra(tn)g(un(tng))un(tng),vn) =0 Vv € Sh,
1
(2.8b) O (tng) = §Re(g(uh(tnj))uh(tnj)a Ayun(tns)),
(2.8¢) up(tn_1) = uﬁ_l, and  7rp(tp—1) = 7‘2—1.

Step 3: Set u} := up(ty) and r} = rp(ty).

Remark 2.1. (a) We note that in (2.8a) and (2.8b), dyun (tn;) = Opupn(t)|t=¢,,; and
Oyt (tns) = Orn(t)]e=t,,. Main Algorithm actually computes {(un(tn;), 7 (tns)) Yoz
for each n > 1; however, since any kth-order polynomial on I, is uniquely determined
by its initial value at ¢,_; and its values at the k Gauss points ¢,;, j = 1,...,k,
then the Gauss-point values generated by Main Algorithm uniquely determine the
pair (up,7n) € Xrp X Yop.

(b) Each of (2.8a) and (2.8b) consists of nonlinear algebraic equations; note that
the test function v, can be different for different j’s, and one “initial condition” is
prescribed for each of u; and 7. The number of equations imposed is the same as
the degrees of freedom which equals the dimension of the space P* @ S}, for each n.

(¢) Main Algorithm can be obtained by applying the Gauss quadrature rule (in
time) to a (continuous) space-time finite element method for (2.2); see section 3.1.

(d) In practical computation, we solve for the solution of the nonlinear scheme
(2.8) by Newton’s method: For given {(uf, " (tn;), 75 ' (tn;))}*—; C Sp x R, find

k
{(h (ta)o Tt )}, © S xR
satisfying the linearized equations
(2.9a) i(atufl(tnj),uh) + (Vufl(tnj), Vvh)
= (Tﬁ(tnj)g(ui_l(tnj))uf;_l(tnj)a ”h)

+ (ry (tng) g (g (Eng)) (W () — gy (tng)), vn)

+ (i (tng) g2 (g (tng)) (@, (tng) — T, (Eng)), o) Yon € Sh,
(2.9b)

1 _ _
0y, (tng) = §R€(9(ufl Ytng) g (tng), O, (tny)

+ %Re(gl(uffl(t ) (W (tng) = uy " (tng), Oy, (),

S RO(ga 0 b)) @ () — ™ (1), O™ 00).
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(2.9¢)
wh(tp—1) =up™t, and 7 (ty—q) =777,

where
g1(u) == du[g(u)u] and  gs(u) := dalg(u)ul,
and J; denotes the differentiation with respect to @ in the expression
ul)u
\/fQ%F(uﬂ)dx +co

<

The iteration in £ is set to stop when the desired tolerance error is achieved.
3. Conservation, stability, and consistency analysis.

3.1. A reformulation of scheme (2.8a)—(2.8b). In this subsection, we pres-
ent several integral identities and inequalities, including a reformulation of Main Al-
gorithm. These identities and inequalities will be used in the subsequent analysis of
existence, uniqueness, and convergence of numerical solutions.

Consider the interval I,, = [t,,_1,t,]; then we define P" : L(I,; L?(2)) — P*~ '
L?(£2) to be the L? projection defined by

(3.1) / (u — Pru,v)dt =0 Vv e P L?(0).
I,

Thus v — PMu is orthogonal to all temporal polynomials of degree < k — 1, which
means that if u € P¥ @ L2(£2), then

(3.2) u— Pl'u= ¢p_1Lg,

where ¢,_1 € L*(£2) and

(3.3) Li(t) == Ly <2t — t”;l — t”)

is the shifted Legendre polynomial (orthogonal to polynomials of lower degree on I,,).
The temporal L? projection operator P” has the following approximation property

(ct. [9]):

(3.4) max ||[v — PM'v||x < Cr™ max||0f"v||x, 0<m <k,
tel, tel,

for all v € C*([0,T]; X), where X =R or X = H*({2) for some s € R.

Since the k-point Gauss quadrature holds exactly for polynomials of degree 2k — 1
(cf. [15, p. 222]), and the Gauss points t,;, j = 1,..., k, are the roots of the Legendre
polynomial L (t) (cf. [23, p. 33]), it follows that the following two identities hold:

(3.5) /1 n zi:

(3.6)

(t)dt =

NS

v v(tnj)wj Vo e Pl Sh,
v .

!

J
"0 () Vo e P ® Sy

T

(tnj) =

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Setting v, = Sun(tn;j)w; in (2.8a) and summing up the results for j = 1,...,k,
and using (3.5)—(3.6) in the first two terms yield the following integral identity:

(37) / i(atuh, ’Uh)dt -+ / (VPT”uh, V’Uh)dt

I In

k
— gZwj(rh(tnj)g(uh(tnj))uh(tnj)7vh(tnj)) =0 Yo, € PF® Sy,
j=1

Similarly, multiplying (2.8b) by Zg¢(tn;)w; and summing up the results for j =
1,...,k, and using (3.5) in the first term, we have

k
T

(3.9) /1 Ournandt = TS U Re(g(untns)untng), oin 1) antns)) Y € P

j=1

(3.7)—(3.8) provides a reformulation of Main Algorithm. The above reformulation will
be crucially used later to show mass and energy conservations, as well as existence,
uniqueness, and convergence of numerical solutions.

From (3.2) we get

|fn—1ll = [un(tn—1) = Prrun(tn-1)l|

v
| Ly (tn—1)]

1 3
< Clunttan)l + (2 [ 1Pru@IPar)
I

where we have used the inverse inequality in time. Thus, by using (3.2) again, we
obtain the following inequality:

(3.9) / un|?dt < © / | PP un |2t + Crllun(te_)I2 Vun € P* @ Sh.
I, I,

By using the two identities (3.5)—(3.6), one can also prove the following inequality:

k
.
310 33 wllont)lF = [ 1Pr0@Pa< [ u@Pd Vo e P os,
= I, I,

The inequalities (3.9)—(3.10) will be frequently used in the subsequent error analysis.

3.2. Mass and energy conservation properties. In this subsection, we prove
the following conservation properties of the numerical solution, which comprise the
first main theorem of this paper.

THEOREM 3.1. Let (up,rn) € X p X Yrp be a solution of Main Algorithm, then
the following mass and energy conservations hold:

1 1
Slhun(tn) 2 = Sllun(to) forn>1,

1 1
S IVun(ta)l* = [ra(ta)l® + co = SIVun(to)|* = Irn(to)l* + co forn > 1.
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Proof. Setting vy, = uj, € P* ® S}, in (3.7) and taking the imaginary part yield

(3.11) Im/ i(Opup, up)dt = —Im/ (VP up, Vuy)dt
I, In

k
-
+ Im {2 Z W (rh(tng) g (un(tng)), lun(tnj)?) | =0,
j=1
where we have used the definition of the projection operator P, which implies
Im/ (VPIup, Vuy)dt = Im/ (VP up, VPIuy)dt = 0.
I’Vl In
Then the mass conservation follows from (3.11) and the identity
_ 1 , 1 )
Im [ i(Opup,up)dt = §Huh(tn)H - §||uh(tn_1)|| .
In

Alternatively, setting v, = d;up, and g, = 2rp, in (3.7) and (3.8), respectively, and
taking the real parts yield

(3.12)

k
-
Re/ (VP up, VOyuy)dt = 5Rezwj(rh(tnj)g(uh(tnj))uh(tnj),atuh(t”j)),
I =

k
(3.13)  [rn(tn)? = |ra(tn_1)|? = gReij (i (tny ) g (un (tng) un (tny ), Bt (En)) -

Since

Re/ (VPfuh, Vosup)dt = Re/ (vauh, Voyup)dt = Re/ (Vup, Vopuy)dt
I I I,

n

1 o 1 2
= LIVt = IVt )P,
it follows that

(314) IVt~ Vet
k
- % Re > w; (4 (tng)g(un (tng) un (tng ) Ortun (tny)).
j=1

Subtracting (3.13) from (3.14) yields
1 1
(315)  SIVunE)I® = lra(a)l* = SIVun (- )I? = Ira(taa)l* for n > 1,

Thus, the energy conservation holds. The proof is complete. ]

3.3. An upper bound of mass at internal stages. In this subsection, we
prove that the average mass of numerical solutions at internal stages has an upper
bound unconditionally (independent of the regularity of solutions). This property
furthermore strengthens the stability of numerical solutions when the exact solution
is not smooth (for example, close to blowup).
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THEOREM 3.2. Let (up,rn) € Xrp X Yo be a solution of Main Algorithm, then
the following inequalities hold:

- n < 2
(3.16a) = [ PR P < )
(3.16b) max_ max |lup(tn;)]] < Cllun(0)],

1<n<N 1<;<k

where C' is a constant independent of T, h, and the regularity of the solution.

Proof. By the definition of the temporal L? projection P", we get

(3.17) / | Prun ()| 2dt
:Re/I (un(t), Prup(t))dt

n

= Re (un(tn-1), Prup(tn—1))7 + Re/ (Opup(t), (tn — ) Plup(t))dt

n

+ Re/ (uh(t), (tn — t)atPT"uh(t))dt =: J1 + Jz + J3,
where we have interchanged the order of integration in deriving the second to last
equality. It can be shown (cf. [12]) that J; = 0 and

T T
J1 < gHuh(tnfl)”2 + §||P;Luh(tnfl)”27

T n 1 n
Ja = ~IPRuntus) P+ [ GIPRw (o),
Substituting the estimates of Jy, Jz, and Js into (3.17) gives (3.16a).
Substituting (3.16a) into (3.9) and using the mass conservation property again,
we obtain fl lup|?dt < C7|lun(0)|?, and an application of the inverse inequality
yield (3.16b). The proof is complete. d

3.4. Temporal and spatial Ritz projections. Let I and I”r be the tem-
poral Lagrange interpolation polynomials of w and r, respectively, interpolated at
the k + 1 points ¢,_1 and t,;, j = 1,...,k. It is well known that the following
approximation property (cf. [9]) holds:

(3.18) max(|lv — Iollx + 70 (v = v)x) < C7™ " max |97 o] x
forallv € C™1([0,7]; X), 0 <m < k,and X = Ror X = H*({2) for some s € R. We

also define a temporal Ritz projection operator R : W1 (I,,; L2(12)) — P*F @ L?(02)
as follows:

(3.19) / (@u(u— RMu), v)dt =0 Vo e Pl @ L2(0),
I,
(3.20) u(tp—1) — Riu(tn—1) = 0.

By using this property and the shifted Legendre polynomials defined in (3.3), we can
express the temporal Ritz projection as

ds rt
(3.21) R™u(t) = ulty_1 +Z f |L |(dl / L;(s)ds,
I,

tn—1
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which implies that if X C L?(f2) is a Banach space and v € W%*(I,; X), then
Ry is automatically in P* @ X. It can be shown that R satisfies the following
approximation property; see [12, Lemma 3.3].

LEMMA 3.3. Let X = R or H*(2) for some s > 0. For u € WmTh([,: X),
with 0 < m < k, the following approzimation property holds:
= Reull o r,i0) + 7105 (0 = B2 e (15300 < Ol 1,30
In addition to the above optimal-order approximation result, we also have the
following superconvergence result.
LEMMA 3.4 (a superapproximation property). Let X = R or H*({2) for some
s>0. Ifwe Wh(L,;Ws>®(2)) andv € P*~1 @ X, then

[wo — Pl (wv)||p2(r,:x) < C7llvllL2(1,:x)-

Proof. We only give a proof for the case X = H?*({2) because the other cases are
similar. By applying (3.4) with m = k, we have
1 n
lwv — P (wv)|12(1,,;m5) < CT2||wv — P (wv)||poe(1,,;19)

1
< O 2 (|9f (wo) || Lo 1,10

k—1

<C Z Thts 105~ ™ wd™v|| oo 1,115y (since Ofv = 0)
m=0
k—1

1 _
<O TR0 Wl poo (1w o) 1070l Lo (1,01

m=0
k—1
1_
<O | oo rme
m=0

3
< CO72||v||poo(1,5m9)

< O7l|vll L2 (r,50)-

Here we have used the inverse inequality in time twice. The proof is complete. 0

Finally, we also recall the (spatial) Ritz projection operator Ry, : H}(£2) — Sp
defined by
(V(w — Rhw),Vvh) =0 Yo € Sy Yw € Hy(92),

and the discrete Laplacian operator Ay : S, — S, defined by
(3.22) (Andn, xn) == —(Vén, Vxn) Vén, xn € Sh.

It is known [8] that there hold the following identities:

(3.23a) P,Av = ApRpv Vv € Hy(92),
(3.23b) R"Rpv = R, R™ Yo € Whe(I,; Hy (2)),
(323C) R?Ahvh = AhR:—lvh Vv e Wl,oo(]—n; Sh)

Moreover, there holds the following approximation property (cf. [8]):

(3.24) v — Ryl < CRP||v]|gos Yo € HE(2) 0 HPH(0).
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3.5. Consistency of scheme (2.8a)—(2.8b). We define a pair of intermediate
solutions (for comparison with the numerical solutions)

up = RYRpu and r; = Rl
and the following consistency error functions:
(3.25) dy =10, R} (Rpu — u) + ApRp(u — RIu) + rg(u)u — IP[ry g(uj )ur],

(3.26) dr .= %Re[(g(u)u,@tu) — I? (g(up,)up, Our)]-

It is easy to check that there hold

(3.27) /i(@tuz,vh)dtJr/ (VP!uj,, Vuy)dt

In I

k
T w0 (17 )90 () () 0 ()

THEOREM 3.5. Suppose that the solution of (1.1) is sufficiently smooth, then d' €
C(I,; Hi(£2)) and there hold

(3.29) sup |||z < C(R? +75%1) and  sup |Prdy| < C(RP + 77).
€ln tel,

Proof. Since the spatial Ritz projection R, maps H}(£2) into S, C H}(£2), and
the temporal Ritz projection R? maps W1°(I,,; H}(£2)) into P¥ @ H}(2), it follows
that every term in (3.25) is in C(I,,; H}(£2)). This implies d? € C(I,; H}(£2)).

By using the triangle inequality, from (3.25) we get
(3:30) max [[diflg: < max (||0,R7 (Rpw = w)llm + [AnRa(u = Biw)| )

+max ([[rg(w)u = I {rg(uwu]llm + [lrg(u)u = rig(ui)ui | m)
=: DY + Dy + D3 + Dj.
Choosing m = 0 in Lemma 3.3, we obtain the following stability result:
(3.31) [ RZullwroo(1,505) < Cllullwoo (1,50).-
Using (3.31) and (3.24), we can estimate D} as follows:
DY = max | Ry — ) 1 < | Bl e 1,

< ORP||Rpu — ullwoo (1, o)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/16/21 to 158.132.160.61. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

SAV-GAUSS COLLOCATION FOR THE NLS EQUATION 1577

Similarly, using identity (3.23) and Lemma 3.3, we have
Dy = max || ApRp(u — Rru)|l e < max|lu — Rzl g
< CT" ullwrsroo (1,519
and

D = max [[rg(u)u — I frg(u)ul| g < CT".
e n

By using the triangle inequality, we decompose D} into two parts,
D} < max (Ilrg(u)u — rg(Rpw) Rpul g + ||lrg(Raw) Ryu — RIrg(RY Rpu) R? Ryul| )
< ChP + 7+,

Then, substituting the estimates of DY, j = 1,2, 3, 4, into (3.30), we obtain the desired
estimate for ||d}| g:.
To estimate |P*d"|, we rewrite (3.26) as

n 1 * *\ ok *
dy = Re| (g(w)u, 0(u — i) + (9(w)u — g(ui)ui, druy)|
1 *\, ok * n *\ % *
+ §Re[(g(uh)uha dyuy,) — I (g(uh)uhvatuh)}
and test this expression by P"v in the time interval I,, with v € P¥. This yields

(3.32)

/ Prdrvdt = / dy Plvdt
I,

< iRe/ (g(w)u, 8y (u — uy,)) Plodt
I,

+C72||(g9(w)u — g(up)up, Ovup)l| oo (1) 0l 2 (1)

3 *\ ok *
+ CTRR) 0y (g(ui ui, Ovu) | oo (1) 10 221,

1
< gRe / (9w, 0p(u — uf)) PRodt + Cr (b7 + 7 Y)Jo]| 2z,
I

The first term on the right-hand side of (3.32) can be estimated as follows:

(3.33) fRe/I (9(u )u,@t(u—uZ))vadt:/ (9(w)u, Op(u — R7u))Prudt

I,

n

+ / (g(w)u, B, R™(u — Rpu))Prv dt

n

— . D} + Dy,

D = / (9(wuPlv, 8y (u — Rlu)) dt

I’Vl,

= / (9(wyuPrv — P (g(w)uPlv),d;(u — RIu)) dt

I’VL

< C72|lg(u)uPfv — Py (g(u)uPyo)l| s, 10 (u = Ryl o (1,2

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/16/21 to 158.132.160.61. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

1578 XIAOBING FENG, BUYANG LI, AND SHU MA

<Cr? Pl vl 22 (1,502 [10¢ (u — Rw)|| poo(1,;02)  (We have used Lemma 3.4)

ns

< o7kt Hv||L2([n)H@f“uHLm(IH;Lz) (we have used Lemma 3.3),
r 1
Dy < Cr2|lg(uull e (1,02 lu = Bpullweo 1,502 [0l 221,
1
< ORIl 2 llullwree (1, m0401)-

Substituting these estimates into (3.32), we obtain
‘/ Pfdfvdt‘ < Cr3(h? + T vl L2 (r,)-

Since this inequality holds for arbitrary v € L?(I,,), it follows that
1P|,y < CT3(RP + 741,

Then, using the inverse inequality in time, we obtain the desired estimate for
P2 dy]. 0
4. Well-posedness and convergence analysis. We define the error functions
ey = up —uj, and ej, = r, — r, with the following abbreviations:
enj = €h(tnj), €n; = €n(tnj)y Unj =untng),  Tnj =7Th(tn;),

h
Uy = up(tng),  Thg =Th(tng)s Ung = vn(tng),  dnj = an(tng)-
Subtracting (3.27)—(3.28) from (3.7)—(3.8), we obtain the following error equations:

k
i/ln (Oveft,vp) dt = —/ (VPey, Vuy,) dt + ngJ (e;jg(unj)unjmnj)

In

k
(4.1a) 5 i (i Lo Cuns uns — gl sy ves ) - / (Prdy, v )dt,

j:l In

atehqhdt Zw]Re qn] unj)unj - g(u’:,j) ) aiiuh( TL]))

-

(4.1b) +7 Zije(qnjg(unj)unjvate;i(tnj)) - /1 Prdyqpdt,
j=1 n

which hold for all test functions v, € P* ® S}, and q;, € P*.

Remark 4.1. If (4.1) has a solution (e}, e},) € X, X Y, p,, then up = uj + e} and
ry, =17 + €}, give a solution of the numerical scheme (2.8). In the following, we prove
existence of (e}, e} ) to (4.1) by using Schaefer’s fixed point theorem, which is quoted
below.

THEOREM 4.1 (Schaefer’s fixed point theorem [11, Chapter 9.2, Theorem 4]).
Let B be a Banach space and M : B — B be a continuous and compact mapping. If
the set

(4.2) {¢€ B: 30 €[0,1] such that ¢ =6M(¢)}

is bounded in B, then the mapping M has at least one fixed point.
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We define
. 1
(4.3) X:,h = {Uh € Xon: 12525\[ 1?;?1« |vn(tng) — up(Eng)lLoonms < 5}’
1
. = : ) — ¥ N < =
(4.4) Yo {qh € Yrp s max  max |gn(tn;) =77 (tnj)| < 2},
where the norm || - ||peong: is defined as

I¢nllzoenm = max ([l gnllLe fnllm).

For any element (ép,¢n) € Xrpn X Y7 p, we define two associated numbers

1
(4.5a) plor] := min ,1
 max x| @ (tnj) || oo rm

1
1<nen 122k 1P

which are continuous with respect to (¢n, ¢p) (because all norms are equivalent in the
finite-dimensional space X, X Y; ). Furthermore, the two numbers defined above
satisfy the following estimates:

. N Loonm <
(4.6) (ax max |pldn]én(tng)llnm <1,

(4.7) (max  max |plpnlen(ta;)] < 1.
Then we define

(4.8) u® = uj, + plgnlén  and ¥ =17 + plon]en
with the following abbreviations:

ulb s =uf(tn;) and ;= @p(tng),

and define (e}, e},) € X, x Y1, to be the solution of the following linear equations:

(4.9) i/ (Oreyt, vn) dt+/ (VPej,Vuy) dt
I

I,
Sk
- 5 Z Wy (@njg(uij)uij7 Unj)
j=1
-k
3 > ws (T:w' [g(un; )y — gy )], Unj) - /I (Prd",vp)dt
j=1 n
and
k
v T * * *
(4.10) I Oreran dt = 4 Z w;Re (gn; (g(uij)uij — gup)uy;), Opuj, (tnj))
n =
Sk
+ Z ijRe(q”jg(uij)uijv at¢h(tnj)) - / P,;lquhdt
j=1 I,
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for all v, € P*® S}, and ¢, € P¥, n = 1,...,N. We denote by M : Xon X Yoy —
X:n X Y:p, the mapping from (¢p, ¢n) to (€}, €} ), and define the set

(4.11) B = {(¢n, on) € Xr 1 xYrp : 30 €[0,1] such that (¢n,on) = OM (o, en)},

and the following norm on X, j, X Y, ,: For any (¢, ¢n) € Xrp x Yo p

(4.12) 1(@ns en)llx, 0 xv, 0 = 100l 0,mm) + [l@nll Lo 0.1)-
It is straightforward to show the following result (see [12, proof of Lemma 4.2]).
LEMMA 4.2. The mapping M : X p X Yy = X7 p X Yo, is well-defined, contin-
uous, and compact.
Moreover, there holds the following key technical lemma.

LEMMA 4.3. Let 1 < d < 3 and assume that the solution of the NLS equation
(1.1) is sufficiently smooth. Then there exist positive constants 1o and hy such that
when T < 19 and h < hg, the following statement holds: If (¢n, pn) € B and (e}, e}) =
M (bn, on), then

(4.13) lenll Lo 0,711y + lleh | o0,y < C(|lef ()| + |ef, (0)])

mn n _n
+ O max max(|ldy s + |P7 ),

1 1

. [y ) oo 1 < — r . < —_
(414)  max max flef(tnj)lz=nm < 5 and  max  max e (tn;)] < 5,
(4.15) plon] =1, plpn] = 1.

Proof. Since the proof is very long and technical, below we only outline the main
steps and ingredients of the proof and refer the interested reader to [12] for the details.
If (én,en) € B and (e}, e}) = M(dn, on), then

(Ons on) = OM(dn, on) = (fej;, Oey),

which implies ¢, = e}l and ¢, = f¢},. In this case, (4.9)-(4.10) can be rewritten as

(4.16)
k
[ @) de=— [ (VPR Ton)de TS (e 00l vny)
I, I, =
+ % Z Wy (T:U [g(ui])uij g(u;j)unj] ) Unj)

k
T * * *
(417) /I 8t62qhdt = Z Z ije(an (g(ufs])uji] - g(unj)unj) ) 8ifuh (tnj))

k
ot
+ 2 wiRe(gnjg(ul; Jud ., Osef(tn)) — /I Prdy qpdt,
j:1 n

which hold for all v, € P* ® S}, and ¢q, € P*, n = 1,...,N. It remains to derive
estimates for e}l and e}, based on the above equations.
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From (4.6)—(4.7) and definition (4.8) we get

(]
(418)  max max [u?(ty)|oeeme + max me (1 (t,)]

< ~
 ax max llur, (Eng) | Loe e +  ax, max |75 (tng)l

+ max max {plonlén(tnj)lzenm + max  max |p[onlon(tn)]

< g llLoe o, m5050nmr) + |75 Lo 0,7) + 2

Thus ||[u®(tnj)|| Lenm and |r¥(t,;)| are bounded uniformly with respect to 7 and h.
The major part of the remaining proof is devoted to proving the following three
inequalities:

(4.19)
[ ekt < Orleta)lip +€7° [ e+ O7° max |42,
I" n

(4.20) /1 e[t < Crllleq(ta-)ll7n + lef(tn1)* + 72 gg}X(HdﬁHip +|Prdy )],
(4.21)

IVeh (t)lI* + lef ()| = Vel (tam0)II* = lef (ta1)|? +/I 1Beeis |- dt
< C/I (leklizr + lenl?)dt + C/I (Id3llz + [Py ?)dt.
In particular, (4.19) can be obtained by substituting vy, = (—Ap) PP [Prejt(t)(t, — 1))
into (4.16) and considering the imaginary part; (4.20) can be obtained by substituting
qn = Pr[Prey(t)(t, — t)] into (4.17); (4.21) is obtained by setting v, = e} into
(4.16) and considering the real part, setting g, = 2e} into (4.17), and estimating
J; Nl0cep],—.dt via a duality argument using (4.16). More details can be found in

[12, proof of Lemma 4.3].
To complete the proof, substituting (4.19)—(4.20) into (4.21), we obtain

(4.22) (Ve (ta)? + len(ta)l?) = (IVeh tn1)lI* + leh (tn1) / 19ee |71 dt
< O ([IVep (ta-0)II” + lef (ta-1)?) + C/I (s Iz + 1Prdye[?)dt.
It follows from Gronwall’s inequality that

T
(4.23)  max (|Vejt n)\|2+|62(tn)|2)+0/ 19eei |7 dt

< C(IVEL () + e (0 +oz/ 12 + | PR )t

Then, substituting the above inequality into (4.19)—(4.20) and using the temporal
inverse inequality, we obtain

(4.24) tg%(lleZ(t)llip + e (M)*) < Clen ()1 + len(0))

d” Prd™?).
+ C’11<naxNItnax(|| 1120 + | "1%)

Hence, (4.13) holds.
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When 7 and h are sufficiently small, inequality (4.24) implies that

N |

1
(4.25) max |lef (t)||g < 5 and max |e}, (t)] <

te[0,T] te[0,T]

On the one hand, by the inverse inequality, we have

(4.26)
T pe < CY m(t
e IR0l < Ol mae ek (0]
< OO (0) s + 165, O)] + | max, w5 e + [P .

where

1 if d=1,

0, =<4 In(2+1/h) if d=2,

h~3 if d=3.

On the other hand, by choosing a test function v in (4.16) satisfying the properties
v(tn;) =1 and v(t,;) = 0 for i # j, and using property (3.6), we obtain

(4.27) [ Anel

il = ||i0ken; — 0P, [Bng(uij)uij] + Phdy;
= Palri (g uf, — gluiy ) |

-1 u r n n gn
<Cr [”eh(o)”Hl +1e(0)] +  max max(|ldy s + |Prd; I)},

where we have used (4.23)-(4.24) and an inverse inequality in time in estimating ey, .
By the discrete Sobolev embedding inequality, for 1 < d < 3 we have

1 w nt
I En 1 Anen; 2

_1 u r n n gn
< O™ 2 |lleh (Ol + 16, (0)] + max max(|ldyllm + P dTI)},

(428)  fetll= < Clle

u
nj

where we have used (4.24) and (4.27) in the last inequality. Then, combining (4.26)
and (4.28) yields

. _1
max max e (tay) | < Cmin(tn, 7 ) [ O)lmr + I 0)

n n gn
+  max max(||d|ln + | P; drl)}

< C(hmE 4R,

where we have used the consistency estimate from Theorem 3.5. When 7 and h are
sufficiently small, the inequality above implies

N =

u
. m m )pe <
(4.29)  ax  max le”(tn)l|z~ <

This together with (4.25) gives (4.14).
Furthermore, since ¢, = fe} and ¢y = ey, it follows that

16 (tu)llzmnirs < 5 and on(tn)] < .
12%)5\, fgfigk h\Inj)||lLoonH? S 3 an 12?3}{1\/ 121]'a§xk on(tng)] < 5
which imply p[on] = p[en] = 1 in view of definitions in (4.5). This proves (4.15). 0O
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We now are ready to state and prove the existence, uniqueness, and convergence
of numerical solutions, which comprise the second main theorem of this paper.

THEOREM 4.4. Let 1 < d < 3 and assume that the solution of the NLS equation
(1.1) is sufficiently smooth. Then there exist positive constants 1o and hy such that
when T < 19 and h < hy, the numerical method (2.8) has a unique solution (up,mh) €
X7 x Y, Moreover, this solution satisfies the following error estimate:

@30 max (Jun(t) — wi Ol + Ira(t) — ri(0)]) < P 4 7).
t€[0,T]
Proof. Step 1: Existence. By the definition of B, if (¢n,vrn) € B and (e}, e},) =
M (¢n, ¢n), then ¢ = fej and ¢, = Oej,. Thus (4.13) implies

(4.31) [(@n, er)llx, xv, = 180l Lo 0,7m1) + lonllLe= 0,1 < C,

which together with Schaefer’s fixed point theorem imply the existence of a fixed point
(dn, pn) for the mapping M (corresponding to 6 = 1) with
(eisen) = (Pnpn)y  u® =up +¢n, and ¥ =7} + ¢,

satisfying (4.9)—(4.10), where we have used (4.15) in the expression (4.8). Conse-
quently, (e}, e} ) is a solution of (4.1) with (up,r,) = (ui,rf) = (u}, + e}, r} +¢€}).
Hence, in view of the discussions in Remark 4.1, (uy, r) is a solution of the numerical
scheme (2.8), and (4.14) implies (up,7p) is in the set X7, x Y, defined in (4.3)—(4.4).
This proves the existence of a numerical solution in X*, X Y*,.

Step 2: Uniqueness. Suppose that (up,rs) and (up,7s) in X7, x Y, are two
pairs of numerical solutions, and set e} = u; — uy, and e} = r, — 7}, (abusing the
notation). Subtracting the corresponding equations satisfied by (up,rp) and (up,7)
shows that (e}, e} ) satisfies (4.1) with e}}(0) = e},(0) = 0 and dj; = d}' = 0. In the
meantime, the definition in (4.3)—(4.4) implies

(4.32) leh(tnj)llLenm <1 and |ep(tn;)] < 1.
Accordingly, (e}, e}.) is a fixed point of the mapping M (corresponding to # =1 in

B) in the case e} (0) = e},(0) = 0 and d} = d' = 0. Hence, an application of (4.13)
yields

ekl o,z + lehllo.m) < C[lekO)lla +1e;0)

+ max max (|4 + | P2d)] =0
Thus, (up,rr) = (dp,7s) and the uniqueness of the numerical solution is proved.
Step 3: Error estimate. Since the error functions e} = up —u; and €, =1, — 1},
satisfy (4.1) and (4.32), it follows that (e}, e}) is a fixed point of the mapping M
(corresponding to # = 1 in 9B). Hence, an application of (4.13) yields

lenll o 0,751y + ekl Lo 0,1)

< Cllen(O)ls + e (0)] + max max(|dzll +|Prdy])].

1<n<N tel,

Substituting the consistency error estimates from Theorem 3.5 into the above inequal-
ity yields the desired estimate (4.30). The proof is complete. O

Remark 4.2. For the periodic and Neumann boundary conditions, the mass and
energy conservations in Theorem 3.1 and the error estimate in Theorem 4.4 can be
proved similarly.
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TABLE 1
Time discretization errors of the proposed method, with h = —5%160 and T = 1.
k T p=3

lu(z,t) — un (@, )l oo (0,1;m1) Order

1/60 3.7964E-05 -
1/70 2.3429E-05 3.1312
2 1/80 1.5460E-05 3.1132
1/90 1.0733E-05 3.0985
1/100 7.7542E-06 3.0853

1/20 3.4019E-05 -
1/25 1.3821E-05 4.0364
3 1/30 6.6322E-06 4.0275
1/35 3.5689E—-06 4.0200
1/40 2.0886E—-06 4.0123

1/8 1.2291E-04 -
1/12 1.5120E-05 5.1681
4 1/14 6.8492E-06 5.1369
1/16 3.4634E-06 5.1067
1/20 1.1555E-06 4.9192

5. Numerical experiments. In this section, we present some one-dimensional
numerical tests to validate the theoretical results proved in Theorems 3.1 and 4.4
about the mass and energy conservations, and the convergence rates of the proposed
method. All the computations are performed using the software package FEniCS
(https://fenicsproject.org).

We consider the cubic NLS equation

10;u — Opput — 2ul?u =0 in (—L,L) x (0,77,

5.1
(5:1) U|t=0 = uo in (=L,L) with L =20,

subject to the periodic boundary condition. We choose ug = sech(z) exp(2iz) so that
the exact solution is given by

(5.2) u(z,t) = sech(z + 4t) exp(i(2z + 3t)).

This example contains a soliton wave and is often used as a benchmark for meansuring
the effectiveness of numerical methods for the NLS equation; see [33, 37, 25].

5.1. Convergence rates. We solve problem (5.1) by the proposed method (2.8)
and compare the numerical solutions with the exact solution (5.2). Newton’s method
is used to solve the nonlinear system. The iteration is set to stop when the error is
below 10710,

The time discretization errors are presented in Table 1, where we have used finite
elements of degree 3 with a sufficiently spatial mesh h = 2L/5000 so that the error
from spatial discretization is negligibly small in observing the temporal convergence
rates. From Table 1 we see that the error of time discretization is O(7**1), which is
consistent with the result proved in Theorem 4.4.

The spatial discretization errors are presented in Table 2, where we have chosen
k = 3 with a sufficiently small time stepsize 7 = 1/1000 so that the time discretization
error is negligibly small compared to the spatial error. From Table 2 we see that the
spatial discretization errors are O(hP) in the H! norm. This is also consistent with
the result proved in Theorem 4.4.
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TABLE 2
Spatial discretization errors of the proposed method with T = TIOO and T = 1.
P M k=3

lu(z,t) — un(z, )l Lo 0,7;m1) Order

1400 5.8670E-02 -
1600 5.1134E-02 1.0295
1 1800 4.5330E-02 1.0229
2000 4.0719E-02 1.0183
2200 3.6964E-02 1.0149

240 1.9306E-02 -
260 1.6438E-02 2.0094
2 280 1.4167E-02 2.0062
300 1.2338E-02 2.0041
320 1.0842E-02 2.0027

90 1.6147E-02 -
100 1.1661E-02 3.0894
3 110 8.7112E-03 3.0599
120 6.6844E-03 3.0436
130 5.2435E-03 3.0334

3 le—12 3 le—12

Mp(t) = Mx(0)

000 025 050 0.75 1.00 125 150 175 2.00 000 025 050 075 1.00 125 150 175 2.00

FiGc. 1. Ewvolution of mass My(t) — Mp(0) and SAV energy Ep(t) — Ep(0) with p = 3 and
T=h=0.2.

5.2. Mass and energy conservations. We denote the mass and SAV energy
of a numerical solution by

(5.3)  My(t) = /Q lun(t)]?dz  and Eh(t):% /Q IV, (8)2da — ()2,

respectively. The evolution of mass and SAV energy of the numerical solutions is
presented in Figure 1 with 7 = 0.2 and h = 0.2. It is shown that

mass =24+ O(107'?) and SAV energy = —7.33358048516 4+ O(10~'?),

which are much smaller than the error of the numerical solutions, as shown in Figure 2.
This shows the effectiveness of the proposed method in preserving mass and energy
(independent of the error of numerical solutions). The number of iterations at each
time level is presented in Figure 3 to show the effectiveness of Newton’s method.

5.3. Comparison of different methods in preserving the shape of a soli-
ton. The graph of |u(z,t)] is a soliton propagating towards the left. Its shape remains
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Fic. 2. Evolution of the error of the numerical solution with p =3 and 7 = h = 0.2.
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F1G. 3. Number of iterations at each time level with p =3 and T = h =0.2.

unchanged for all ¢ > 0. The graphs of numerical solutions given by several different
numerical methods using the same mesh sizes are presented in Figures 4 and 5. All
the methods preserve mass and energy conservations. The numerical results show the
effectiveness of the proposed method in preserving the shape of the soliton.

5.4. Capability of solving focusing nonlinearity. We consider the cubic
NLS equation

10U — Oyt — Oyyu + 2Jul?u = 0 in 2 x (0,7,

5.4
(54) ult=0 = ugp in 2

in two-dimensional space {2 = [0, 1] x [0, 1] subject to the periodic boundary condition.
We choose ug = exp(27i(z + y)) so that the exact solution is given by

(5.5) u(z,t) = exp(i(2mx + 27y + (2 + 872)t)),

which admits a progressive plane wave solution; see [37].

We solve problem (5.4) by the proposed method (2.8) and compare the numerical
solutions with the exact solution (5.5). Newton’s method is used to solve the nonlinear
system. The iteration is stopped when the error is below 1071,

The time discretization errors are presented in Table 3, where we have used finite
elements of degree 3 with a sufficiently spatial mesh h = 1/80 so that the error from
spatial discretization is negligibly small in observing the temporal convergence rates.
From Table 3 we see that the error of the time discretization is O(7**!), which is
consistent with the result proved in Theorem 4.4.

The spatial discretization errors are presented in Table 4, where we have chosen
k = 3 with a sufficiently small time stepsize 7 = 1/1000 so that the time discretization
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SAV Collocation Method (k = 2) SAV Collocation Method (k = 3)
Direction Direction
1.4 -— 1.4 —
1.2 1.2
1.0 1.0
t=2 t=0
Sos Sos
0.6 0.6 i
0.4 0.4
0.2 0.2
0.0 0.0
-20 10 15 20 -20 -15 -10 -5 0 5 10 15 20
X
(a) (b)
Crank-Nicolson Method Leapfrog Method
Direction Direction
14 Putthdinals 14 Zirection
12 1.2
1.0 1.0
t=2 t=0
Los Sos
0.6 0.6 i
0.4 0.4
0.2 0.2
0.0 0.0
=20 10 15 20 -20 -15 -10 =5 0 5 10 15 20
X
(c) (d)
Fic. 4. Soliton propagation when t € [0,2]: Numerical solutions with p = 1, M = 1200, and
At =0.1.
SAV Collocation Method (k = 2) SAV Collocation Method (k = 3)
14 Direction 14 Direction
12 1.2
1.0 1.0
Sos S o8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
=20 10 15 20 =20 10 15 20
(a)
Crank-Nicolson Method Leapfrog Method
14 Direction 14 Direction
1.2 1.2
1.0 1.0
Sos S o8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0
=20 10 15 20 =20 10 15 20

Fic. 5. Soliton propagation when t € [0,2]: Numerical solutions with p = 1, M = 1200, and

At = 0.05.
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TABLE 3
Time discretization errors of the proposed method with h = % and T = 0.1.
k T p=3

lu(z,t) — un (@, )l oo (0,1;m1) Order

1/460 5.0023E-04 -
1/480 4.3780E-04 3.1321
2 1/500 3.8572E-04 3.1027
1/520 3.4198E-04 3.0686
1/540 3.0504E-04 3.0290

1/60 1.6206E-02 -
1/80 4.9792E-03 4.1022
3 1/100 2.0173E-03 4.0490
1/120 9.6960E-04 4.0183
1/140 5.2530E-04 3.9761

1/30 3.6941E-02 -
1/40 8.0993E-03 5.2750
4 1/50 2.5534E-03 5.1731
1/60 1.0078E-03 5.0989
1/70 4.6554E-04 5.0104

TABLE 4
Spatial discretization errors of the proposed method with T = ﬁ and T = 0.1.
D h k=3

llw(z,t) — un (@, t)ll oo 0,7;m1) Order

1/70 5.6297E-01 —
1/80 4.8304E-01 1.1466
1 1/90 4.2346E-01 1.1178
1/100 3.7726E-01 1.0964
1/110 3.4035E-01 1.0803

1/10 4.9467E-01 -
1/15 2.0992E-01 2.1141
2 1/20 1.1748E-01 2.0178
1/25 7.5177TE-02 2.0005
1/30 5.2233E-02 1.9972

1/12 2.1955E-02 -
1/14 1.3738E-02 3.0412
3 1/16 9.1747E-03 3.0236
1/18 6.4327E-03 3.0144
1/20 4.6849E-03 3.0092

error is negligibly small compared to the spatial error. From Table 4 we see that the
spatial discretization errors are O(hP) in the H' norm. This is also consistent with
the result proved in Theorem 4.4.

The evolution of mass and SAV energy of the numerical solutions are presented
in Figure 6 with 7 = 0.01 and A = 0.1. It is shown that

mass = 1.0003971425984+0(107%) and SAV energy = 80.45628698537+0(1011),

which are much smaller than the error of the numerical solutions, as shown in Figure 7.
This shows the effectiveness of the proposed method in preserving mass and energy
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F1G. 6. Evolution of mass My (t) — My (0) and SAV energy Ey(t) — Ep(0) with p =3, 7 = 0.01,
and h =0.1.
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Fic. 7. Evolution of error of the numerical solution, with p =3, 7 = 0.01, and h = 0.1.
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Fic. 8. Number of iterations at each time level with p = 3, 7 = 0.01, and h = 0.1.

(independent of the error of numerical solutions). The number of iterations at each
time level is presented in Figure 8 to show the effectiveness of Newton’s method.
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