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Abstract. A new spectral method is constructed for the linear and semilinear subdiffusion
equations with possibly discontinuous rough initial data. The new method effectively combines
several computational techniques, including the contour integral representation of the solutions, the
quadrature approximation of contour integrals, the exponential integrator using the de la Vallée
Poussin means of the source function, and a decomposition of the time interval geometrically refined
towards the singularity of the solution and the source function. Rigorous error analysis shows that the
proposed method has spectral convergence for the linear and semilinear subdiffusion equations with
bounded measurable initial data and possibly singular source functions under the natural regularity
of the solutions.
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1. Introduction. We consider the semilinear subdiffusion equation in a bounded
Lipschitz domain 2 C R? up to a given time 7" > 0, under the Dirichlet boundary
condition; i.e.,

Otu(x,t) — Au(x,t) = f(u(z,t),z,t) for (x,t) € 2 x (0,7,
(1.1) u(z,t) =0 for (z,t) € 002 x (0,71,
u(z,0) =up(x) for z € (2,

where f : R x R x R, — R and ug are the given nonlinear function and initial
value, and Ofu denotes the Caputo fractional derivative of order a € (0,1). The
subdiffusion equations which can model the sublinear growth of mean squared particle
displacement have generated much interest from physicists, engineers, and applied
mathematicians in developing new computational methods and rigorous numerical
analyses because of their excellent capability in modeling the anomalous transport
processes. The construction and analysis of high-order computational methods for
the subdiffusion equations, especially for the semilinear subdiffusion equation, have
been challenging due to the possible singularity of the solution and the source function
at t=0.
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In general, for the linear subdiffusion equation with initial value ug € H}(£2) N
H?(£2) and a temporally smooth source function f(x,t) (independent of u), the so-
lution generally exhibits the following type of weak singularity at ¢ = 0 (see [15,
Theorem 1)):

(1.2) 107 (u(-,t) — uo)|lp2 < Cppt®™™  for m > 0.

Under this limited regularity condition, the classical L1, L2, discontinuous Galerkin
(dG), and convolution quadrature (CQ) with a uniform stepsize generally have first-
order convergence; for example, see [12, 33, 13, 40]. The analyses in [17, 19, 35, 37]
show that the L1 and L2 methods, and a low-order dG time-stepping method, can
have the desired optimal-order convergence by using graded stepsizes locally refined
towards t = 0. The extension of these low-order convergence results to the semilinear
subdiffusion equation may be established by using the fractional version of discrete
Gronwall’s inequalities in [14, 24, 25]. The sharp pointwise-in-time error bounds on
quasi-graded temporal meshes with arbitrary degree of grading are obtained in [16]
using a method of upper and lower solutions for L1 scheme. Higher-order suboptimal
convergence in time was proved for the dG time-stepping method in [34] under condi-
tion (1.2) and some additional regularity assumptions such as d;u € L*(0,T; H*(12)),
which generally requires the initial value to satisfy ug € H®/2(£2) N H3(§2) plus a
compatibility condition Aug =0 on 9{2. In the case ug = 0, high-order convergence
of the Runge-Kutta CQ was proved in [2].

The extension of the above-mentioned results to rough initial data in LP(§2) with
1 < p < oo (without any differentiability), using graded stepsizes to improve the
convergence orders, is still challenging due to the stronger singularity in this case (see
[15, Theorem 1)); i.e.,

(1.3) 107 (-, t)|| e < Crpt™™  for m>0.

Under this regularity condition, the L1, L2, and CQ schemes with a uniform stepsize
and appropriate initial corrections can have high-order convergence at time levels far
away from t =0; i.e.,

(1.4) (- tn) = unlle < Ct*7",

where u,, denotes the numerical solution using a uniform stepsize 7. The results were
established in [13, 31, 40] in the L?-norm framework, i.e., with error estimates in the
L? norm and initial data in L?(§2), by comparing the numerical solution with the
solution through their Laplace transform representations, a framework developed by
Lubich for the analysis of CQ for convolution integrals; see [27, 28, 29]. Neverthe-
less, the analyses can be naturally extended to the LP-norm framework by using the
corresponding resolvent estimate in LP(£2); i.e.,

Iz = A) M lzo(e)sLr(e) < Cle 7! 1<p<oo,

which holds for both the Laplacian A and the finite element discrete Laplacian Ap;
see [20, 21]. However, these high-order convergence results only hold for the linear
subdiffusion equation with a given temporally smooth source function.

The extension of the high-order methods to the semilinear subdiffusion equa-
tion with nonsmooth initial data is still challenging. The main difficulty in the nu-
merical solution of the semilinear subdiffusion equation is that the source function
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f(u(x,t),z,t) also becomes singular at t =0 due to the singularity of u(x,t). In this
case, the regularity of the solution and the source function is

(1.5) 107" (u(+,t) — o)l + (107" f(u(-1), - t)[[Loe < Crpt®™™  for m >0
and
(1.6) 107 (-, )] Loe + 107" f(u(,1), -, t) || Lo < Crpt™™  for m >0

for initial data in HE(§2) N C%(£2) and L>(£2), respectively; see [22, 39]. The con-
vergence of the backward Euler CQ was not affected by the singularity of the source
function, as shown in [14] and [1] for initial data in Hg(£2) N H?(£2) and H*(£2),
s > 0, respectively. However, the convergence of higher-order CQs can be affected
by the singularity of the source function at t = 0. In particular, the analysis and
numerical experiments in [39] show that the convergence order of high-order back-
ward differentiation formulae (BDF)-CQs, using a uniform stepsize with appropriate
initial corrections, is at most 1 + 2« for general initial data in HE(£2) N C?(£2). More
recently, a k-step exponential CQ was proposed in [22] to achieve kth-order conver-
gence for semilinear subdiffusion equation with initial data in L°°({2), where k is an
arbitrary prescribed positive integer which determines the numerical scheme and the
convergence order.

The above-mentioned methods all have fixed convergence orders. The develop-
ment of spectral methods, which converge faster than O(N~F) for any fixed positive
integer k (where N denotes the degrees of freedom in the time discretization), is still
challenging for the subdiffusion equation with singular solutions and source functions.
Many efficient spectral methods for the fractional ordinary and partial differential
equations have been proposed and analyzed:

e A new multidomain spectral method for high-order time discretizations of
fractional ordinary differential equations (ODEs) and the subdiffusion equa-
tion was proposed in [4]. The stability of the method was studied by iden-
tifying the method as a generalized linear method. The rigorous analysis of
its spectral convergence for the subdiffusion equation with rough initial data
still remains challenging.

e A class of spectral collocation methods based on the generalized Jacobi func-
tions was proposed in [42, 43] for some fractional differential equations. The
approximation errors of the generalized Jacobi polynomials in weighted Sobolev
spaces, as well as the convergence of the spectral Petrov—Galerkin method for
fractional ODEs, were presented in [7]. The current analysis requires some
fractional derivatives of the solution to be smooth, which is true for some
fractional ODEs but cannot be readily extended to the subdiffusion equation.
The rigorous analysis of this class of methods for the subdiffusion equation
with rough initial data still remains challenging.

e The generalied Jacobi polynomials were also used for calculating the eigen-
values of the space-fractional differential equations in [5] and for determining
the superconvergence points of fractional spectral interpolations in [44].

e A class of Miintz spectral Galerkin methods were proposed and analyzed in
[11, 10] based on the Miintz polynomials and weighted Sobolev spaces. The
methods have spectral convergence for solutions with the following regularity:

(1.7) O™ [z, VM) € L2(0,T; HE () Ym > 0.
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This covers a wide class of solutions, including solutions in the form of

oo

u(z,t) = tho‘(bj(a:),

j=1

which can be approximated with spectral convergence by choosing A = 1/a.
For more general solutions of the subdiffusion equation with initial data in
H(£2) N H?(£2), when the solutions have the regularity in (1.2) but may not
satisfy condition (1.7), the Miintz spectral Galerkin methods can still have a
fixed high order of convergence by choosing a sufficiently small parameter .

e A class of log-orthogonal spectral methods for the subdiffusion equation was
proposed and analyzed in [8] by using the log-orthogonal polynomials intro-
duced in [6]. It is shown that the method can have spectral convergence
if the initial value satisfies ug € H3(f2), which is equivalent to requiring
ug € HY(£2) N H3(£2) plus one compatibility condition Aug=0 on 9£2.

As far as we know, the following questions are still unsolved in the development of
spectral methods for the subdiffusion equations.

e The current error analysis of spectral methods for the subdiffusion equation
requires the initial data to be smoother than H}(£2) N H?(§2) and satisfying
some compatibility conditions, or satisfying a regularity condition in the form
of (1.5). The construction of spectral methods for the semilinear subdiffusion
equation with rough initial data in L°°({2) with strong singularity in the form
of (1.6) is still challenging.

e The existing error estimates for the spectral methods are all for the linear
subdiffusion equation based on the Hilbert space framework. The extension
of the error analysis for the spectral methods to the semilinear subdiffusion
equation, with nonlinear source functions which may not be globally Lip-
schitz continuous, requires error estimates in the L°°-norm-based Banach
space framework and therefore still remains open. There are few analyses
of spectral methods in the L*°-norm framework. We are only aware of the
L*°-norm analysis of spectral methods in [23] by the effective maximum prin-
ciple of spatial discretizations. The techniques cannot be applied to the time
discretization of the subdiffusion equation in the presence of singularity.

These questions are addressed in this article.

We propose a new spectral method for the semilinear subdiffusion equation with
rough initial data in L°°(f2) under the natural regularity condition (1.6), based on
quadrature approximations to the contour integral representation of the solution, the
exponential integrator using the de la Vallée Poussin means (i.e., VP means; see
[38]), and error estimates via a fixed-point argument in an L°°-norm framework.
The contour integral approximation techniques were used in [26] and [9] for evaluat-
ing exponential-type operators and for solving linear convection-diffusion equations,
respectively. The techniques were also used in the construction of a high-order back-
ward extrapolated multistep exponential CQ for the semilinear subdiffusion equation
in [22]. However, the method in [22] only has a fixed order of convergence and cannot
be extended to a spectral method directly due to the following three challenges: (1)
The temporal Lagrange interpolation used in [22] is not stable in the L>° norm as the
degrees of freedom tend to infinity; (2) The integrals of the exponential function times
the Lagrange basis are difficult to evaluate analytically when the degree of the polyno-
mial is large; (3) The source function is singular at ¢t =0, and therefore the Lagrange
interpolation on the whole time interval does not have uniform high-order convergence.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/24/24 to 81.10.192.186 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

EXPONENTIAL SPECTRAL METHODS FOR SUBDIFFUSION 2309

We overcome these difficulties by utilizing an exponential type of spectral method
in terms of the interpolation polynomial VP means on subintervals that are geometri-
cally refined towards ¢ =0 according to the singularity of the solution and the source
function. We derive analytical formulas for the exponential integrals arising from the
proposed method by utilizing the differentiation properties of the Jacobi polynomi-
als and prove the spectral convergence of the proposed method based on the natural
regularity condition in (1.6) using the L* stability of the polynomial VP means and
their approximation properties on the geometrically refined subintervals. The spectral
convergence in the L°° norm is established, which allows us to handle nonlinear source
functions which are only locally Lipschitz continuous (rather than globally Lipschitz
continuous). These results make the proposed method practically computable and
spectrally convergent for rough solutions of the semilinear subdiffusion equation in
the most general setting.

In view of the equivalence between CQs and their Laplace transform representa-
tions, e.g., the Runge-Kutta (or BDF) CQ for a parabolic or subdiffusion equation is
equivalent to applying the Runge-Kutta method (or BDF) method to the ODE aris-
ing from the Laplace transform representation of the solution (as shown in [30]), the
exponential spectral method proposed in this article can also be viewed as a contour
integral approximation to a spectrally convergent CQ constructed by utilizing an ex-
ponential integrator for the ODE arising from the Laplace transform representation
of the solution and by utilizing VP means of the source function on geometrically
refined subintervals adapted to the singularity at ¢t =0.

The rest of this article is organized as follows. The quadrature approximation
of the mild solution and the uniform polynomial approximation of functions by VP
means are presented in section 2. The new spectral method and its error analysis for
the linear subdiffusion equation with a possibly singular source function are presented
in section 3. The new spectral method and its error analysis for the semilinear sub-
diffusion equation are presented in section 4. Numerical experiments are presented
in section 5 to illustrate the spectral convergence of the proposed method for linear
and semilinear subdiffusion problems with rough initial data in L>°(£2). Concluding
remarks are presented in section 6.

2. Construction of the spectral method. In this section, we introduce the
several ingredients we use to construct the spectral method, including the contour
integral representation of the solution, quadrature approximation to the contour in-
tegrals, polynomial approximation by the VP means, and the exponential integrator
using VP means. The construction of the spectral method is discussed at the end of
this section, while the complete algorithms are presented in the next two sections for
the linear and semilinear subdiffusion equations, respectively.

2.1. Bounded mild solutions to the subdiffusion equation. For the sim-
plicity of notations, we denote u(t) = u(-,t) for any function u defined on 2 x (0,T].
A function u € L>(0,T;L>°(2)) N C([0,T]; L(£2)) is called a bounded mild solution
of (1.1) if it satisfies

(2.1) u(t):F(t)uo+/O E(t—s)f(u(s),-,t)ds Vte (0,7T],

where F'(t) and E(t) are the solution operators associated to the subdiffusion equation,
defined as the inverse Laplace transform of the operators 2@~ 1(2% — A)~! and (2% —
A)~L respectively; i.e.,
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1
F(t) = a—1 oz_A—l ztd
®) 211, Re(z):gz (= )Ttz
1
E(t) (2% — A) et dz,

2mi Re(z)=0c

with an arbitrary parameter o > 0. The paths of integration in the expressions of F(t)
and E(t) can be respectively deformed to the following two contours on the complex
plane:

(2.2) Ta={M1-sin(+is)):s€R} and T5={\1—sin(8+1is)):scR},

where S € (0,90—7), € (5,7), and A, X > 0 can be arbitrary fixed parameters. These
contours are contained in the region between the two sectors L, = {z € C: Jarg(z)| <
¢} and A+ Yy z; see [22, Figure 2.1]. Therefore,

Re(z) ~—|z| and [Im(z)|~|Re(z)| for zeT'\UT}.

The representation of the solutions to the subdiffusion equation in (2.1) has been
used in analyzing the regularity of solutions and the error of numerical approximations
in [14, 22, 31, 39, 40]. The integration contours in the form of (2.2) have been used
in approximating exponential-type functions of elliptic operators in [9, 26].

It is known that the resolvent operators (z* — A)~! of the Dirichlet Laplacian
satisfy the following estimate for some constant C' > 0 (for example, see [22, Appendix

A)):
(2.3) (2% = A) Hpeo e <C(1+]2])"* for z€Ty.

As a result of the resolvent estimate in (2.3), the solution operators F'(t) and E(t)
were proved to satisfy the following estimates (cf. [22, Lemma 3.1]):

By using these properties of the solution operators, it can be shown that (1.1) indeed
has a bounded mild solution if the one of the following two conditions is satisfied:

(1) The nonlinear function f(u) is Lipschitz continuous with respect to w. In this

case, the proof of well-posedness in [14] is still valid if the underlying space
L?(92) is replaced by L®(2), as the proof only requires using the resolvent
estimate in (2.3).

(2) The nonlinear function f(u) = —F'(u) is the derivative of a double-well po-
tential F'(u) with two wells at £«, and the initial value satisfies that |ug| < c.
For example, f(u) = (u—u3)/e? = —F'(u) with F(u) = (1 —u?)?/(4€?) being
the Ginzburg—Landau potential. In this case, the maximum principle of the
subdiffusion equation (cf. [41, Theorems 3.1-3.2], [32, Theorem 2.1], and [18])
guarantees the boundedness of the solution; i.e., |u(z,t)| < a.

In view of these results, we simply assume that the semilinear subdiffusion equa-
tion has a bounded mild solution and propose a class of spectral methods for the
linear and semilinear problems, respectively, with rigorous analysis for the existence,
uniqueness, and spectral convergence of the numerical approximations.

Throughout this article, we denote by C a generic positive constant that may
be different at different occurrences but is independent of the number N,,, Ni(m) of
subintervals, the time level ¢,,, and the number M of quadrature points for approxi-
mating the contour integrals.
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2.2. Quadrature approximation of the mild solution. By substituting the
contour integral expressions of F(t) and E(t) into (2.1), and making a change of
variable in the first integral of (2.1), we can express the mild solution as

_ 1 z a—=1/ o 4« -1
u(t) = 57 /er 2970 (2% = t*A) T ugdz
1 t
(2.5) + o (z* —A)~? / e*t=%) f(u(s), -, s)dsdz.
T Jry 0

A

It is also known that the two contour integrals on the right-hand side of (2.5) can
be approximated by a quadrature which has spectral convergence with respect to the
number of quadrature points; i.e.,

M
u(t) = Z wjez-fz;?‘_l(z;‘—to‘A)*luo—FSl,q(t)
(2.6) —
+ ) @ = A)Ty(E, 1) + Ea(),
j=—M

where 2M + 1 quadrature points are used, (w;,z;) and (@;, Z;) are two pairs of quad-
rature weights and nodes, with & 4(t) and &; 4(t) denoting the remainders of the
quadrature approximations, and y(z,t) = fg e*=%) f(u(s),-,s)ds is the solution of
the following ODE:

(27) S yeit) = 2y( 1)+ Ful), 1)

The explicit expressions of the quadrature weights and nodes can be found in [22].
Moreover, the remainders satisfy the estimates in the following lemma.

LEMMA 2.1 (cf. [22, Lemma 3.3]). If || f(u, -, )|l oo (0,425 (2)) < C, then

(2.8) €10 (#)l| = () + 2,4 1w () < Ce™ VM,

The representation of the mild solution by the discrete contour integrals in (2.6)—
(2.7) was proposed in [22] for solving the semilinear subdiffusion equation by an
exponential CQ with k-step extrapolation, which can only have kth-order conver-
gence with a fixed k > 1. In the next subsection, we propose a spectrally convergent
method based on the expression in (2.6)—(2.7) and a uniform polynomial interpolation
technique using the VP means.

2.3. Uniform polynomial approximation by VP means. We denote the
space of polynomials of degree <m on the interval [—1,1] by P, ([—1,1]) and define
the L°°-norm polynomial approximation error as

(29)  En(g)(@):= mf g@,) =p()llre(-11) for g€ C2x[-1,1]).

In the approximation theory, the following results are known (see [3, equation (5.4.16)]).

LEMMA 2.2. For 0 <k <m and g € C*([-1,1]; L>°(£2)), the following estimates
hold:

| En(9)(2)] < Crom™*|lg(, )l ox (1,15

(2.10) e
| Em(9)l| 2y < Com™ 107 gll (=170 (02))-
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It is known that the Lagrange interpolation operator I,,, : C([—1,1]) — P, ([-1,1])
is not stable with respect to m; i.e.,

(2.11) [ 1mgllc(-1,1)) < Clog(m)lglle(-1.1)),

where the logarithmic factor in m cannot be removed. This significantly affects the
stability of the spectral methods based on the Lagrange interpolation for nonlinear
problem, for which the error estimates require using Gronwall’s inequality. We shall
use a different interpolation technique in our spectral method, called the polynomial
VP means, which turns out to be not only stable in C([—1,1]; L>°(2)) but also con-
venient for the practical computations in combination with exponential integrators.
Let t1 <tmz2 <...<tmm be the m zeros of the normalized Jacobi polynomial
J2B(t) of degree m on the interval [—1,1], with the Jacobi weight w®# = (1 —#)*(1+
t)#. The following polynomial VP means of a function g € C([—1,1]) will be used:

(2.12) Ving(8) = g(tm,i) 7, ;) for g€ C([~1,1]),
i=1
where
T () TP (8
(2.13) o, (1) = 2j=0 Tff;” ;6( ’)23 ( ), j=1,...m,
Yo 7 (tmi)]
with
1 . if 0<j<m-—r,
(2.14) =4 MEEL A m—r<j<m+r,

0 if j>m+r.

For |a| = |8 = %, the VP means enjoy the interpolation properties; i.e., V. g(tm, i) =
g(tm,) fori=1,...,m.

In this article, we simply choose r < @m for some fixed 6 € (0,1). Then the approx-
imation errors of the polynomial VP means are given in the following lemma, which
shows that the L*°-stability constant of the polynomial VP means is independent of
the polynomial degree.

LEMMA 2.3 (see [38, Theorem 3.2]). For sufficiently large positive integers m and
r satisfying r < Om, the following estimates hold:
(2.15)  [[Vaglle-1.1:n0=2) < 01§1_1<p l9(tm,i)llLe 2y for g€ C([-1,1]; L>=(£2)),

(2.16) [lg = Vinglleq-1aszo2) S CllEm—r(9)ll=(@) for g€ C([=1,1]; L=(£2)),

for some constant C' which does not depend on m.

2.4. The exponential integrator using VP means. The only unknown on
the right-hand side of (2.6) is y(Z;,t), which we shall approximate by the exponential
integrator

tni
(2.17) Y(Zj tag) = €5 U=ty (25, 1) +/ F1 =YY f(u(s),-,s)ds

tn—1

at the finitely many internal nodes t,; € (t,—1,tn], i =1,...,m, where the polynomial
VP mean V! f(u(s),-,s) only depends on the finitely many values f(u(tni),",tni),
1=1,...,m.
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Since the VP means can be expressed as linear combinations of the Jacobi poly-
nomials, the integral in (2.17) can be evaluated analytically by using the following
formula:

(2.18)

¢ - da’ﬁk “YaHZﬁJrk +k,B+k 1) yatk.f+k

- m, - atk, t atk,

/1 ! S)J’a”yﬁ(s) ds= Z S+l mya,ﬁ (_Jmfk (t) +e )‘]mfk (_1)) ’
- k=0 m

This formula can be derived by using integration by parts and the following differen-
tiation property of the Jacobi polynomials [36, equation (3.101)]:

7a+k,,ﬁ+k

k ) —k +k,B+k

OF T (t) = dp5 T TR @),
m

da’ﬂzr(m+k+a+ﬁ+1)
Mk 2k (mta+B+1) ]
5 2°TPHD(m+a+1)D(m+ B +1)
S 2mta+B+1)mIT(m+a+B8+1)

where

(0%
er’

By a simple scaling transformation, we can use formula (2.18) to compute the
integral in (2.17) in terms of the values f(u(tn;),+,tni), ¢ =1,...,m. Then, by sub-
stituting the computed values y(Z;,t,;) into (2.6), we can obtain the desired spectral
method. The complete algorithms are presented in the next two sections for the linear
and semilinear subdiffusion equations, respectively.

3. The linear problem with a singular source. In this section, we present
the spectral algorithm for the linear subdiffusion equation with a given source function
f(z,t) which may be singular at ¢ =0 (but is independent of u).

Since the solution representation in (2.6)—(2.7) does not depend on the history
values of the solution, i.e., it only depends on the value of y(z,t) which satisfies the
ODE problem in (2.7), which does not contain history integrals, the case T'> 1 can be
reduced to the case T'=1 by dividing the time interval [0,T] into several parts. The
case T'< 1 can be converted to the case T'=1 via a temporal scaling transformation.
Therefore, without loss of generality, we focus on the case T' = 1 and consider the
subdiffusion equation on the unit time interval [0, 1].

If the source function is smooth, i.e., f € C*([0,1]; L>°(f2)), then we can ap-
proximate the source function f by its VP mean V) f on the whole interval [0,1]. In
particular, let ¢, 1 <tmz2 <...<tmm be the zeros of the Jacobi polynomial J,C,‘L’B(t)
of degree m on the time interval [0,1]. For any fixed ¢ € [0, 1], we can approximate

y(z,t) by
t
(3.1) Yo (211) = / IV f(s) ds,
0

which can be evaluated exactly by using formula (2.18). By substituting (3.1) into
(2.6) and dropping the two remainders & 4(t) and & 4(t), we obtain the following
algorithm for any ¢ € [0, 1]:

M M
(3.2)  un(t)= Z wjezjz;-"_l(z;?‘ —t*A) " tug + Z w; (25 — Ay (3,1,
j=—M j=—M
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The error bound of this method is an immediate consequence of Lemmas 2.1, 2.2
and 2.3 (with r» < 6m for some fixed parameter 0 < 6 < 1). We present the result in
the following theorem and omit the proof.

THEOREM 3.1. Let ug € L>(£2) and f € C*([0,1]; L>°(£2)). Then the numerical
solution defined in (3.1)—(3.2) has the following error bound for the linear subdiffusion
equation:

(33) e [4(6) = (1) ) < Ciom ™ + Ce /.
€10,

which holds for all fized integer k> 1, all M, and all sufficiently large m.

We are more interested in the development of high-order methods for the subdif-
fusion equation with a source function singular at ¢ =0. This is often the case when
the source function is related to the solution of a subdiffusion equation. The strength
of such a singularity at ¢ = 0 can be characterized by the following condition with a
parameter v € (0,1]:

(3.4) [(0)% f (-, t)|| o (2) < C for k>0 and ¢ € (0,1].

The larger value of v, the stronger of the singularity.

For a source function which exhibits a singularity at ¢ =0 in the form of (3.4), we
choose a fixed parameter A > 1 and divide the time interval [0,1] into N subintervals;
ie.,

I =[to,t1]:=[0, A" ] and I, = (t,_1,tn] ;= (A" 2"V AN 2<n<N,

where N = N,,, can be any integer satisfying lim,, o, Ny, /logm = oo (this require-
ment will become clear in the error analysis). On each subinterval I,,, we approximate
the source function f(-,¢) by its VP means V7 f(-,t) and substitute the value

ln
(3-5) yn(Z)=€Z(t”_t"‘1)yn—1(3)+/ IV f(s) ds

tn_1
into (2.6). Then, by dropping the two remainders & 4(t) and & 4(t) in (2.6), we
obtain the following algorithm:

M M
(3.6) Up = Z wjezfz?_l(z;?‘ —t2A) "ty + Z w; (25 - A) 1y (3).
j=—M

j=—M

The algorithm in (3.5)—(3.6) only requires polynomial interpolation based on the
VP means, the evaluation of the exponential integrals in (3.5), and the solution of
the linear systems associated to the operators z§* — A and z§ — A. This is different
from the spectral method for the semilinear problem to be presented in the next
section, which requires solving certain nonlinear systems by fixed-point iterations or
the Newton iterations.

For the linear problem with singular source function, the accuracy of the numerical

approximation by (3.6) is guaranteed by the following theorem.

THEOREM 3.2. Let ug € L*(f2), and assume that the source function f(z,t)
satisfies the regularity condition in (3.4). Let u,, n = 1,...,N be the numerical
solutions given by (3.5)—(3.6), with N = N,,, satisfying

N,
(3.7) lim =00
m—oo log(m)
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Then the following error bound holds (for all integer k > 1, all M, and all sufficiently
large m):
' _ e < —k -VM/C

(3 8) lg}nagXNHu(tn) unHL (2) <Cym "+ Ce

Remark 3.1. The total number of degrees of freedom in the time discretization is
mN, with N = N, satisfying condition (3.7). By choosing a moderate growing N,,,
such as N,,, =m/2, the total number of degrees of freedom is O(m?) while the error of
the numerical approximation is O(m~F) for arbitrarily large k. This means that the
proposed method has spectral convergence (i.e., arbitrarily large convergence orders)
with respect to the total number of degrees of freedom.

Remark 3.2. Theorems 3.1 and 3.2 are still valid if the L° norms are changed
to L? norms. Namely, if ug € L*(£2) and [|(79,)*f(-,1)||12(0) < Ck for k > 0 and
t € (0,1], then the numerical solution defined in (3.5)—(3.6) has the following error
bound for the linear subdiffusion equation:

_ < -k —VM/C
| axy [u(tn) — tnllL2(2) < Cym™" + Ce ;
which holds for all fixed integer £ > 1 and sufficiently large m and M. The proof
of this result is the same as the proof of Theorem 3.2 below by changing all the L™

norms to L? norms.

Proof. We define an auxiliary function u*, which is the solution of the following
linear subdiffusion problem (with the source function replaced by V. f):

oPu* —Au*=V"f in 2x(0,1],
(3.9) u*=0 on 912 x (0,1],
u*(0) =ug in 2.
Then the error e, = u(t,) — u, can be decomposed into e, = &, + €}, with
én=u(ty) —u™(t,) and e =u"(tn)— un.

Since u,, is the quadrature approximation of the contour integral representation
of u*(t,), i.e., the value after dropping the two remainders in (2.6), the estimates in
Lemma 2.1 and the L>-stability of the VP means imply that ||V}, f[| Lo (0,1;05(02)) <
Cllfllzee0,1;0¢(2)) < C, and therefore

(3.10) llenllnoe (o) < Ce=VM/C,

Since €, represents the error between the exact solution and the auxiliary function
u* due to the change of the source function from f to V7 f, by using formula (2.1) we
can express €, as follows:

(3.11) n = ) E(t, —s)[f(s) — Vi f(s)]ds + 2, E(t, — s)[f(s) = V" f(s)]ds
=:ép1+ gn,g.

The first term on the right-hand side of (3.11) can be estimated by using the bound-
edness of f and V. f and the estimate || E(t—s)|| o (2)— 1o (o) < C(t—s)*! as shown
in (2.4); i.e.,

ty
[EnllLee (@) < C/ (tr = ) fll Lo (rsnoe (2)) ds < CEE| f1] oo (0,175 (02)) -
0
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Since t; = A'™Y and N = N,, satisfies condition (3.7), it follows that t§ < m~* as
m — oo for any k> 1. This proves that

(3.12) [Enallzoc (o) <Crm ™" as m— cc.

The second term on the right-hand side of (3.11) can be estimated by using the
following approximation error estimate of the VP means; i.e.,

ts

. ot — bk
If = Vi fleqt - 1500 (2)) < Cr(m — 1) k(%) 10F Flle (it 6531 (2))

—tj1

e(t k
(3.13) < Cym ’“( — ) 107 Fle it 4,12 (2)):

which is an immediate consequence of Lemma 2.2 and Lemma 2.3 and a scaling
transformation from the standard interval [—1,1] to the current interval [t;_1,%;].
The last inequality is due to the fact that r < ém for some fixed 6 € (0,1). Therefore,

n tj
||5n72||L°°(f2) < Z/ (tn — 3)a_1||f - Van”Lm(Ij;LOO(Q)) ds
j=2"%

tj—1

n ts
& J o ti —ti_q k &
(3.14) sck;m [ = st () 10 Al o .

tj—1

The condition in (3.4) implies that [|0% f|| oo (1,;0(0)) < Ctj_:’f, and therefore

Dt —tiaNE (Y B
€n2leie) < O dom™ (L) / (£ — 5)* L ds
j=2 Jj—1 tj—1

n
<Cpym ™" Z:)\[(l—’1)+oz](j—1\7)7

j=2

where we have substituted ¢; = A~ into the last inequality. Since A >1 and n < N,
the summation of A(1=V+1G=N) for j =2 . n is finite and independent of m. This
proves that

(3.15) [En,2ll 2o () < Crm ™.

Then, substituting the estimates of ||£,1]|z(2) and [|&,2]|L~ (o) into (3.11), we
obtain

(3.16) [€nllpoe(0) < Cpm™ for 1<n<N.

The error bound in Theorem 3.2 follows from the two estimates in (3.10) and
(3.16). O

4. The semilinear problem with rough initial data. In this section, we
present the spectral method for the semilinear subdiffusion equation with a rough ini-
tial value up € L*°(£2). Similarly to the linear problem (as explained at the beginning
of section 3), we can focus on the case T'=1 and consider the semilinear subdiffusion
equation on the unit time interval [0,1]. For the simplicity of presentation, we focus
on the case f(u,z,t) = f(u) without loss of generality.
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4.1. The spectral collocation method. Differently from the linear problem,
we first divide the whole interval [0,1] uniformly into N smaller subintervals I,, =
((n=1)/N,n/N] = (tn—1,ts], 1 <n < N, and then refine the first subinterval I; = [0, ]
into N7 smaller subintervals. In particular, for a constant A > 1 we define

L1 =[to, t11] := [0, A1 =M1 /N,
Il,j = (tl’jfl,tlyj] = ()\j_l_Nl/N, )\j_Nl/N] for ]:2, .. ,Nl.

The division of the whole interval [0, 1] uniformly into N smaller subintervals I,, =
((n—1)/N,n/N],n=1,...,N, is to guarantee the stability of the spectral method on
each subinterval with respect to the polynomial interpolation of the nonlinear source
function. This will become clear in the error analysis; i.e., the L>°-norm stability
with respect to the polynomial interpolation requires the length of the interval to be
sufficiently small. The division of the first subinterval I; into N7 smaller subintervals
I 4, j=1,..., Ny, with graded stepsizes locally refined towards ¢t =0 is to resolve the
singularity of the nonlinear source function at ¢t =0 (similarly to the linear problem).

On each subinterval I ,,, we approximate f(u) by its VP means V,} f(uy,), where
U, denotes the numerical solution obtained by using polynomial VP means of degree
m on each subinterval. In particular, we denote by ;' < /> < ... < ¢/" the m
zeros of the Jacobi polynomial J%#(t) of degree m on the interval I = (t1,n-1, 1,0,
1 <n < Np, and we denote by

U. _ m,l ~m,2 m,m T
Ln = \Upp Uy pye Uy

the vector which contains the numerical solutions at the discrete time levels tTTZ ,

1=1,...,m, determined by the following nonlinear system of equations:
(41) Ul,'n, = Gl,n(Ul,n)a
where Gy, : L™®(£2)™ — L*°(£2)™ is a nonlinear mapping defined by
m,l m,2 m,m T
Gl,n(Ulﬂl) = (Ul,;m Vg e Uln ) )
with
4 M . -1
vy = Z wje® 2 (z;‘ — (t;’?;:)O‘A) ug
j=—M
(4.2) o |
+ Z w; (25 — A)_lyi?,’f(éj) fori=1,...,m,
j=—M
and

3

; S pmyi _ tin S pmai
(13) ) =y )+ [ S ) ) ds,
t1,m—1

If y1.,—1(2;) is known, then we can compute ugnnl, i=1,...,m by solving the colloca-
tion system (4.1) and then compute y1 (%) by

-~ tl,’n. -~
(4.4) u%@=fﬁm4“”mwﬂ@+/‘ S = [T f(uy,)](s) ds.

t1,n—1
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Similarly, for each subinterval I,,, 2 <n < N, we denote by t"! < ... <t™™ the
m zeros of Jacobi polynomial J%#(z) on I,, and denote by
n

.
U, = (um’l,u,'f”’Q, ... ,um’m)

the vector which contains the numerical solutions at time levels t"* i = 1,...,m,
determined by the following nonlinear system of equations:

where G, (U,,) := (v om2 . omm) T with
M
o= Y e T (a - (67 A) g
j=—M
(4.6) o
+ >0 @ - A)Tyi(E) fori=1,...,m,
j=—M
and
. ~ m,i t:'%i = m,i
(4.7) ypt(2y) = e Ty, (5) + AV Fum)](s) ds.
tn—1
If y,,—1(Z;) is known, then we can compute u”*, i =1,...,m by solving collocation

system (4.5) and then compute y,(z) by

tn ~
(4.8) yn(%‘)=€Zj(t"_t"‘1)y1,n_1(5j)+/ A IV f (ugn)](s) ds.

tn—1

The existence, uniqueness, and spectral convergence of the numerical solutions
defined by (4.1) and (4.5) are guaranteed by the following theorem.

THEOREM 4.1. Let u € C([0,1]; L2(£2))NL>(0,1; L°°(£2)) be a bounded mild solu-
tion of (1.1) with initial value ug € L*°({2) and nonlinear source function f € C*(R).
Let u;"nl and u™" be the numerical solutions given by (4.2) and (4.6), respectively.
Then there exists a positive constant N, such that, for N > N, and Ny = Ny(m)
satisfying
(4.9) lim N (m) = 00,

m% Tog(m)

the nonlinear systems (4.1) and (4.5) have unique solutions in an L°°-neighborhood
of the mild solution, with the following error bounds:

(4.10) (Jnax, max ||u(t7lnnz) - uf;fHLm(Q) <Oy (mfk 4 e*\/ﬁ/c> ’

) m,i\ _ . m,i - < ( —k —\/M/C)
(4.11) pnax max [[u(t) —up™pee(e) < Cp (m™" e ;

which hold for all integer k > 1 and sufficiently large m and M (larger than some
constants which are independent of m).

Remark 4.1. Since all the results are based on the properties of the resolvent oper-
ator (z—A)~!, which has similar properties under the Dirichlet and periodic boundary
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conditions, the results in this article can be extended to the periodic boundary con-
dition.

Remark 4.2. It is mentioned at the beginning of section 3 that the case T > 1
can be solved by dividing the time interval into a number of subintervals. Using the
same method together with discrete Gronwall’s inequality, the error bound will be
multiplied by e“? for long-term computation. The factor e“” usually appears in the
error estimates for semilinear parabolic equations and subdiffusion equations. The
factor e“T may be removed for the linear subdiffusion equation but requires a closer
look at the error analysis by taking account of the regularity behavior of the mild
solution as t — 0. This is not studied in the current paper.

Remark 4.3. For the convenience of illustration, we have focused on the semilinear
subdiffusion equation with a Laplacian operator in space. However, the results can
be extended to more general elliptic partial differential operators which satisfy the
resolved estimate in (2.3), such as second-order elliptic partial differential operators
with variable coefficients.

Proof. The roughness of the initial value will generate singularity in the solution
and the nonlinear source function at ¢ = 0. For a bounded mild solution of the
semilinear subdiffusion equation with initial value ug € L°°(§2), it is shown in [22,
inequality (3.8)] that both the solution and the source function exhibit singularities
in the form of (1.6). In the next two subsections, we present the proof of Theorem 4.1
based on the regularity estimates in (1.6). For the simplicity of notations, we omit
the dependence of the constants C' on k in the proof.

4.2. Existence, uniqueness, and boundedness of the numerical solution.
We denote L = [|u|Loc (0,1, (22)) and modify the definition of the nonlinear function
f:R—Rin the region |o| > L+1 so that f(¢) =0 for |o| > L+2. For the simplicity of
the notation, we still use f to denote the modified function. This modification make
the source function f:R — R globally bounded and Lipschitz continuous but would
not have influence on the numerical solution if it satisfies the following condition:

(4.12) [ |y <L +1 and  |Jul||pe(oy < L+ 1.

We shall prove the existence and uniqueness of a numerical solution satisfying this
condition (for sufficiently large N and Ny).

The existence and uniqueness of numerical solutions would follow from the con-
tractivity of the map Gy, : L®(£2)™ — L>®(£2)™. For V = (vy,...,up) € L=(2)™,
we denote f(V) = (f(v1),..., f(vm)) and V. f(V) the polynomial on the interval I ,,
based on the VP mean of the nodal values f(v1),..., f(vm). Then

[G1,n(U) = G1,0(V) | (2)m

M + )

D ITC NS / ST () — f(V)]ds
1 t1,n—1

Loo(ll,n§Loo(Q))

j(E5 —A)™ / F YT F(U) — f(V)]ds

j=—M ti,m—1

IA
M=
&

Y NS / IV () - f(V)] dsd

Iy t1,n—1

Loo (I3 Lo (£2))
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Za_ —1 K ez(t—s) r _ sdz
+ / (22— A) / VI — F(V))dsd

X tin—1

Loe(I1,n;L°°(82))
=: F1 + Fo.

F1 can be estimated by using the L*°-stability of the VP means and the Lipschitz
continuity of the modified function f, i.e., |V, [f(U) — f(V)|ll o (1, nizoe(2)) S CIU —
V|| Lo (2)ym, and Lemma 2.1, which together imply that

(4.13) F1 <CeVMC\U — V|| oo (qym-

Fy can be converted into the following form:

Fo= ‘ / E(t— s)VIIF(U) — £(V)]ds

Lo (I1,n;L°(£2))
(4.14) tn 1
<O~ Vligwiay [ (=) ds

tn—1

=ClLa|* U = VL (@ym-

Since |I1,,| <1/N, it follows that
(415)  [GLalU) = Gra(V)llzos(oyn C (7Y 4 N7) U = V| oy

For sufficiently large M and N (bigger than some constants), (4.15) implies that
G1, : L®(2)™ — L*(£2)™ is a contraction and therefore has a unique fixed point,
i.e., a numerical solution of (4.1). The existence and uniqueness of a fixed point for
the map G,, : L (§2)™ — L (§2)™, i.e., the existence and uniqueness of a numerical
solution of (4.5), can be proved in the same way and therefore omitted.

In the next subsection, we prove that, for sufficiently large m, M, and N, the
numerical solutions U; , and U, with the modified source function actually satisfy
condition (4.12) and therefore are also the numerical solutions with the original source
function. This would prove the existence and uniqueness of numerical solutions with
the original source function.

4.3. Error estimation. We define an auxiliary function u*, which is the solution
of the following subdiffusion problem (with the modified source function):

opu* — Au* =V f(uy) in £2x(0,1],
(4.16) u*=0 on 902 x (0,1],
u*(0) = ug in (2.

We also know that the exact solution u satisfies the following equation:

Ofu—Au=V] f(u)+&; in 2 x(0,1],
(4.17) u=0 on 992 x (0,1],

where the remainder £ = f(u) — V}, f(u) satisfies the following estimate for any

subinterval [a,b] C (0,1]:

b—a
2

—k k k
(4.18) €5l (la,b);Loe (2)) < Cm ( ) 10 f (W)l e (jab); o= (2))-
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This is similar to the approximation error bound of VP means for the linear problem;
see (3.13). By using expression (2.1) of the solution, the function é =« — u* can be
written as

t

(4.19) é(t) :/0 E(t—s) (Vo f(uw) =V, flum))ds+ /0 E(t—s)E¢(s)ds.

Since the modified source function f : R — R is globally bounded and Lipschitz
continuous, and the VP means are uniform bounded, it follows that

Vi (i) Loe (1, szoe (2)) < ClLf (uim) | Loe (1 sz (2)) < C.

Since the numerical solution u,, is the quadrature approximation of the contour in-
tegral representation of u*, it follows from Lemma 2.1 that

(4.20) lu* — vl Lo (1, i (2)) < Ce VM/C for 1<n < Ny.

For éﬁ’f = u(t;nnl) —u* ("), with 1 <i<m, 1 <n < Ny, setting t = t’lnnl in (4.19)

1,n
yields the following estimate:

. t1,1 ) a—1
€750 |l 2o () SC/O (fT;Z—S) [ (u(s)) = ()l Lo (11, 1:000 (2)) ds

noloty , a—1 ,
+C (tm’l—s> max ||e]" || Loo () ds
E Sy, Ve 1§Z.SmH 15 e ()
j=2"ti-
tm,,i

1,n . a—1 .
’ m,i m,i —k
+C (tln ,5) max |le} || peo(2yds +Cm™",
t 1 ’ 1<i<m ’

where we have used the result || fotl‘;l E(tfjfs)é'f (s)ds|| Lo (2) < Cm~*, which follows
from the same argument as the proof in (3.14)—(3.16) (with v = 1 therein). Since
£ (u(s)) — f(uo)ll Lo (1, 1s00¢(2)) < C, from the inequality above we obtain

max max ||éT;fHLoo(Q)
1<n<N; 1<i<m ’

<Ot +Ct*y max max | (o) + Cm™*
< Ut Ly A max et e (2)

1-Ni)apn—«a —a ) -k
— o\I=Nay—a L o  Jnax, élﬁ;HeﬁfHLx(Q)—&—Cm .

Similarly to the proof of (3.12), for sufficiently large N satisfying condition (4.9),
we have

~m,T - < —« m,t - 7]9.
22, 205, [ e S OV, g, 0 fedallim oy + O

Then, substituting (4.20) into the inequality above, we can convert é;rff to e%ﬁi on
the left-hand side; i.e.,

max max ||6T;Z:||LOQ(Q)
1<n<Ny 1<i<m '+

<CON™™ max  max ||} (o) +Cm™F + Ce™VM/C.
1<n<N; 1<i<m
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For sufficiently large N (larger than some constant which is independent of m), the
first term on the right-hand side above can be absorbed by the left-hand side. This
yields the following error estimate:

. m,i - < —k —\/M/C.
(4.21) I max ley | e () < Cm™" + Ce

By choosing m and M large enough, we have

mi oy <1
B2, 2 el ST

and therefore

. oo oym < .
(4.22) | Jnax Ui nlloe(@ym <L +1

The same argument can be used to prove that (for sufficiently large m and M)

m,i —k —VM/C

(4.23) 22}?;(1\[11%1;2;”6” Lo () SCm™" + Ce ,
. N oo ym < .
(4.24) lea;(NHU lLoe(@ym < L+1

This proves that the numerical solution satisfies the constraint in (4.12). There-
fore, as we have discussed at the end of section 4.2, U; ,, and U,, are the numerical
solutions with the original source function f (which is possibly not globally Lipschitz
continuous), satisfying the error bounds in (4.21) and (4.23). This completes the proof
of Theorem 4.1. d

5. Numerical tests. In this section, we present numerical tests to illustrate
spectral convergence of the proposed time discretizations for both linear and semi-
linear subdiffusion equations with rough initial data. The piecewise linear Galerkin
finite element method in space is used with a sufficiently small mesh size that does
not affect the observation of the time discretization errors. All the computations are
performed by MATLAB R2020b on a personal laptop.

We consider the subdiffusion equation in (1.1) in the domain 2= (0, 1) up to time
T =1, with a discontinuous initial value ug = x[1/2,1) € L>(£2), where X[1/2,1) denotes
the characteristic function of the subinterval [,1). The parameter A in the algorithm
is chosen to be 2. The number of quadrature points is 2M + 1 with M = O(mlog®m),
which satisfies the conditions in Theorems 3.1, 3.2, and 4.1. Since the closed form of
the exact solution is not known, we compute a reference solution wy,, , with myer =24
and compute the errors for m < 16.

The principle of choosing M is to make e~CVM gmaller than m~* for all k as m —
co. Therefore, M = O(mlog>m) and M = O(mlog®m) both satisfy the requirement
theoretically. In the numerical tests we observe that the choice of M = O(mlog®m)
performs well when m is large, while the choice of M = O(mlog®m) performs well for
both large m and small m. Therefore, we choose M = O(mlog®m) in our numerical
experiments below.

5.1. The linear subdiffusion equation. We solve the linear subdiffusion equa-
tion with a given source function f(x,t) by the proposed algorithm in section 3 with
N = 7 subintervals. Then the total number of degrees of freedom is mTz The errors
of the numerical solutions for the smooth source function

f(z,t) = (sint) cos Tz
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and the singular source functions
f(z,t) =t cosmx with ¢ =0.75, 0.5, and 0.25

are presented in Figure 5.1. In particular, the smooth and singular functions satisfy
the conditions of Theorems 3.1 and 3.2, respectively.

The numerical results in Figure 5.1 indicate that the proposed method has spec-
tral convergence for the linear subdiffusion equation with both smooth and singular
source functions. This is consistent with the theoretical results proved in Theorems 3.1
and 3.2.

5.2. The semilinear subdiffusion equation. We consider the semilinear sub-
diffusion equation in (1.1) with thenonlinear source function

f(u) =sinu,

which satisfies the condition of Theorem 4.1 and guarantees that the semilinear subd-
iffusion equation has a unique bounded mild solution. We divide the interval [0, 1] into

several subintervals with parameters N =1, Ny = %, and total number of degrees of

freedom m72 and present the errors of the numerical solutions in Figure 5.2 for several
different values of @ € (0,1). The numerical results in Figure 5.2 indicate that the
proposed method has spectral convergence for the semilinear subdiffusion equation
with the discontinuous initial value ug = x[1/2,1) € L*°(£2). This is consistent with the

theoretical results proved in Theorem 4.1.

—A— a=0.8

1N -0 a=06

Errors
Errors

1010 ‘ ‘ ‘ ‘ ‘ 1010 ‘ ‘ ‘ ‘ ‘
6 8 10 12 14 16 4 6 8 10 12 14 16
m m
(a) f(z,t) =sintcosmz (b) f(z,t) =97 cosmx
1072 10 ‘ ‘ ‘ ‘ ‘
—A— a=0.8 —A— a=038
— “0 =06 B o a=06
% T . g a=04
1074

Errors
Errors

6 8 10 12 14 16 4 6 8 10 12 14 16

(c) f(z,t) = t%5 cos (d) f(z,t) = t%25 cos

Fic. 5.1. Errors of the numerical solutions for the linear subdiffusion equation.
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10 ‘ ;
d A a=0.8
m> -0 a=0.6
108 8- a=04]]
5
£10°¢
Eal
10—7,
B
108 . . . . .
4 6 8 10 12 14 16

Fic. 5.2. Errors of the numerical solutions for the semilinear subdiffusion equation.

6. Conclusions. We have proposed a new spectral method for the linear and
semilinear subdiffusion equations in a bounded domain 2 € R? under the Dirich-
let boundary condition with rough initial data in L*°({2) and possibly singular source
function by effectively combining several computational techniques, including the con-
tour integral representation of the mild solutions, the quadrature approximation of the
contour integrals, the exponential integrator using VP means, and a decomposition
of the time interval geometrically refined towards ¢ = 0 according to the singularity
of the solution and the source function. We have proved the spectral convergence of
the proposed method for both linear and semilinear subdiffusion equations with an
arbitrary rough initial value ug € L°°({2) under the natural regularity of the solutions
with strong singularities at ¢ =0 in the form of (1.6).
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