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Abstract. A high-frequency recovered fully discrete low-regularity integrator is constructed
to approximate rough and possibly discontinuous solutions of the semilinear wave equation. The
proposed method, with high-frequency recovery techniques, can capture the discontinuities of the
solutions correctly without spurious oscillations and approximate rough and discontinuous solu-
tions with a higher convergence rate than preexisting methods. Rigorous analysis is presented
for the convergence rates of the proposed method in approximating solutions such that (u,d:u) €
C([0,T); HY x HY~1) for v € (0,1]. For discontinuous solutions of bounded variation in one dimen-
sion (which allow jump discontinuities), the proposed method is proved to have almost first-order
convergence under the step size condition 7 ~ N~1, where 7 and N denote the time step size and the
number of Fourier terms in the space discretization, respectively. Numerical examples are presented
in both one and two dimensions to illustrate the advantages of the proposed method in improving the
accuracy in approximating rough and discontinuous solutions of the semilinear wave equation. The
numerical results are consistent with the theoretical results and show the efficiency of the proposed
method.
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1. Introduction. This article concerns the construction and analysis of numer-
ical methods for approximating rough and possibly discontinuous solutions of the
semilinear wave equation

Opu — Au = g(u) in (0,7] x Q,
(1.1) o B
ul,_o=u’ and Oyul,_,=1" inQ
in a domain Q = [0,1]¢ with the periodic boundary condition (i.e., { is regarded as
a d-dimensional torus), where g: R — R is a given nonlinear function. For example,
(1.1) is often referred to as the sine-Gordon equation when g(u) = sin(u), and often
referred to as the nonlinear Klein-Gordon equation when g(u) = —mu — Au?; see
[13, 14, 23]. Since the waves described by the semilinear wave equation propagate
with finite speed, the problem in the whole space with compactly supported initial
values can also be reduced to a bounded rectangular domain (with periodic boundary
condition) which contains the support of the solution on the whole time interval [0, 7.
As the relativistic version of the Schrodinger equation, the semilinear wave equa-
tion has been widely used in many physical areas such as quantum field theory, non-
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linear optics, dislocated crystals, etc. During the last few decades, the numerical
approaches for solving the semilinear wave equation have been extensively investi-
gated, such as trigonometric/exponential integrators that are based on the variation-
of-constants formula (for example, see [7, 22, 28, 17, 52]), splitting methods (for
example, see [2, 3, 7, 21, 16, 46]), symplectic methods [11, 12, 25], and finite differ-
ence methods (such as the Crank—Nicolson, Runge-Kutta, and Newmark methods
[10, 27, 33, 37, 39, 40, 45, 49, 51]). These classical numerical methods have been
shown convergent with optimal order to the sufficiently smooth solutions of the semi-
linear wave equation. However, due to the dispersion feature of (1.1), roughness of the
solution may be brought in by randomness or discontinuity of the initial data. This
would cause significant challenges in constructing convergent numerical methods for
approximating rough solutions, possibly discontinuous and with unbounded energy,
of the semilinear wave equation.

Many recent efforts were devoted to the construction and analysis of low-regularity
integrators for nonlinear dispersive equations, such as the KdV equation [29, 54, 56, 57]
and the nonlinear Schrodinger equation [6, 41, 42, 48]. In these articles, several dif-
ferent approaches have been developed for constructing numerical methods that are
convergent under low-regularity conditions, with higher-order convergence than the
classical methods, including the resonance-based approach which uses variation-of-
constants formulae and twisted variables [6, 29, 41, 44, 54, 55, 56, 57|, the semigroup-
based technique using the cancellation structures in the solution representations
[48, 34], and low-regularity integrators based on discrete Bourgain/Strichartz
estimates [42]. Recently, based on new schemes to approximate the nonlinear fre-
quency interaction and a new harmonic analysis technique by using the Littlewood—
Paley dyadic decomposition, first-order low-regularity schemes for the cubic nonlinear
Schrédinger equation were introduced in [36] and [1] to allow almost first-order con-
vergence in the L? norm for H' initial data with periodic and Neumann boundary
conditions, respectively. Moreover, based on a temporal averaging technique and more
careful high-order resonance analysis, a new second-order scheme was proposed in [8],
which can have second-order convergence in the L? norm with initial data strictly
below H2. These newly developed approaches have significantly improved the con-
vergence rates of numerical solutions to these nonlinear dispersive equations under
low-regularity conditions.

Low-regularity integrators for the semilinear wave equation were addressed by
Rousset and Schratz in [48] by using transformation w = u — i(—A)~28yu, which
converts the semilinear wave equation into a first-order formulation, i.e.,

(1.2) iatw:—(—A)%wﬂ—A)*%g(%w).

They constructed a low-regularity integrator for the first-order equation in (1.2) with
second-order convergence in the energy norm H' x L? under the regularity condition
(ul,0%) € H3i x H? in three dimensions.

A different low-regularity integrator for (1.1) was constructed in [35] directly based
on the discovery of a new cancellation structure, also with second-order convergence
in H' x L? under the regularity condition (u°,v°) € H'*% x H% for spatial dimension
d=1,2,3. For the nonlinear term g(u) = mu + Au® with given constants m > 0 and
A € R, a symmetric low-regularity integrator was constructed in [53] for the semilinear
Klein—Gordon equation on a one-dimensional torus, with second-order convergence in
H" x H'~! under the condition (u®,v%) € H” x H7! for v > 1.
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These low-regularity integrators all require the solution (u,dpu) to be in HY x
H7! with v > %, thus requiring the solution u to be continuous. However, the
semilinear wave equation can be well-posed even for discontinuous solutions below
the energy space. For example, the sine-Gordon equation is well-posed in HY x HY~!
for all ¥ > 0 and the semilinear Klein-Gordon equation is well-posed in HY x HY~!
for v > % in the one-dimensional case [5], and for v > 1 in the high-dimensional
cases [19, 20]. The construction and analysis of convergent numerical methods for
approximating such rough and discontinuous solutions of the semilinear wave equation
are still interesting and challenging.

The aim of this paper is to construct a more efficient fully discrete low-regularity
integrator for approximating possibly discontinuous solutions of the semilinear wave
equation in one and two dimensions. To improve the convergence rates of numeri-
cal solutions in approximating rough solutions, we design a numerical scheme which
could approximate the low-frequency and high-frequency parts of the solution sepa-
rately, by approximating the low-frequency part with a time-stepping scheme and the
high-frequency part with a recovery technique. The high-frequency recovery, which
has equivalent computational cost as the approximation to the low-frequency part,
could significantly improve the accuracy of the numerical solutions and therefore could
capture the discontinuities in the rough solution by significantly reducing spurious os-
cillations. The advantages of the proposed method are demonstrated numerically
in section 7 and proved rigorously in a particular setting, for approximating discon-
tinuous solutions of bounded variation (such as piecewise smooth solutions) in one
dimension.

By utilizing the cancellation structure of the semilinear wave equation discovered
in [35] and the new techniques developed in this paper, we prove the following error
bounds in the L? x H~! norm for approximating a solution (u,d;u) € C([0,T); HY x
HY~1):

1
O(N 4 7N1=271) for v e <0, 5] ,
1
O(N~"" +7N'"2"F 4 min(r, TQNQ(I*“’H)) for v € (5, 1] )

where N denotes the number of Fourier terms used in each dimension of the space
discretization. Therefore, the error is O(77) under the step size condition 7 ~ N~
and the convergence rate could be further improved by choosing a different step size
condition which depends on the regularity of the solution.

More importantly, we prove that for discontinuous solutions with bounded vari-
ation in one dimension (e.g., piecewise smooth solutions with jump discontinuities)
the proposed numerical scheme has better convergence rate (i.e., almost first-order
convergence) in L? x H~! under the step size condition 7~ N1,

Extensive numerical experiments, including both one- and two-dimensional ex-
amples, are given to illustrate the effectiveness (higher-order accuracy and reduction
of spurious oscillation) of the proposed method in approximating rough and discon-
tinuous solutions of the semilinear wave equation.

The rest of this article is organized as follows. In section 2, we introduce some ba-
sic notation and present the main theoretical results of this article on the convergence
rates of the proposed numerical method. In section 3, we present some preliminary
and technical results that will be used in the construction and analysis of the method.
The construction of the numerical scheme is presented in section 4. The proof of the
main theoretical results are presented in sections 5 and 6, respectively. Finally, we
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present extensive numerical examples in section 7 to support the theoretical results
and to illustrate the effectiveness of the proposed method in approximating rough and
discontinuous solutions of the semilinear wave equation.

2. Notation and main results. In this section we present the basic notation
and main results of this paper, including the proposed numerical scheme and the
convergence of the numerical approximations to rough solutions of the semilinear
wave equation.

2.1. Notation and numerical scheme. We rewrite the second-order semilin-
ear wave equation in (1.1) into a first-order system of equations, i.e.,

(2.1)

U — LU =F(U) in (0,T] x Q,
U0)=U"in Q,

with

() #(5) () (3 1)

where we have used the following notation:
f(u)=g(u)+mu and A=A —m with some fixed constant m > 0.

The fixed constant m > 0 is introduced to make sure that the linear operator L is
reversible on the d-dimensional torus 2 = [0,1]%.

We denote by e'f the solution operator of the linear wave equation (i.e., the
map from U° to U(t) in the case F(U) = 0). By defining the a-norm of a function
W = (whwg)T S HG(Q) X ]‘]a_l(Q)7 i.e.,

1
IWlla = (lwrllfe + w2llFa)?, a€R,
the following properties hold:

(2.2) le=Wllo S IW o, [l Wl S Wi,
(2.3) IF@)h S @)llze S FO) + 1 1z [1U]lo-

It is known that any function in the Sobolev space L?(Q2) can be expanded into
a Fourier series. Accordingly, we introduce the finite-dimensional subspace

N
Sy = { Z Cny.mg €XP (21 7Tx10) - - eXp (2N X al)  Cpy,...my € (C}
ni
and approximate functions in H*(Q2) by using the finite-dimensional subspace Sy.
We denote by IIy the L? projection operator onto Sy defined by
(w—TIyw,v)=0 YveSy, weH*(),

and denote Ilsy :=1 — Il and N, Ny =1y, — Iy, for Ny > N;. We denote by
Iy : H® — Sy the trigonometric interpolation such that for any function w € H?®,
s> 4, (Iyw)(z) =w(z) for z € D?, with

n
D—{ﬁ.n—07...,2N—1}.
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We define the sequence of grid points t, =n7,n=0,1,..., M, in the time interval
[0,T] with step size 7 = T/M and denote by U™ = (u™,v™)T the numerical solution
at time ¢t =t,. Then the high-frequency recovering low-regularity integrator for (2.1)
constructed in this article reads (the detailed construction is presented in section 4)

(2.4a) Ut =TINURT + (v, ne)UnT,
ONURH =™ INUR 4+ 1e ™ INF(TINUR)
(2.4b) + L) ! [re™r = (2L) M (e — e TH)H(INUR)],
(2.4c) Oy N Untt = ey nei UR,
with

—In f(u)
(2.5) H(U) = (HN(INNf’(u) _U)) ,

and initial value UY, = Iy« U(0) for o > 1. This scheme introduces an additional high-
frequency part to the low-regularity integrator in [35] and uses a different definition
of H(U) to obtain the desired convergence rates for approximating discontinuous so-
lutions. It is the combination of the filtered low-regularity integrator (2.4b) and high-
frequency recovery process (2.4c) that ensures the accuracy of the proposed method
for approximating rough solutions under lower regularity conditions than those in [35].

Remark 2.1. In (2.4) we see that the high- and low-frequency parts of UIT\‘[+1
are computed separately, independent of each other, where the low-frequency part is
computed by a time-stepping scheme and the high-frequency part is recovered directly
from its initial value via (2.4c) (without time steppings). Since the nonlinear terms in
(2.4b) can be computed by using the fast Fourier transform (FFT), the computational
cost at every time level is O(N%log(N)). Therefore, the total cost for computing the
low-frequency part at time 7' is O(N?log(N)T /7). In contrast, the high-frequency
part of the numerical solution need not be computed every time level. Instead, we
only need to compute (2.4¢) once to recover the high-frequency part of UJT\L,Jr1 for any
particular time level of interest. Therefore, the cost of computing the high-frequency
part at time 7T is O(N?), which is comparable to the cost of computing the low-
frequency part if we choose N(@=1Dd ~ T /7. Under the step size condition 7 ~ N1,
this suggests choosing o =1+ é in the computation. The advantages of this choice is
analyzed rigorously in Theorem 2.2 in one dimension and illustrated numerically in
section 7 in both one and two dimensions.

Remark 2.2. The trigonometric interpolation operator Iy is used in (2.4b) and
(2.5) to approximate nonlinear functions by Fourier series using FFT. This makes the
algorithm more efficient than using the projection operator Il , but also increases the
difficulty of convergence analysis under low-regularity conditions.

2.2. Main theoretical results. For simplicity of notation, we denote by A < B
or B 2 A the statement A < CB for some constant C' > 0. The value of C' may
depend on T and ||U||,, and may be different at different occurrences, but is always
independent of step size 7, degrees of freedom N (in each dimension), and time level
n. The notation A ~ B means that A < B < A. If a statement contains s+ or s— for
some number s, it means that the statement holds with s + € or s — € for arbitrary
€ > 0; see Theorem 2.1.

The convergence of the proposed algorithm in (2.4) in the general setting is pre-
sented in the following theorem.
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THEOREM 2.1. Let d=1,2 and v € (0,1], and assume that the nonlinear function
f:R—R satisfies the following condition:

(2.6) LS+ + [ ()] S L.
Then, under the regularity condition U € C([0,T]; H?(Q) x H"=1(Q)) and the step
1
size condition N < 77121 (for an arbitrary o € (0,1]), the numerical solutions
given by (2.4) for each o> 1 converge to the solution of (2.1) with the following error
estimates:
(i) For v €(0,3], there exist constants 7o € (0,1) and Cy >0 such that, for step
size T € (0,79],
2.7 Ultn) — U lly < Co(NTYF 47N —27F),
(2.7 e [U(t) ~ URlly < Co(N ="+ 4 7v127%)
(i) For v € (3,1], there exist constants 7y € (0,1) and Co >0 such that, for step
size T € (0, 79],

(2.8)
max [[U(tn) = Uplly < Co(N 7T 4 7N =27 4 min(r, P2 N2170%)),
0<n<T/T
The constants Cy and 79 may depend on €g in the condition N < T teo (when €

is smaller, 1o is smaller, and Cy is bigger).

Remark 2.3. Under the condition (2.6), by constructing a contraction map, stan-
dard techniques can be used to prove that problem (2.1) admits a unique solution
U = (u,0u) € L>=(0,T; HY x HY~1). This solution is automatically in C([0,T]; H” x
H1).

Remark 2.4. The theoretical error estimates in Theorem 2.1 implies that, by
choosing 7 ~ N~! (independent of the regularity of the initial data) and a =1 (without
high-frequency recovery), the errors of the numerical solutions are bounded by O(777)
for approximating solutions in H7(Q) x H"~1(Q) with v € (0, 1]. However, in practical
computation, the errors of the numerical solutions can often be significantly reduced
by using high-frequency recovery with o =1+ é under the step size condition 7 ~
N~! with equivalent computational cost; see Remark 2.1. Such advantages of the
high-frequency recovery technique proposed in (2.4) is demonstrated numerically in
section 7 and proved rigorously in the following theorem in a particular setting, for
approximating discontinuous solutions of bounded variation (such as piecewise smooth
solutions) in one dimension.

Let BV (£2) denote the set of functions with bounded variations on Q with norm
lullgv := ||ullpr + ||Vul|ar, where M denotes the norm of M (), the space of Borel
measures on {) (the norm of M(Q) is equivalent to the L! norm for integrable func-
tions).

THEOREM 2.2. Letd=1 (i.e., consider the one-dimensional problem) and assume
that the solution has the following regularity:

(u,0u) € C([0,T]; H2=(Q) x H™27(Q)) and wue L>(0,T; BV (Q) N L>®(Q)).
Then, under the step size condition T ~ N1, the numerical solutions given by (2.4)

with o =2 conwverge to the solution of the continuous problem in (2.1) with the follow-
g rate:

2. Y
(2.9) OSI}E%IIU(%) Unlo S
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Remark 2.5. For an initial value in (ug,vg) € BV () x M (), the additional
regularity condition u € L (0,T; BV (Q)NL>(2)) in Theorem 2.2 naturally holds for
the one-dimensional sine-Gordon equation

{ Ottt — Oppu = sin(u) in (0,7] x Q,

(2.10)
ult=o =up, Opult=o=v9 on .

For example, we consider (2.10) with initial value ug € BV (§2) on the interval 2 = [0, 1]
with the periodic boundary condition. Let @, ug, and vy be the periodic extensions of
u, ug, and vy to R, respectively. Then d’Alambert’s formula and Duhamel’s formula
imply that

(2.11)
t r+t—s x+t
it o) = % /O / sin(@) (s, y)dyds + %(ﬂo(x )+ o — ) + % / Fo(y)dy.

—t+s —t
By taking the BV and L*° norms on both sides of (2.11) and then summing up the
two results, we can see that u(t) € BV(Q) for all ¢ € [0,7] and

lu@®)llzv + ()L $T? + lluollzyv + luoll o + l[vollar-

This shows that the regularity condition in Theorem 2.2 naturally characterizes the
regularity of the solutions with discontinuous initial data in BV ().

Remark 2.6. Without the high-frequency recovery, the convergence rate of the
proposed method would reduce to half order from first order. This can be seen from
the proof of Theorem 2.2 and can also be observed in the numerical tests.

Remark 2.7. From the numerical examples in section 7.2 we can see that the
high-frequency recovery in (2.4), with o = % under the step size condition 7 ~ N1,
also improves the convergence rates in approximating discontinuous solutions from

half to % in two dimensions.

3. Preliminary results. In this section we present some preliminary results to
be used in the proofs of Theorems 2.1 and 2.2. These include Bernstein’s inequalities in
the L? norm (Lemma 3.1), approximation properties of the trigonometric interpolation
(Lemma 3.2), LP error of trigonometric interpolation (Lemma 3.3), and negative-
norm estimates for the product of two functions (Lemmas 3.4 and 3.5). The proofs of
Lemma 3.3 and 3.4 can be found in the arXiv version of this paper [9], which contains
the complete proofs of some technical lemmas.

LEMMA 3.1 (Bernstein’s inequality; cf. [24, Theorem 2.2 and p. 22]). Let f be a
function such that JYf := (1 — A)2 f € LP(Q) for some v >0 and 1 < p < co. Then
the following results hold:

TN J7 fllze SN fllzo, TN flloe SN Sl Lo

LEMMA 3.2 (standard error of trigonometric interpolation; cf. [32, Theorem
11.8]). Let f be a function such that f € HY(Q). For 0<s<~ and v > %, we have

1f = Infllars SNTO| fll v

LEMMA 3.3 (error of trigonometric interpolation in the LP norm; see [9]). Let
d=1 and f € W1P(Q) for 1 <p < oo; then

If = Infllee SN fllwro.
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LEMMA 3.4 (negative-norm estimates for the product of two functions; see [9]).
For d=1,2, the following estimates hold:

3.1 gl Sllglla-+ ([ fllzoe 4+ [1f L+ ),
(3.2) 1Fgllzr=1 S VAU oo 1N g gl et
(3.3) gl S W12 llgll>+-

In addition, for any v € (0,1] and function h € L™, the following estimate holds:

(34) £ gl =2 Sf 2 gl 1Al e

LEMMA 3.5. Let (u,v)T € HY(Q) x H'"YQ) and assume that f satisfies the
conditions in (2.6). Then the following estimates hold:
(3.5) | (Myu) o] g SN2 for ~v€(0,3],
(3.6) L ()| -2 $1 for ye (3.1

Proof. Without loss of generality, we assume that log, N is an integer (otherwise

we replace log, N with the smallest integer larger than it). Then, by using the triangle
inequality, we have

logy N—1

3.7) 1 (Myw) - Tyol g <Y 1 (Hareru) = f'(gew) Ly o] g1
k=1

The right-hand side of (3.7) can be estimated by using (3.2), i.e.,
1(f' (Mgrsau) — f'(Mgew) ) vl -1
S Marrw) = ' (Tppw)[| 7o |/ (Taxirw) = f (Tasw) | 122 [Ty ol 21

1—
SN oo Mg = Tyl 7o - (1 (Maeea ) [ rae + 1 (arw) [ o) [Ty ol g2
SIEHTHIEN T S @),

where in the third inequality we have used the boundedness of || /||« and ||IInv|| -1,
and the following estimates:

||H2k+1u — HgkuHLH ,S ||H2k+1u — HQkU”};HHQk-HU — HQkUH(;;q
_ 1— 1— 0+
(@) ) (@)l ) S @97
and

1 (Marw) e S I (Mawwr) [ ILf (Mawr) [ 35
S U Mz + 17| zoe [ Tgw )"~

/ " I " 2 0+
U Mz A 1 N e ul 2 + L oo || (o V)|

_ 1—
< (1@ ula)

@)

2 144 21%*
14+ (2577 ullg- + ((2k) iy ||u|m> ]

A

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/27/25 to 119.123.198.4 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

222 J. CAO, B. LI, Y. LIN, AND F. YAO

For v € (0,4], we sum up the above estimate for k=1,...,log, N — 1. This leads to
the following result:
logy N—1
Ty (f/(Tna) - Tnd) g S Y (297 SN2 - log, N.
k=1

This proves the first result of Lemma 3.5, where the term log, N can be absorbed into
the N1=27+ with the presence of the “+” in the exponent.

For « € (3,1], we have 1 — 2y+ < 0 and therefore |1y (f'(IIy@) - IIN0)|| -1 S 1.
This proves the second result of Lemma 3.5. ]

Next, we present some useful properties/structures of the vector-valued function
F(U) that play important roles in the convergence of the proposed low-regularity

integrator for approximating rough solutions below the energy space. Since F(U) =
(0, f(u))T, it is straightforward to verify that, for W = (wy,ws)? and W* = (w},w3)T,

(3.8)
PO= (it 1) POV () FOW = ()

The next lemma is a fundamental ingredient in the construction of the second-
order low-regularity integrator proposed in [35].

LEMMA 3.6. Let U = (u,v)T and U(s) := e*LU = (i(s),5(s))”. Then the follow-
ing tdentities hold:

59) et r ) =t (SO )
and
(3.10) % [625L(Z§(65LF(0(5)))}
. 0
= (f”(ﬂ(s»(lf)(s)l2 —|Va(s)|?) +m(a(s) — f(ft(s)))) '
Moreowver,

Te("'*s) 7 s s=r1e" -1 FeTl — -1 eTL _ e 7 7f(u
[ e @ et @) 20 et - 20 e - e ()

(
(3.11) + /0 T er2L(; ) /0 S%[e%L%(e*ULF(U(U)))]dads.

Equation (3.10) is the cancellation structure in the semilinear wave equation dis-
covered by [35]. This cancellation structure ensures that all spatial second-order
derivatives on the right-hand side of (3.10) are canceled out, allowing us to construct
suitable numerical approximations for the nonlinear term using (3.11), while avoiding
higher-order derivative terms in the error analysis. The proof of the above lemma
involves the application of the chain rule, the Fubini theorem, and integration by
parts. For detailed proofs and further information, refer to [35, (2.23) and (2.26)].
Furthermore, the following result, which can be found in [35, (2.44)], will be useful
later:

(312) [t [P @)t W] || S IW g 0@+ W
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4. Construction of the numerical scheme. In this section, we demonstrate
the construction of the high-frequency recovered low-regularity integrator in (2.4).
We start with the variation-of-constants formula, i.e.,

(4.1) Ultne1) = ™20 (1) + / TP (U (1, + 5)) ds,
0
and employ the following high- and low-frequency decomposition:
(4.2) Utni) =€eTU (t,) + / TN F (TINU (t, + 5)) ds + Ry (ty),
0

where the remainder R;(t,) is given by
(4.3) Ry (tn) :/ TR (U (ty +5)) — N F (INU (t, + 5))] ds.
0

Then we approximate the low-frequency term.
Since Iy commutes with L, by using the Taylor expansion of F(U) at
U=e’tTINU(t,), we have

FINU(t, +5))
= F(e* TINU (t,)) + F' (e*FTINU (t,)) / | G INF(IINU (t, + 0))do
0

+ Ry(s) + Rs(s),

where
(4.4) Ro(s) = F'(eSLTNU(t,)) /0 5= LT [F(U(tn +0) = F(InU(tn + a))} do,

(4.5) Ry(s) = Rp(s) /O =L F(U(t + 0))do /0 L F (Ut +0))do,

Rp(s)= /1 /1 OF"[(1 - 0)e* TINU (tn) + o(1 — 0)e* TN U (t5,)
—|—0 QO'OHNU(tn + s)]dods.
Inserting the above results into (4.2), we obtain
Ultns1) =€ U(tn) + Ii(tn) + Ia(tn) + Ri(tn) + Ra(tn) + Ra(tn),
where
(4.6)

L(ty) = / LT (TN T (b + 8))ds,  T(tn + 5) = LU (t),
0

IQ(tn):/ eIy [F/(HNU'(tn+s))/ Gy F(TINU (t, + 0))do | ds,
0 0
(4.7)

Rg(tn):/ e(T_S)LHNRQ(S)dS, Rg(tn)z/ 6<T_S)LHNR3(S)dS.
0 0

The approximation of I (t,) combines the filtering technique and Lemma 3.6. Using
(3.11) with U =TINU(t,,) and interchanging ITy and L in order, we obtain
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L (tn)
=7 N F(TINU (1))
#2070 o] (1 St n(ey) * Rl
where

(4.8) R4(tn) :/ (T2 (7 — s)/ 4 [eQULde_"LHNF(HNU(tn —l—cr))] dods.

For I5(t,), by approximating IINU (t, + o) with IIye?LU(t,), we obtain
(4.9)

Ly(t,) :/ eIy [F’(HNU(tn +s))/ eIy F(TINU (t,, +a))da] ds
0 0

where the first term is equal to 0 due to (3.8) and the remaining terms are as follows:

Rs(t,) = /OT Ty {F’(HNU(tn +5))

- / eI N [F(UNU (tn + o)) — FINU (L, + J))]da] ds,
0

Re(tn) = /0 T [Py Ot +9))
. /0 | (e M1y (T (b +0)) — e I F(TI U (1)) ) do] ds,
Ry(t,) = /0 ’ se™ Iy (e‘SL[F’(HNU(tn +8)) - S TN F(TINU (t,))]
- F’(HNU(tn))HNF(HNU(tn)))ds.
Finally, replacing IIx F' by InF', we obtain

Ultni1) =€ LU(t,) + e INF(IINU(t,))
(4.11) + (2L) 7! [re™ — (2L) (e — e ™M) HTNU (t0)) + L7,

where £" is the consistency error and is given by

(4.12)
9
Lr=> " Ri(ty),
(4.13) -
Rg(tn) =71 (Ily — In)FIINU(ty)),
(4.14)

—1 T -1/ 7 -7 _(H -1 )f(H u(tn))
Rg(tn) = (2L) Te L _ (2L) (e L _ e L):| (HN(([ [[jv)f’(]\][_[Nu(t]:))HNv(tn))> .
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By dropping the remainder £" and taking initial value UY = IIx«U(0), we obtain the
following numerical scheme:

(4.15) Untt =™ UR + re™ INF(IINUR)
+(2L) 7! [re™ — (2L) M (e™F — e THYH(INUR)] -
We recall the expression of H(IINUY) in (2.5) and apply the equality IInIy = In.

This yields the following algorithm for the low- and high-frequency parts of the nu-
merical solution, respectively:

MNUNT = e TIINUR + 1" M INF(TINUR)
(4.16) + (2L) ! [re™ — (2L) (e — e T H(IINUR)],
(4.17) Oy e Upt = e™ T 5 ne Up-

This is algorithm (2.4), where (2.4c) is obtained by iterating (4.17) with respect to n.
The expressions of the remainders R;(t,), j=1,...,9, in this section are used in
the error analysis in the next section.
5. Proof of Theorem 2.1. Let EY, = U (t,) — Uy denote the error of the
numerical solution and consider the difference between (4.11) and (4.15). This yields
the following error equation:

Eytt =e™ BN+ re™ Iy (F(IINU (t,)) — F (IINUR))
(51)  +@L) M[reTt = 2L) T (et — e H) | (HIINU (tn)) — HMNUR)) + L7,

with B = (I —IIye)UY. The remainder £" in the expression above is estimated
below.

ProOPOSITION 5.1. Under the conditions of Theorem 2.1, the remainder L™ in
(5.1) satisfies the following estimates:

G2) e, s d TN TN for € (0,3],
‘ 0~ TN=VF 4 22N1=2vF fmin(72, P3N20-01) for v e (5,1]

and

(5.3) £, S TN + 72N

where the constant is independent of T.

Proof. In view of the definition £" = E?:lRi(tn), we present estimates for
R;(t,), 7=1,...,9, respectively.
ESTIMATE OF R;(t,). We decompose R;(t,) into the following parts:

64 Ralta)= [ €IV (1 +)ds
0 T
(5.5) + / T F (U (t, + 5)) — F(IINU (tn + s))] ds.
0

Lemma 3.1 (Bernstein’s inequality) can be used to show that

~

1G4l S TN max [FMNU(tn + 5) 14y S TN max 1U (tn + 5)ll5-
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By the mean-value theorem, we can rewrite (5.5) into the following expression:

(5.5) = /OT e(r=)L /01 [F’ <0U(tn +8)+ (1— O)IINU(t, + s)) Mo nU(tn + s)} dods.

Then, according to (3.8) and Lemma 3.1, we obtain
155)[1 <7 max  ||F' (0U(ty, +s)+ (1 —OINU(t, +5)) - s nU(t, +5) |1
s€0,7],0€[0,1]

=T max Il f (Qu(ty, + s) + (1 — Ol yu(t, + 5)) - s yulty, + 5)| L2
s€0,7],0€[0,1]

<7 max] IS yu(ty + $)||p2 STNTY max] U (tn + 5) |-
5T s€[0,7

ES

Therefore, by collecting the estimates (5.4) and (5.5), we have the following estimate
of || Ra(tn)ll1:

(5.6) [Ry(tn)lL S TN max, 1U(tn + 5)ll5-

ESTIMATE OF R;(t,) FOR j=2,...,7. Following the same discussions as in [35]
(details can be found in [9]), one gets

(5.7) IR2(tn) |1 + | Rs(ta) |1 S 72N~ + 75,
(5.8) | Ra(tn)] < 7'2]\7177’

(5.9) [Ra(t)]lo < T3 N2A-1+,

(5.10) | Rs (tn) + R (tn) + Rr(ta) |1 = |2 (tn)]l1 < min(r2, 72 N20-0),

On the other hand, we can also estimate R4 (t,) by using its reformulated expres-
sion:

(5.11) Ry(t,) = / (T2 (1 _ ) [ezSLG'(tn +5)— G'(tn)} ds,
0
with

G (th+s)= 4 (e_SLHNF(HNﬁ(tn + S))>

ds
o —IIn f(Onu(t, + s))
(5.12) =et <HN (f/(HNA%(tnis))HNﬁ(thrS)))’

by using (3.9) in Lemma 3.6, where U(t, 4+ s) = e*LU(t,,) is defined as in (4.6). In
this way, using the definition of G’ in (5.12), we have

[ Ra(tn)llo
S7?sup |Gt +5)llo
s€0,7]
S sup (I f (Mt + 5))l 22 + [T (f' (Tna(t, + ) Ino(t, +5)) [z-1)-
se(0,T

According to (2.2), @ is bounded in L?, and therefore the first term on the right-hand
side above is O(72). By employing Lemma 3.5, we can estimate the second term on
the right-hand side above as follows:
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Ty (f (T a(tn + $)InD(t +5) -2
TENITHU ()5 for € (0, 5],
U5 for v € (5,1].

<

~

This, together with (5.9), yields the following estimate of R4(t,) in the 0 norm:

TENITPHUR,)| for v € (0, 5],
min(7'2,T3N2(1_7)+)~\|U(tn)||i for v e (%, 1].

(5.13) [Ra(tn)llo < {

ESTIMATE OF Rg AND Rg. By using Lemmas 3.1 and 3.2, we obtain
(5.14) || Rslly S 7I(My = In) f (Mnultn))ll 2 S TN f Tnvults)) s S TN T
For ||Rg||o, by using (3.3) and Lemmas 3.1 and 3.2, we obtain

1 Rollo <72 (I|(Ty — In) fF(Mnulta) |l zz + | (I — In) f' (Mnultn)) - Tyv(ta) || g-1)
ST (NN F@nulta ) s+ (= In) f (Dnu(tn)| e v v (ts) | e+ )
(5.15) <PENTTH 42N

For ||Rygl|~, according to (3.4), we derive

[Roll <72 (I — In) f(Mnvulta)) s + (7= In) ' (Tvu(tn) o (tn) || 1)
SN f(Mnvuta) e + 720 = In) f' (Unvu(tn)ll z2 Do () | e
(5.16) <TANOT 4+ 2N ot ot

By summing up (5.6), (5.7), (5.13), (5.10), (5.14), and (5.15), we get the estimate
(5.2) in Proposition 5.1. And combining (5.6), (5.7), (5.8), (5.10), (5.14), and (5.16)
we finish the proof of (5.3) in Proposition 5.1. d

By using the estimates of the remainder in Proposition 5.1, Theorem 2.1 can be
proved similarly as the error analysis in [35]. The details can be found in [9]. The
proof of Theorem 2.2 (higher-order convergence rate in approximating discontinuous
solutions with bounded variation) is more different from the analysis in [35] and
therefore presented below.

6. Proof of Theorem 2.2. From the estimates of the remainders in section 5
we can see that || Ry (¢,)|o and ||Rs(tn)|lo are O(7N~71) while the other remainders
are O(TN~27") under the step size condition 7 ~ N~1. In the case v = %—7 all
the remainders except ||Ri(t,)]lo and ||Rs(t,)|lo are O(7%7), which leads to almost
first-order convergence. Therefore, we only need to show the following improved error

estimates for remainders Ry (t,) and Rg(ty,) (see Lemmas 6.1 and 6.2).

LEMMA 6.1. Under the regularity condition U € C([0,T]; HY(2) x HY~1(2)) with
v € (0,1], the remainder Ry(t,) defined in (4.3) satisfies the following improved esti-
mate:

< —2v+
6.1) xR ()l S 7N
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Proof. We decompose R;(t,) into the following two parts:
(6.2) Ri(t,) = / eI Ny F(TINU (L, + 5))ds
0

(6.3) + /OT TP (U (t, 4+ 5)) — F(IINU (tn + )] ds,

where (6.3) can be further decomposed dyadically as follows (with m = [logy, N]
below):

(6.3) = /OT TP (U(ty +5)) — F(amnU(t, + 5))] ds

m—1 T
+2 / T [P (s N Uty + 5)) = F(Ilao x Uty + 5))] ds
j=0 "0

m—1
= G() + Z Gj.
j=0
By applying the mean-value theorem, we obtain

1Gillo ST sup [F(MystinUltn +5)) = F(HainU(tn + 5))llo

s€(0,T

STD%%XHJM(O Mgy — Mosy)ultn + )| -1,

where € = 0Ilyj+1 yu(ty, +5)+ (1 —0)Ias yu(t, + s). By estimating the last term above
using (3.1), we have
1G;llo < 7l (Mas+1 n — Tos v )u(tn + 8) lar—2 (1" () + 1l )
ST N) T ullpee gy (22N [l oo o +1) S 7(27N) "2 ful| 7 v
For G, we have

IGollh S 7 max Ilf (Ou(ty, + s) + (1 — O)lam yu(ty, +5)) - somyu(t, +s)|| L2
s€(0,7),0€(0,1]

S max [[Is y2u(tn + 8)l[2 STN ™|l Lo o
s€(0,7)

In summary, we have

(6.4) 1(6.3)]lo STN ™2 +> 7(2IN) 27+ SrN 2,
j=0

On the other hand, Bernstein’s inequality in Lemma 3.1 implies that

65)  16:2)o SN max [FNU(ty + )y STNT U]

Therefore, by collecting (6.4) with (6.5), we obtain (6.1) for v € (0,1]. O

LEMMA 6.2. Under the regularity condition U € C([0,T]; H2~ () x H~ 2~ (1))
and w € L*([0,T]; L>*(Q) N BV(Q)), the remainder term Rg(t,) defined in (4.13)
satisfies the following estimate:

(6.6) |Rs(tn)llo STNH,  for each 0<n< M.

Note that Rg(t,) is generated by the use of trigonometric interpolation Iy on the
nonlinear function for the implementation of FFT. In order to prove Lemma 6.2, we
need to use the following results for BV functions (see, for example, [58, section 5.3]).
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LEMMA 6.3. Foru € BV (Q) ande >0, we define u. = Euxp. as the reqularization
of u based on an extension operator E : L'(Q) — LY(R?) which is bounded from
WkP(Q) to WFP(R®) for all k>0 and 1 < p < oo, and a mollifier p. defined on RY.
Then, for all sufficiently small € >0,

(6.7) lim [ |ue —uldx=0,
e—=0 Jo
(6.8) HUsHBv Q) ~ ||U||BV(Q)
Meanwhile, u. € C*(Q) and ||uc||pv () = [luc[lw11(0), and [Jucl|p<@) < [lullL=(o

Proof of Lemma 6.2. By recalling the definition of Rg(t,) in (4.13) and applymg
the 0 norm, we obtain

(6.9) [1Rs(tn)llo STININ = In) f My ultn)l g S TI(Mx = In) f (M u(tn))| o+ -

In one dimension, we obtain the following estimate by using Lemmas 3.1 and 3.3:

([ Rs (tn)llo
STIMN = In) f (v ue (t)) o+ + 7y — In) [f(Mnvu(tn)) — f (v ue(tn))] 2o+
(6.10)

STN TS (Myue () lwras + 7N THF (vu(tn)) = f(vue () lwas-

The first term on the right-hand side of (6.10) can be estimated by using the Lipschitz
continuity of f and the Sobolev embedding, i.e.,
TN 1f(nue(tn)) [wrar S TN e (tn) lwras S TN_1+Hus(tn)HW1*vl+
STN?lJrHUs(tn)HWM
=N~ uc(tn) || By

The second term on the right-hand side of (6.10) can be estimated as follows:

TN f(nvu(tn)) = fFIInue(ta)) lwrs S TN T f(vu(tn)) = f(Inue(tn)) ]| o+
+ TN VIIvu(ts) (f' (Uvu(tn)) = f/(Uyue(ta)) |+
+TNTHf (v ue(tn)) (VIvu(ts)) — VIIvuZ) || i+
§7N2+||U( n) = Ue(tn)l L1+,

where the last inequality uses the Lipschitz condition of f and the following result:

TN VINu(t,) (f Mnu(tn)) — f' nue(tn))) |1+
N VTN u(tn) oo |/ Mnultn)) = f/ (Tnue (tn)) || L1+

TN§+H“(tn)||H%— [utn) — ue(tn)l i+

Combining these estimates, we have

ASRIA

(6.11) 1Rs(tn)llo S TN luc(tn)ll By + 7N 2 [ultn) — ue(tn) || L1+

Under the assumption, v € L ([0,T]; L*°(Q)), since ||uc| e is uniformly bounded by
|lu||Le and, according to (6.7),

lutn) = ue(tn)ll o+ < ultn) = ue(t) 175 Ju(tn) = ue(ta)lf7 =0 as e —0.
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Thus, for any fixed N, we can choose ¢ < 1 such that TNz |u(ty,) — ue(tn)|| g1+ <
7N ~1*. This, together with (6.8) and (6.11), yields (6.6). This proves Lemma 6.2. O

Under the conditions of Theorem 2.2 (with v = %—), Lemmas 6.1 and 6.2 imply
that | Ry (t,)]lo and || Rg(t, )]0 are both O(72~) under the step size condition 7~ N1,
and the other remainders in the ||-||o norm have been shown to be O(727) in section 5.
Therefore, the following result holds:

(6.12) £l S 727

By using the estimate of the remainder in (6.12), the following error estimate can be
proved for the low-frequency and high-frequency parts, respectively (details can be
found in [9]):

TN (U (1) = U)o < C[HHN<U<0> ~ U)o
(6.13) +Z( Iy (U t5) = U3 lo + T £l + 727 ) |,
(6.14)

T, x5 (U (tn1) = U)o < C [ 1T, w2 (U (0) = UR)llo + > T2 £7lo
j=0

Since our choice of initial value UY = II2U(0) implies that
Iy (U (0) = UR)llo = I, w2 (U (0) = Ux)llo =0,

by using the improved estimate on [£7[y in (6.12) and Gronwall’s inequality, we
obtain the following result from (6.13)—(6.14):

(6.15) |Tn2U(tns1) — Untto <O

This, together with an estimate of the projection error ||U(¢p+1) —Hn2U (tn41)lo for
U°e Hz—(Q) x H 2~ (), leads to the error estimate in Theorem 2.2.

From the proof of Theorem 2.2 we see that, without introducing the high-frequency
recovery, the numerical solution still satisfies |[TInU (tn41) — Unt o < C7'~ but only
satisfies ||U (tn11) — Ut |o < C72~. This reduction of convergence rate (when there
is no high-frequency recovery) can be observed in the numerical tests.

7. Numerical examples. In this section, we present extensive numerical ex-
amples to support the theoretical analysis and to illustrate the effectiveness of the
low-regularity integrator in this paper in capturing the interface of discontinuity in
the solutions, as well as the accuracy (without spurious oscillations) in approximating
rough and discontinuous solutions of the semilinear wave equation.

7.1. The sine-Gordon equation in one dimension. We consider the semilin-
ear wave equation in (1.1) with a nonlinear function g(u) = 160sin(u) for the following
piecewise smooth discontinuous initial state:

(5,—5) for z € [0.3,0.425],
(7.1) (u®(2),0°(x)) = { (2.5,—2.5) for z € [0.575,0.7],
(0,0) otherwise,
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(a) Propagation of u(t, ) (b) Comparison of several different methods

Fia. 7.1. Numerical solution of the 1D problem with discontinuous initial value in (7.1).

10!
. .
£ £
o 10 @
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T T
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e Q1071 5 Lie
~ ~ —#k— Strang
~ ~ - d79
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— 15223
102 - HR-LRI
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T walk-clock time
(a) L2(Q) x H~1(Q) error versus 7 (b) L2(Q) x H~1(Q) error versus CPU time

Fic. 7.2. Comparison of numerical solutions given by several different methods.

which satisfies the conditions of Theorem 2.2. As a result, the low-regularity integrator
HR-LRI in (2.4) with a = 2 should have almost first-order convergence by choosing
N = O(t71). We solve the problem with N = 210 and 47 = N~!, and present the
evolution of the numerical solution for ¢ € [0, 7] in Figure 7.1(a), which clearly shows
the propagation of discontinuities of the solution.

In Figure 7.1(b), we plot the numerical solutions at time 7' computed by several
different numerical methods, including the second-order low-regularity correction of
Lie splitting method from [38] (which is referred to as 1sz23), the second-order low-
regularity exponential-type scheme from [48] (which is referred to as rs21), the second-
order IMEX method from [27] (referred to as h121), the second-order trigonometric
integrators constructed by Deuflhard [15] (referred to as d79), and classical splitting
methods such as the Lie splitting scheme and Strang splitting scheme. The time step
sizes and number of Fourier modes in all these methods are chosen to be 7=N"1/4
and N = 27, respectively. From the numerical results in Figure 7.1(b) we can see
that the discontinuities in the exact solution may lead to significant oscillations in
the solutions of the preexisting methods, while the proposed method in HR-LRI can
substantially reduce the numerical oscillations with equivalent computational cost.

In Theorem 2.2 and Remark 2.5 we have shown that since the initial value of
the solution is in BV () N L>(Q), the error of the numerical solution is O(717).
In Figure 7.2 we compare the L?(Q) x H~() errors of the numerical solutions at
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recovery process

F1G. 7.3. Numerical results of the 1D problem with the initial value in (7.1).

T = 0.25 computed by the several different methods with step size 7 = N~1/4, and the
reference solutions are given by the proposed method with a sufficiently large N = 2'4.
The numerical results shown in Figure 7.2 are consistent with the theoretical results
proved in Theorem 2.2 and demonstrate that the proposed method has a higher
convergence rate (with respect to both step size and CPU time) than preexisting
methods in approximating discontinuous solutions of the semilinear wave equations.

To further demonstrate the effectiveness of the proposed high-frequency recovery
process, we compare the numerical solutions before and after high-frequency recov-
ery at time T = 0.25 in Figure 7.3(a). Here, HR-LRI represents the high-frequency
recovery algorithm proposed in this paper, with N =27, 7 = N~!/4, and o = 2.
The “without recovery” corresponds to the algorithm (2.4) without undergoing
the high-frequency recovery process, with N = 27 and 7 = N~1/4. The reference
solution in Figure 7.3(a) is obtained by using the proposed algorithm with sufficiently
large N = 2. And, in Figure 7.3(b), we compare the errors of numerical solutions
before and after high-frequency recovery under the condition 7 = N~1/4. As rigor-
ously proved by Theorem 2.2, the numerical experiments show that the high-frequency
recovery process significantly reduces the oscillations of the solution, resulting in a
higher order of convergence accuracy, whereas in the absence of the high-frequency re-
covery process, the numerical algorithm’s order of convergence decreases significantly.

7.2. The sine-Gordon equation in two dimensions. In this section, we
consider the semilinear wave equation with g(u) = 16sin(u) for the initial states.
(i) Propagation of one discontinuous wave:

2
0 0 _J (0.5,0) for z € [0.375,0.625]",
(w2 (@), () { (0,0)  otherwise.

(ii) Propagation of two discontinuous waves:
(0.5,0)  for z € [0.3,0.425]%,

0 0
(w’(2),0°(2)) = (0.25,0) for = € [0.575,0.7],
(0,0) otherwise.
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(a) Strang splitting (b) The proposed method (HR-LRI)

Fic. 7.4. Comparison of the numerical solutions at t =0.25 computed by two different methods.

0.0 0.25 0.5 0.75 1.0 0.0 0.25 0.5 0.75 1.0
0.0 T T T 0.0
— 0.2 — 0.2
0.25 0.1 0.25 0.1

> 0.5 0.0 > 0.5 “ 0.0
075} -o1 075} 1 ot
-0.2 ~0.2
1.0 ‘ s : 1.0
X X
(a) Strang splitting (b) The proposed method (HR-LRI)

Fic. 7.5. Comparison of the numerical solutions at t =0.25 computed by two different methods.

(iii) A rough initial value in H? x H™3:

v

1 ; 1 .
(12) = (— an (k)by (e For ), = 3 7 av(k)bv(z)e“’"l““)),
k,lcZ

ay (k) =rand(0,1)|k|=1%1,  b,(1) =rand(0,1)[7| =101,
ay(k) =rand(0,1)[k[~*01,  b,(I) =rand(0,1)[7| =001,

and C,, and C, are constants such that ||u0||H% = ||v0||H,% =1.
We solve the semilinear wave equation by the Strang splitting method and the pro-
posed low-regularity integrator HR-LRI in (2.4) with a = % for the initial values in
(i) and (ii), and plot the numerical solutions in Figures 7.4-7.5 by choosing 7 =
N~1/4 =278 The results show that the proposed method can effectively eliminate
the high oscillation of numerical solutions in approximating discontinuous solutions
of the semilinear wave equation.

The errors of the numerical solutions computed by several different numerical
methods are presented in Figure 7.6 with 47 = N~!, where the reference solution
is given by the proposed method with sufficiently large N and sufficiently small 7.
The numerical results in Figure 7.6 are again consistent with the theoretical results
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Fic. 7.6. Comparison of numerical solutions given by several different methods in two-
dimensional cases.

proved in Theorem 2.1, i.e., the proposed method has convergence order %, while

the other methods have convergence order % or smaller. The convergence rate of the
proposed method with respect to CPU time is also faster than preexisting methods
in approximating the discontinuous solution of the two-dimensional semilinear wave

equation.

7.3. The Klein—Gordon equation in one dimension. In the last example,
we consider the one-dimensional Klein—Gordon equation with a locally Lipschitz con-
tinuous (not globally Lipschitz continuous) nonlinear function g(u) = 4u®, with the
following piecewise smooth discontinuous initial state:

(4,0) for z € [0.3,0.425],

(7.3) (u®(2),0°(2)) = { (2,0) for z € [0.575,0.7],
(0,0) otherwise,

which leads to a bounded piecewise smooth discontinuous solution. Since the Lipschitz
continuity condition (2.6) can be satisfied when (¢, ) is uniformly bounded for (¢, z) €
[0,T] x €2, the theoretical results in Theorems 2.1 and 2.2 are also applicable to this
problem.

We solve the Klein-Gordon equation with 7 = N=1/4 = 2712 and present the
evolution of the numerical solution in Figure 7.7(a), which shows the propagation of
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(a) Evolution of numerical solution (b) Comparison of several different methods

Fi1G. 7.7. Numerical solution with the initial value in (7.3).
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Fic. 7.8. Errors of the numerical solutions with the initial value in (7.3).

discontinuities of the solution. In Figure 7.7(b) we compare the numerical solutions at
T = 0.25 computed by several different methods. Here the symmetric low-regularity
integrator for the semilinear Klein-Gordon equation in [53] is also taken into compar-
ison and referred to as wz22. The numerical results in Figure 7.7(b) indicate that the
proposed method indeed improves the accuracy and reduces spurious oscillations.

In addition, we present the errors of the numerical solutions computed by the
several different methods in Figure 7.8, which shows that the proposed method has
first-order convergence with respect to the step size 7 in approximating such discontin-
uous solutions, and the usual methods have half-order convergence in this case. This
is consistent with the convergence rate proved in Theorem 2.2 and demonstrates the
efficiency of the proposed method in approximating rough and discontinuous solutions.
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