HIGH-ORDER MASS- AND ENERGY-CONSERVING METHODS
FOR THE NONLINEAR SCHRODINGER EQUATION
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Abstract. A class of high-order mass- and energy-conserving methods is proposed for the
nonlinear Schrédinger equation based on Gauss collocation in time and finite element discretization in
space, by introducing a mass- and energy-correction post-process at every time level. The existence,
uniqueness and high-order convergence of the numerical solutions are proved. In particular, the
error of the numerical solution is O(7%+1 + AP) in the L>°(0,T; H') norm after incorporating the
accumulation errors arising from the post-processing correction procedure at all time levels, where k
and p denote the degrees of finite elements in time and space, respectively, which can be arbitrarily
large. Several numerical examples are provided to illustrate the performance of the proposed new
method, including the conservation of mass and energy, and the high-order convergence in simulating
solitons and bi-solitons.
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1. Introduction. This paper is concerned with the numerical solution of the
nonlinear Schrédinger (NLS) equation in a bounded domain Q C R? with d < 3
under the homogeneous Dirichlet boundary condition, i.e.,

i0;u + Au+ f(|u]*)u=0 in Qx (0,7 (1.1a)
u=20 on 00 x (0,T] (1.1b)
wli—o = u® in Q, (1.1c)

where i = y/—1 is the imaginary unit, f : R, — R is a real-valued function as
the derivative of some potential function F : Ry — R, and u° is a given initial
value of the complex-valued solution. Typical examples for the nonlinearity are
f(ul)u = plul?tu with p € R and ¢ > 1. The case p > 0 is often referred to
as the self-focusing model, for which the solution will blow up in finite time when
the initial energy is negative (for example, see [2§8]), and u < 0 is referred to as the
self-defocusing model. As an important physical model in science and engineering,
the NLS equation (EI) is capable of describing the nonlinear dispersive waves in the
modeling of the Bose-Einstein condensate [3,[12,19], the nonlinear optics [L1, 28], the
deep-water modulation [22,82], and other applications. Accordingly, the numerical
computation of the NLS equation has been extensively studied with different meth-
ods, including finite difference methods [6-8|. splitting methods [[14,21,29], and finite
element methods (FEMs) [1L0,[16-18, 20,30, 31,33].

It is well known that the solution of the NLS equation has conserved mass and
energy, i.e., M[u(t)] = M[u°] and E[u(t)] = E[u°] for all ¢ € (0,T], where

1
Mlu) = f/ lu|?da
2 Jo
and

Bl = /Q (1Vuf? ~ F(uP)) s
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denote the mass and energy of the solution, respectively. Correspondingly, it is de-
sirable to develop effective mass- and energy-conserving computational methods for
the NLS equation for the long-time simulation or capturing the blow-up phenomena.
The most widely used mass- and energy-conserving method for the NLS equation
is the modified Crank-Nicolson method studied by Sanz-Serna [23], Akrivis & Dou-
galis [2], Wang [B1], Henning & Peterseim [15], and so on. The method was initially
constructed for the NLS equation with power nonlinearities and then generalized to
the NLS equation with external potentials in [4,[15]. It was also extended to lin-
early implicit methods in [§,9], known as the relaxation schemes. All these methods
were based on the Crank—Nicolson scheme and therefore have second-order conver-
gence in time. Recently, the scalar auxiliary variable (SAV) approach was introduced
in [26,27] for constructing energy-decaying methods for dissipative equations. Based
on the scalar auxiliary variable (SAV) formulation of the NLS equation, a family of
higher-order schemes was developed in [[13] to conserve the mass and the SAV energy.
However, there are still no high-order methods which conserve the original mass and
energy simultaneously.

The objective of this paper is to construct a class of high-order mass- and energy-
conserving methods for the NLS equation based on a post-processing correction pro-
cedure at every time level. For illustration, we present the algorithm in combination
with a Gauss collocation FEM, but remark that this post-processing correction pro-
cedure may also be combined with other numerical methods to yield high-order mass-
and energy-conserving discretizations of the NLS equation.

More specifically, for a given numerical solution uZ_l in a finite element space Sp,

we compute up(t) = Z?:o ¢;t? for t € [t,_1,t,] by a fully discrete FEM with Gauss
collocation in time, with ¢; € S}, being unknown functions to be determined in the
algorithm, and then define the numerical solution at t = t,, as

up = aup(ty,) + BeTun 1 (tn), (1.2)
where

(@n(tn), un(tn))
—Ah)_luh(tn)a Uh(tn))

uh,i(tn) 5:ﬁh(tn) - (( (—Ah)iluh(tn)

is a function orthogonal to uy(t,) with respect to the L? inner product, defined in
terms of the function

Qn(tn) = AL PrlApun(tn) + f(Jun(tn)|*)un(tn)),

which represents the direction in which the energy changes fastest (with A, and P,
denoting the discrete Laplacian and L2-orthogonal projection onto the finite element
space Sp). The constants «, 8 € R will be chosen to guarantee that the numerical
solution u} defined by (L.2) conserves the mass and energy simultaneously. The
parameter v € [0, 27| will be chosen to guarantee that the algebraic system governing
(o, B) is uniquely solvable in a neighborhood of (1, 0).

The existence, uniqueness and optimal-order convergence of the numerical solu-
tions are established by incorporating the accumulation errors arising from the post-
processing correction procedure at all time levels. Since the algorithm consists of two
stages on each subinterval I,, = [t,—1,¢,], the error analysis is split into two parts
to address the Gauss collocation FEM and the post-processing correction procedure,
respectively. The error estimates for the Gauss collocation FEM basically follow from
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the results established in [[L3] and are therefore stated without proof. The construction
and analysis of the post-processing correction procedure are the main contributions
of this paper. In particular, when the initial state u° is not an eigenfunction of the
NLS operator S : H2(2) N H}(Q) — L*(9) defined by

Sv = Av + f([v]*)v, (1.3)

the algebraic system governing (, 3) € R? has a unique root in a neighborhood of
(1,0), and the numerical solutions defined by (E) converge to the exact solution in
L>°(0,T; H'(Q)) with the optimal order. When the initial state u° is an eigenfunc-
tion of the NLS operator, i.e., Su® = Au®, the solution of the NLS equation can be
expressed analytically as u(z,t) = e**u(x), which is a standing wave stationary up
to phase changes. This trivial case is excluded from our consideration.

The rest of this article is organized as follows. In Section P, we present the two-
stage algorithm for the NLS equation, which consists of a Gauss collocation FEM
and a post-processing correction procedure at every time level. Then we present the
main results concerning the solvability and the error of the proposed algorithm. The
ideas which we use to construct the post-processing algorithm are revealed through
the analysis of the algorithm in Section f. Several numerical examples are presented
in Section Y to illustrate the performance of the proposed algorithm in conserving
the mass and energy, as well as its high-order convergence in simulating solitons and
bi-solitons.

2. The algorithm and main results. In this section, we present the notation
to be used in this article and the new algorithm for the NLS equation, and then state
the main results on the solvability and error estimates of the proposed algorithm. To
avoid considering the approximation of a curved boundary by isoparametric mesh in
the FEM, we assume that ) is a convex polyhedral domain in R? with d € {1,2,3}.

2.1. Finite element spaces and discrete operators. We denote by (-,-) and
|| - |l the sesquilinear inner product and norm of the complex-valued Hilbert space

L2(Q), i.e.,
(u,v) ::/uﬁdx and ||lu|| = /\u|2dx.

For s > 0, we denote by H*(2) the conventional Sobolev space of functions on €2, and
denote by HE(€) the subspace of H!() consisting of functions with zero traces on
the boundary. The norms of H*(2) and L?(2) will be denoted by || - || g= and || - ||z
by relaxing their dependence on (2.

For finite element discretization in space, we introduce a shape-regular and quasi-
uniform triangulation 75, of Q with mesh size h € (0, 1], and denote by S, C H(Q)
the complex-valued Lagrange finite element space of degree p > 1 subject to the
triangulation Tp,.

For time discretization, we divide the time interval [0, into subintervals I,, =
[tn-1,tn], n =1,..., N, with ¢t,, = n7 and stepsize 7 = T/N € (0,1]. For k > 1 we
denote by P* the space of polynomials of degree < k in time. For any function space
X C L?(9), the tensor product space P*¥ @ X is defined as

k
PF o X :span{thvj vy EX}.
§=0
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The discrete Laplacian operator on the finite element space S}, is defined as the
unique linear operator Ay : Sy — S), satisfying the following relation:

(Ahvh,wh) = —(Vvh,th), Ywy, € Sh. (21)

From the definition one sees that —A}, is a symmetric positive definite operator on the
conformal finite element space S, and therefore its inverse operator (—A)~1: S), —
Sp exists (also being symmetric and positive definite). The discrete NLS operator
Sp 1 Sp — Sy, is defined as

Spup, = Ph[Ah'Uh + f(|vh|2)vh] Yop € Sh, (22)

where Pj, denotes the L2-orthogonal projection from L?(Q) onto its finite element
subspace S, i.e.,

(w — Ppw,vp) =0 Yo, € S, we L*(Q). (2.3)

2.2. Gauss collocation with post-processing correction. Let c; and wyj,
7 =1,...,k, be the nodes and weights of the k-point Gauss quadrature rule on the
standard interval [—1, 1] (see [25, Table 3.1]), and let t,,; = t,—1 + (1 + ¢;)7/2 be the
Gauss points on the transformed interval I,, = [t,,—1, t5].
Let ug := Ipug, where I, denotes the Lagrange interpolation operator onto Sj,.
For any given u;fl € Sp, we compute uy|y, € Pk ® S}, and up € S), as follows.
1. Find up|;, € P*F ® S, satisfying the following equations for all test functions
vh; €ESpand j=1,...,k:

(10¢un (tns) ;vng) — (Vun(tng), Vong) 4+ (f (Jun(tng) ) un(tng), vng) =0, (2.4a)
up(tn—1) = up . (2.4b)

Remark 2.1. The equations are obtained by collocating the NLS equation at

Gauss points tn; € (tn—1,tn), j = 1,...,k, with an initial condition at t,,_;.
2. Compute
ﬂh(tn) = Alzlshuh(tn)a (258,)
N (] ty _
Uh,L(tn) = Uh(tn) — ( h( ) ( ) (*Ah) 1uh(tn), (2.5b)

((=An) " un(tn), un(tn))
|2

t
v = arg ((Vun(tn), Vun, 1 (t0)) — (f (lun () P )un (tn), un, 1 (t2))) € [0, 27),
(2.5¢)

and then determine o and 8 through the following two algebraic equations:

1 1 -
Slun(Ea)liza® + S llun, L (ta) 7287 = Mlup™], (2.6a)

1
§||VUh(tn)H2L2a2 +Re(Vup(tn), €7 Vun 1 (ta))af + *IIVUh L(ta)]17282

_1/F(\a“h(tn)+5€iwuh¢(tn)|2)d9€ Blup ™).
Q

2
(2.6b)



Remark 2.2. The left-hand sides of the two algebraic equations in (@) are
the mass and energy of the function cuy(t,) + BeVup, 1 (t,), respectively. The
function wuy, | (t,) is defined to be L2-orthogonal to uy(t,) so that the mass of
aup(ty) + BeVup, 1 (t,) has a simplified form (without the cross-product term),
as shown on the left-hand side of () The definition of 4y (t,) is to regularize

the post-processing correction. The solvability of ( can be proved by using
the inverse function theorem, as discussed in Section B.2.
3. Set
ul = aup(tn) + BeVun 1 (t,). (2.7)

Remark 2.3. This guarantees the mass and energy conservations of the nu-
merical solution, i.e., M[u}] = M[u}~'] and E[u}] = E[u}""], as a result of

(4.

2.3. Solvability and convergence of the algorithm. The solvability and
convergence of the proposed algorithm in (R.4)—(R.7) are guaranteed by the following
theorem.

Theorem 2.1. We assume that f(|u|?)u is sufficiently smooth with respect to
Re(u) and Im(u), and the exact solution of the NLS equation (|L.1) is sufficiently
smooth, with initial value u® not being an eigenfunction of the NLS operator S. Then
there exist hg > 0 and 19 > 0 such that for all h < hg, T <719 andn=1,--- N, the
following results hold:

(1) The nonlinear systems (@) and (@) are uniquely solvable (in a neighborhood

of the exact solution, see the discussions in Section |3).

(2) The mass and energy are conserved, i.e.,

M(up) = M) and E(u}) = E(u). (2.8)
(3) The following error estimate holds:

max |Jup(t) — u(t)|| g < C(hP + 75 1), (2.9)
te[0,7]

The ideas which we use to construct the post-processing algorithm are revealed
in the proof of Theorem P.1|, including advantages of the current choice of 7y, Gy, 1 (¢,,)
and up, 1 (t).

When the initial state u° is an eigenfunction of the NLS operator, i.e., Su® = \u®,
the solution of the NLS equation can be expressed analytically as u(z,t) = e*u(z),
and therefore this case is trivial and excluded from our consideration.

The proof of Theorem @ is presented in the next section. Throughout the proof,
we denote by a < b the statement “a < Cb for some constant C' which is independent
of 7, h and n,m”.

3. Proof of Theorem @ In view of [13, Eq. (3.19)-(3.21)], we define the
temporal Ritz projection on the time interval [¢,_1,t,] as follows

RMu(t) = u(tn_1) + /t " Pro.u(s)ds, (3.1)
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where P denotes the L? projection operator of L?(I,,; L?(£2)) onto its closed subspace
P*~1 ® L?(Q2). Denote the spatial Ritz projection by Rj, and then we define uj (t) =
RRpu(t) for t € [tp—1,t,] and n=1,...,N.

We consider the following decomposition

up(t) — u(t) = en(t) + up (t) — ul(t),

with ep(t) = up(t) — uj(t) = up(t) — RZRpu(t). Since up(t) is discontinuous at ¢,
(due to the post-processing correction procedure), we denote e} = limy 4, es(t).

The proof is based on mathematical induction on n, by assuming that the follow-
ing results hold for n =0,...,m — 1:

Mlup] = M[up] and  Elup] = E[uy], (3.2)
ledllg <7577 + P75 and  |l€} L~ < 1. (3.3)

We are going to prove that the numerical solution u(t), t € [tpm—1,tm), and u}* are
well defined, satisfying (B.2)—(B.3) for n = m. This would complete the mathematical
induction on m.

The subsequent proof consists of three parts, i.e., the analyses for the Gauss
collocation FEM, the solvability of the post-processing algebraic system, and the
error estimates for post-processing correction procedure.

3.1. Solvability and error of the Gauss collocation FEM. Given v, € PF®
S, testing () by vn; = Zvp(tn;)w; and summing up the results for j = 1,... k,
using the property of Gauss quadrature as in [[13], we obtain the following integral
identity:

/ (i&tuh, Uh)dt — / (Vuh, VP:LUh)dt (34)
IWr In
r k
t3 > wi (F(|un(tng) P )un(tng), vn(tng)) =0 Vo, € PE® S, (3.5)
j=1

This integral formulation is crucial for the analysis and construction of mass and
energy conserving methods for the NLS equations. In particular, by choosing v, =
up in (B.4) and considering the imaginary part of the result, we obtain the mass
conservation for uy(t)|;,,:

n—1

1 1
Slhun (I3 = Sl 13z (36)

However, the energy conservation may be lost and has to be recovered by the post-
processing correction procedure in (g)f(@)

The existence, uniqueness and error_estimates for the numerical solutions of the
standard Gauss collocation FEM in (R.4) on the subinterval I,, = [t,,—1,%s] can be
proved by using the Schaefer’s fixed point theorem similarly as the analysis in [13].
Since the analysis is almost the same as [13], we present the results in the following
lemma and omit the proof.

Lemma 3.1. Under the assumptions of Theorem @, if (@) holds for n =

1,--- ,m — 1, then there exist positive constants 71 and hi, such that for 7 < 11 and
h < hy, the nonlinear system in (R.4) has a unique solution uy|;, € P*® Sy satisfying
max (len(tm) oo + (b)) < 1. (37
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Moreover, the following estimates hold formn=1,... m:

lenl|Foe 1,y S Nl I +72(7H 1+ RP)2, (3.8)
ma flen(tni)lz~ S minh 2,702 (el + 74 A7), (39)
len ()l Fn — llei ™ 1 S 7llen ™ 17 + (75 + hP)?, (3.10)
Hateh”%Q(I";H*l) S 7'||6h||%co(1n;H1) + (T 4 hP)? (3.11)

The analysis of the solvability and error of the post-processing correction proce-
dure requires the numerical solution to be bounded at t,,. This is not included in the
estimates above and therefore should be estimated separately. To this end, we note
that the Gauss points t,;, j = 1,...,k, are symmetrically distributed in the subin-
terval I, = [tn—1,tn]. As a result, ey (¢,,) can be represented as a linear combination
of €)' ! and e, (t;) in the following form:

k
en(ty) = £e ' + Zﬁjeh(tmj),
j=1

where the coefficient of ezn*l has amplitude 1 due to the symmetry of the Gauss
points, and the constants 3; depend only on k. This expression of ey, (¢,,) implies that

m—1
llen(tm)lizee < llep™ e + € max flen(tm;)llze- (3.12)

Substituting (@) and (@) into () yields, for sufficiently small 7, h and p, k > 1,

len(tm)|l~ < 1+ C(r+h7) < 2. (3.13)
Similarly, substituting the induction hypotheses (@) into (@) and () yields
lenllLoe £,y + Osenll Lo (r,sm-1) S 1. (3.14)

This means that uy(t,,) is bounded in L>(Q) and H() (uniformly with respect to
7 and h) before it is modified by the post-processing procedure.

3.2. Solvability of the post-processing nonlinear algebraic system. In
this subsection, we discuss the solvability of the nonlinear algebraic system in (P.6)
for n = m under induction hypotheses (@)7(@)

Let © = («, 8) and consider the following function, which represents the loss of
mass and energy of u} defined by (@)

(O, un(t))
1 1 .
Slun(En)l220® + Sllun, 1 () [326° — Mup~")

1 ; 1
= | 51Vunta)Z20® + Re(Vun(tn), € Vun, 1 (tn)af + 5[ Vun 1 (t)[7267 | |
1

— 5 [ Pllown(ta) + Beun 1 (6) e — Bl

where uy, | (t,) and v are uniquely determined by wy(t,) through (@) We shall
apply the inverse function theorem to show that the algebraic equation

G(O,un(ty)) =0 (3.15)
7



has a unique root © in a neighborhood of ®y = (1,0).

To this end, we consider the gradient A = VoG(O, up(t |® (1,0)° which is a
lower triangular matrix in R2*2 with the following entries:
Anr = [Jun(ta)||2e, (3.16a)
Az =0, (3.16b)
Az = [[Vun(tn Mze = (f(lun(ta)P)un(tn), un(tn)), (3.16¢)
Az = Re (7 [(Vun(tn), Vun, 1 (tn)) = (f (lun(ta)*)un(tn), un, 1 (ta))])
= |(Shun(tn), un, 1 ()], (3.16d)

where the definition of v and Ay and uy,, | € S, are used in () The determinant
of matrix A is given by

det(VgG(@ uh ‘@ (1,0) ||uh( )HQLQ‘(Shuh(tn),uh,J_(tn>)‘. (3.17)

Due to the induction hypothesis in (@) and the mass conservation property of the
Gauss collocation FEM, we have

lun(t)llz2 = |ubl|z2 for n=1,...,m. (3.18)
Therefore, det(VoG(O, un(t ’@ (1,0 # 0 if
|(Shuh(t ) Up L )} 7é 0. (319)

This is proved in the following lemma for the case that u° is not an eigenfunction of
the NLS operator, as assumed in Theorem

Lemma 3.2. If u € C([0,T], H?(Q)) is the solution of the NLS equation (EI)
with initial value u®_& Es, where Es denotes the set of eigenfunctions of the NLS
operator defined in (ﬁ), then there exists k > 0 such that

f f — > K. 3.20
nf i fJu(t) = vle > (3.20)

There exist positive constants ho, € and § such that for h < hy and uy, € Sy satisfying

B = u®llr < € lunlloe < lulleqomyroy +2, llunllzz = i 22,

21)

the following inequalities hold, with up, | defined in the same way in () f(ﬁ),
|(Shun, un,1)| =6, (3.22)
| det(VeG(O,un))lo=a.0)| = 8llup7:- (3:23)

Proof. Inequality ( can be proved by the method of contradiction. In fact,
if there exist sequences t; € [0,T] and v; € Es such that ||u(t;) — vi|]|gz — 0, then
by the compactness of [0,7] and by passing to a subsequence if necessary, there
exists t* € [0,T] such that ¢; — t*. Then |Ju(t;) — u(t*)||gz — 0 and therefore
|lu(t*) — v||gr= — 0 as i — oo. This implies that Sv; — Su(t*) in L2(£2).

Since v; € &g, there exists \; € C such that Sv; = \;u;. If A\; has an accumulation
point A* € C then, by passing to a subsequence if necessary, we obtain Su(t*) =
A*u(t*). In this case, the unique solution of (|l.1]) can be analytically expressed by
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u(t) = e =ty (+*), which implies that u(0) = e~ u(t*) is an eigenfunction of
the NLS operator. This leads to a contradiction.

This means that A; cannot have an accumulation point in C, and therefore |A;| —
+00. By passing to limit in |\;|~}||Sv;||z2 = ||vs||z2 and the L? boundedness of Sv;,
we obtain that ||v;]|rz — 0 and consequently u(t*) = 0. Then the solution over
t € [0,T] is zero. which also leads to a contradiction. Hence () is proved.

Inequality () can also be proved by the method of contradiction. If there does
not exist ho,€,d > 0 such that (@) is valid for all u;, € S, satisfying h < hg and
() Then there exist h; — 0, up, € Sp, and t; € [0,7T] such that the following
relations hold:

lup, —w(t)||gr = 0 and  |(Sp,wn,, un,; 1) — 0. (3.24)

By passing to a subsequence if necessary, we may assume that t; — t*. Since u €
C([0,T], H?(Q)), it follows that

l[un, — u(t)| 1 — 0. (3.25)

Since u(t*) € H?(Q) — L>(Q), it follows that f(|u(t*)|?)u(t*) € L?(Q) and therefore
we can define 4(t*) € Hg(Q) N H2(2) to be the solution of the following elliptic
equation (in the weak formulation):

—(Va(t"), Vw) = —=(Vu(t*), Vw) + (f(lu(t*)[*)u(t*),w), VYw e Hg(Q).  (3.26)
At the discrete level, we define 4y, € S), to be the solution of
—(Viin,, Vwn,) = =(Vun,, Vwn,) + (f(lun,[*)un,, wn,),  Ywn, € Sp,. (327

For any w € HZ(2), wy, can be chosen as its interpolation in Sj,. Since {uy,} is
bounded in L*°, by passing to the limit h; — 0, we obtain

—(Vun,, Vwn,) + (f (Jun,*)un, wn,) = =(Vu(t*), Vw) + (f (Jut)?)u(t"), w),

which implies that ||4p, — @(¢*)||gr — 0. The direct computation of ()7()
yields

|(ﬂhi7uh7‘,)|2
((_Ahi)_luhi ) uhi) .

By passing to limit in the above equation and using ()7 we obtain

(Shun;un; 1) = (Vig,, Vig,) —

0= -2t~ L3 (328)

Rewriting |(a(t*), u(t*))| as |((—=A)/2a(t*), (—A)~Y2u(t*))], (B.28) can be regarded
as the case that the Cauchy—Schwarz inequality reduces to an equality. In this case,
there exists a constant A such that —AG(t*) = Au(¢*). In view of (@), it is equivalent
to

Su(t*) = —Mu(t),

which means that w(t*) € s and therefore contradicts ( and ends the proof of
() Inequality (B.23) is an immediate consequence of () and () a

N
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Remark 3.1. Since () can be guaranteed by (@) 7(@), () and (),

there exist positive constants 7o, hs and 0 depending only on T and u such that for
7 < 19 and h < ha, ()7(@) is satisfied by the numerical solution up(t,) for
n=1---,m.

Lemma 3.3. Under the assumptions of Theorem @, there exist positive con-
stants 73, hs and ro € (0,1) (independent of T and h) such that for 7 < 13 and
h < hs, the nonlinear algebraic system in (@) has a unique root (o, 8) satisfying
V=112 +18)% < ro.

Proof. This is equivalent to prove that equation G(©,up(t,)) = 0 has a unique
root © € B,,(0g). Since A = VoG(O, “h(t"))‘@:(w) is a lower triangle matrix with

entries in (), it follows that A=! has the following decomposition:

a1 (10 1 0\ /A7 o0
0 Ay ) \—As 1 0 1)

Based on the decomposition above, the matrix 2-norm of A~! can be estimated by
|A7Y| < max{1, Ay} max{1, A;;'}|Aar +2]. (3.29)

The mass conservation ensures that Aj; is a constant, while the lower bound of the
determinant in (B.23) guarantees the boundedness of A3, according to Remark B.1.
The boundedness of A1 can be obtained by the L> and H' boundedness of u(t,,),
as shown in (@), (B.10) and () This leads to the following estimates:

Az ST, JADIS L A ST
Substituting these estimates into () yields
1A= < 1.

From the boundedness of ||uy (t,)|| =~ we can also conclude that ||[V2G(O©, up (t,))|| < 1
for © in a fixed bounded neighborhood of ©q. In particular, there exists a constant
ro € (0,1) such that

[ATH] sup  [[VG(O,un(ty)) — VG (O, un(ty))| <
©€B,,(©0)

. (3.30)

N =

By the implicit function theorem, there exists a constant ¢ > 0 (independent of 7 and
h) such that

equation G(©,up(t,)) =y has a unique root © € B, (0g)

for lly— GO unt)) <c. O3

Note that
Mlup(tm)] — M[uml]) ( 0 )
G(© y t = mh_ = m— )
©nvunttn) = (i} 2o ) = (otuntn pp
where we have used (@) Since ug is the Lagrange interpolation of ©° and

— 1 —1
lun(tim) = u(tm)ll < llenlloo@,my S Ny e +7(7* + 1) < %2 4 hP75,
10



as shown in (@) and (@), by using the L boundedness of uy(t,,) proved in (),

we obtain
Blun(tm)] — Blu(tn)] = O(r*T2 + h?=%),  E[u°] — E[u)] = O(hP),

and therefore

G(©0, un(tm)) = (O(Tk+é0+ hpi)> . (3.32)

As aresult, ||0—G(Og,un(t,))| < cfor sufficiently small 7 and h (say 7 < 73 and h <
h3). In this case, the implicit function theorem implies that equation G(O, up (t,)) = 0
has a unique root © € B,,(0yg), as discussed in (@) O

3.3. Error from the post-processing correction procedure.

Lemma 3.4. Under the assumptions of Theorem @, for < 13 and h < hg, the
parameters o and B from the post-processing correction procedure satisfy the following
estimate:

11— al + 18] S Tllenll oo (r;my + 7(75T 4 hP).

ms

Proof. We recall that in_Section E we define u} (t) = R Rpu(t) for t € [tn_1,1tn].
By choosing vy, = dyuyp, in (B.4) and considering the real part of the result, we find
that

1 1 _
S IVuntm)lzz = SIVur 7= = Z%Re (Jun (tmg)[*)un (tmg ) Oun (tms )

/dt/ F(jun(t)]*)dwdt + Re(Ry),  (3.33)

where

Zw] (Tt (b 21t () Bt () — / (F (lun ), Bpun )t

m

:*/ (F(lun ) un, ren)dt

I

- / (F(lun[2un — £ Py 0 )t

m

+3 ij (luh (tm; |2)UZ(tmj),3tUZ(tmj))—/ (f (| 1y, Dpy)dt

m

+5 ij (1t )12 )un (tmg)s Bxun (tmg)) — (F (g, (b )12V, (timg) Bty (Eim
= Rm1 + Ry + Rz + Ry (3.34)

By comparing () with expression Flup (t,,)] = % fQ (|Vuh(tm)|2—F(|uh (tm)|2))dx,
we find that

E(up(tm)) — E(u)"™ ') = Re(Ry).
11



From the boundedness of ||up|| oo (s,,;z00) + [[unll Lo (1,,;m1) and the_smoothness
of f(|u*)u with respect to Re(u) and Im(u) (as assumed in Theorem P.1[), we can
estimate the difference of the nonlinear term as follows

[ (lun*yun = £ (JunP)un] S Jun —upl < lenl.

Using the boundedness and estimate above together with (@)7(), the following
estimates of R, 7 =1,2,3,4, can be derived:

|Ri1| = / (f(|uh|2)uhaat6h)dt‘ < (unP)unll L2 (1,50 10eenl L2 (1,50 -1)

ST (Wehllm(zm;m) + 7R pPY (3.35)
|Rpna| = /1 (f (lunl?)un — f(|UZ|2)U275tU2)dt‘ S llenllzzr,,z) |0vugl 2 (r,,;02)

S Tllenllzoe (1,n:22)5 (3.36)
|Rom3| = /1 [(f (Ju |* ), Bruz,) — (Iin(f(uﬂz)ui),atuﬁ)}dt‘

ST (i Pyui, = L2 CF (g P)ub) oo 1,02y S 752 (3.37)

where the local temporal interpolation operator I™ is defined as I™ : C(I,,; L*(2)) —
PF @ L2(Q), u(t) — Z] o u(t;)d;(t) with ¢;(t) being the jth Lagrange basis of degree
k associated to the node t = tn], and the expression of R,,3 is obtained by using
the property of Gauss quadrature (i.e., it is exact for polynomials of degree 2k — 1 in
time). By decomposing R,,4 into two parts we can estimate it as follows, again using
the result in (ﬁ)

k
T * * *
| Rimal < |5 > (F (un (tong) ) un (timg) = F (g () 2V, (B ), Oeti (ms))
j=1
’ k
52 F(Jun(tmg) P)un(tm;), Ocen(tms))
< lenllz2 (1,522 +7!/2 10eenl L2 (1,011
ST (llenll o (rm1y + TEHL 4 nP). (3.38)

By substituting (B.33)-(B.38) into expression E(up(tnm)) — Ew*™?) = Re(Ryn),
we obtain

B (un(tm)) = B(up )| S 7llenll o 1,050y + (77 + 1P). (3.39)

Since G(O,un(ty)) = (0,007 and G(Og, un(tm)) = (0, Elup(tm)] — Eluy )T, the
implicit function theorem implies that

Ve =12+ 812 = [0 — 60|l S G(O, un(tm)) — G(Oo, un(tm))
= |G(©0, un(tm))|
= |Eun(tm)] — Elu; ]|
S Tllenlloe (1mny + (75 4 RP).

12



This proves the result of Lemma @ O

Lemma 3.5. Under the assumptions of Theorem @, there exist positive con-
stants 74 and hy such that for 7 < 74 and h < hy the error e} = u} — uj (t,) satisfies
the following estimates form =1,...,m:

len iz < (L4 ) llenta) 7 + OTllenl|Zoez,, ) + (T 4+ 1P)2, (3.40)
lenllzee < llen(tn)llze + CTllenll Loz, + (T + hP). (3.41)

Proof. After the post-processing procedure in (@), the error e} = uj — uj (t,)
can be related to ep(t,) = un(tn) — uj,(t,) through

ep =ep(tn) + (a0 — Dup(ty) + /Bei’YUh’J_(tn).

The boundedness of ||up, 1 (t,)| g and ||un(tn)] g, as shown in ()f(), implies
that

lepllme < llen(ta) |l + Cla— 1| + C|B]
< llen(ta)llm + CrllenllLoo (1, 01y + CT(T" T + P),

where the last inequality has been proved in Lemma @ By taking square of the
inequality and using Young’s inequality for the cross-product term, we obtain (| )
@), also implies the boundedness

The boundedness of ||up, (t,)]] Lo, as shown in (
of ||up, 1 (tn)] L defined in ( )f() As a result, the following inequality holds:
lepllzee < llen(tn)llLe + Cla = 1|+ C|5|
< llen(ta)llze= + Ctllenll o 1,01y + CT(TM + hP),

where the last inequality has been proved in Lemma @ This proves () O

3.4. Completion of the proof. By substituting (@)7() and () into
()7(), we obtain the following estimates for n =1,...,m:

leilzn < L+ Cr)lley ™ 7 + Cr(r5! + hP)2, (3.42)

leillzoe < llep™ iz + C max len(tn)llz + Orlley™ iz + Cr(r™ + hP)

< llep™ Mz + Cmin{h™ 2, 7712} (flep ™" [ + 7541 + A7)
+ Oy | g + O (TR 4 hP). (3.43)

By applying the discrete Gronwall’s inequality to (), we obtain the following result
forn=1,...,m:

lepllm < C(F* 4 hP). (3.44)
From (@) we also obtain
”ehH%OO(In;Hl) < O 4 nP). (3.45)

Then, using the discrete Sobolev inequality and inverse inequality of the finite element
space and ), we have

llep]lLe < Ch™2 lef|| g2 <1 if 781 < B3 and h is sufficiently small. (3.46)
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1If 7_k‘+1 2 h% then () 1mphes that

leflln= < llep o= + O (55 + hpz)

< lep Mz + C(T% + h%) (as aresult of kK > 1 and p > 1)
< ||eZ_1||Loo + o7t (as a result of 7F+1 > h% and k > 1).
By iterating this inequality for n = 1,...,m, we obtain

lem |l < |led ]z + Cr? <Ch’+Cr2 <1 (for sufficiently small 7 and h).
For sufficiently small 7 and h, () reduces to
e |l < 7%F% 4+ 173,

This proves (@) for n = m and therefore completes the mathematical induction on
m. Therefore, the nonlinear systems in (@) and (R.() are uniquely solvable (in a
neighborhood of the exact solution) with error estimate () forn=1,...,N. O

4. Numerical results. In this section, we present several numerical examples to
illustrate the performance of the proposed method for the NLS equation, including the
optimal convergence order and the conservation of mass and energy. The numerical
experiments are performed by using the open-source high-performance finite element
software NGSolve; see [24].

Example 4.1 (A one-dimensional soliton). We consider the one-dimensional
focusing NLS equation

10U + Oppu + 2ul>u =0 in (=L, L) x (0,T), (4.1)
u=0 at £ L, (4.2)
u|t:0 = Up in (—L,L), (43)

which is an approximation of the NLS equation on R. Since it is difficult to con-
struct an analytical expression for the solution of the NLS equation in a bounded
domain, we consider an analytical expression of the solution to the NLS equation in
R? with exponential decay at infinity and choose a moderately large domain so that
the solution is practically zero on the boundary of the domain up to round-off errors.
This analytical expression of the solution is used to test the error of the numerical
computations and the convergence orders of the proposed method. In particular, we
consider the bright soliton solution in [l] with the following analytical expression:

u(z,t) = sech(z + 4t) exp(—i(2x + 3t)). (4.4)

Since |u(x,t)| decays rapidly to zero for t € [0,T], choosing T' = 1 and L = 40 is
sufficient to make the error of domain truncation negligible (up to round-off errors)
compared to the temporal and spatial discretization errors in the convergence test.

The Newton iteration is used to solve the nonlinear algebraic system in (R.G) with a
tolerance error of 10710 in the H' norm. We compute the modified uy (R.1) by solving
(o, B) from the algebraic system (R.§) by the Newton iteration with initial guess
(a, B) = (1,0)_and tolerance 1071, The L>°(0,T, H') error between the numerical
solution and (i.4) is measured by

1
H* error = onax, max llun (@, tn;) — Ppyou(x, tng)| me, (4.5)

14



where P,;o denotes the L? projection to finite element space of degree p + 2 (two
degrees higher than Sy,).

The errors from the spatial discretizations are presented in Figure @, where we
choose k = 3 and 7 = 1/1000 so that the time discretization errors are negligible in
observing the spatial convergence orders. The numerical results in Figure show
that the errors from the spatial discretizations are O(h?) in the L°°(0,7T, H') norm,
which is consistent with the result proved in Theorem d

The errors from the time discretizations are presented in Figure @, where we
choose p = 3 and h = 2L/4000 so that the spatial discretization errors are negligible
in observing the temporal convergence orders. The numerical results in Figure
show that the errors from the time discretizations are O(7**1) in the L>(0,T, H"')
norm, which is consistent with the result proved in Theorem P.1}.

p=1 p=2 p=3
107!
10—1 4
10—1 4

S -2
g 10
,-40)
T

10*2 4

—o— 1=le-3 —o— 1=le-3 | 107 —— t=le-3
o(h) o(h?) o(h3)
10-2 10-1 1071 10° 1071 100
h h h

Fig. 4.1. Space discretization errors in the L>(0,T, H') norm (Ezample B)

k=2 k=3 k=4
107 1074
10
o
S 107
< 1073
T
10-5
—e— h=2e-2 —e— h=2e-2 | 107° —e— h=2e-2
o(t?) 10764 ot o(t®)
10-2 10-2 1071 10-1
T T T

Fig. 4.2. Time discretization errors in the L>(0,T, H') norm (Ezample @)

The evolution of the amplitude of the numerical solution and the conservation of
mass and energy are examined in Figure with L=40,k=p=3,T=1,7=1/20
and h = 1/5. Figure @ (left) shows that no visible mass loss during the evolution,
and the mass and energy are conserved up to O(1071%), which is much lower than the
errors from the temporal and spatial discretizations. This shows the conservation of
mass and energy of the proposed method.

The numbers of Newton iterations for solving the Gauss collocation FEM and
the nonlinear algebraic system for («,3) are presented in Figure (right below).
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This shows that the number of iterations are not large and acceptable in exchange
of the conservation of mass and energy in the numerical solutions. To quantify the
computational efficiency of the proposed post-processing correction method for energy
conservation, we compare it to the standard Gauss collocation finite element method
(FEM) in terms of energy loss and CPU time for various time steps. The results are
illustrated in Figure .4, which shows that the proposed method significantly decreases
the energy loss without essentially increasing the computational cost.

le—15

—e— Mp(t) — Mp(0)
5 —»= Ep(t) — En(0)

—e— Collocation FEM lIteration
-+~ Parameter Iteration

D I S

-10 R 0 5 10 0.0 02 0.4 06 08 1.0
x t
(a) Evolution of the amplitude (b) Mass and energy conservations,

and the number of Newton iterations

Fig. 4.3. Evolution of the amplitude, conservations, and number of iterations (Ezxample D)

—6— The proposed method A 1000 A —6— The post-processing correction step
10-5 -A- The standard collcation method /,’ \ -A- The standard collocation step
// \‘\
! \
/ 800 v
A \
1077 / \
/ \
, 4
5 / % 600 v
o / z \
& A / & 400 ¥
N /
1 A / A
10 e —— oA \
N, A hS
& 200 5
A‘\
10-12 RN
SAenl
o G\e\e_a R Sl Y W DY
1074 1073 1072 107 1073 1072 107
T T
(a) Energy error for the proposed method, (b) CPU time for the post-processing correction,
and the standard collocation method and the standard collocation steps

Fig. 4.4. The energy loss and the CPU times for different 7 (Example D)
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Example 4.2 (A one-dimensional bi-soliton). We consider the one-dimensional
focusing NLS equation on the real line R with the following solution:

MtV sech Mz — ¢Vt N sech N
cosh J — sinh J (tanh Mz tanh Nz + cos S sech Mz sech Nx)’

u(t,z) = (4.6)

S =(M?—-N?)t, tanhJ=K?/(1+L*) =2MN/(M?+N?).

The solution in (@) represents the interaction between two individual solitons; see
[@] In this example, we choose M = 1.2, N = 1. At ¢t = 0, the strong interaction
between two solitons results in a striking peak of |u| at the origin, as shown in Figure
(a). This peak indicates larger L> and H' norms of the initial function. The
most distinctive characteristic of |u| is its periodicity, with a period of 277 /(M? — N?).
Consequently, the periodic appearance of the initial peak (see Figure (b)) presents
challenges for numerical methods in terms of energy conservation and accuracy, mak-
ing this case ideal for examining the long-time performance of the proposed method.
In this example, the parameters for numerical discretization are chosen as 7 = 275,
h=2"% k=2, p=23, and the end time is set to "= 128. Given that (@) decays
exponentially as || — oo, the chosen parameter settings ensure that the solution
before T' = 128 has negligible amplitude (up to round-off errors) at the boundary of
the truncated domain [—20, 20]. The performance of the proposed method is compared
with the standard Gauss collocation method (using the same parameters) in terms of
energy loss and H' error. As illustrated in Figure }4.6, the proposed method maintains
energy conservation up to round-off errors and significantly outperforms the standard
Gauss collocation method. Moreover, the proposed method’s advantage in energy
conservation also greatly reduces the H! error of the numerical solutions.

IZ.OO
175

1.50
1.25
1.00

0.75

0.50
I0,25
0.00

(a) Initial function and short time evolution (b) Long time evolution of the numerical solu-
tion of the proposed method

-8 -6 -4 -2 0 2 4 6 0
X X

Fig. 4.5. Evolution of the amplitude of the numerical solution (Ezample @)
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Fig. 4.6. Energy loss and H' error in a long-time evolution, up to T = 128 (Ezample @)

Example 4.3 (A two-dimensional soliton). We consider the cubic focusing
NLS equation in two dimensions with the following exact solution:

(2 (2
u(t,z,y) = V2sech(z +y — 2\/§t)61( 2 +y)+t). (4.7)

Since the solution u decays exponentially as |z +y| tends to co and is a constant along
x +y = C, we choose a rectangular domain

Q= {(x,y) €R®: ||+ |y| < V2L},

with L = 10. For ¢ € [0,T] with T" = 1, the restriction of the solution to 2 approx-
imately satisfies the periodic boundary condition up to round-off errors. Therefore,
we consider the cubic focusing NLS equation in the rectangular domain 2 with the
periodic boundary condition, and solve the equation by the proposed method.

p=1 p=2 p=3

10°

H'error
-
o
2

10714

—— 1=2"8 —— 1=278 —— 1=2"8
o(h) o(h?) o(h3)

1072 1072 1072 107!
h h h

Fig. 4.7. Space discretization errors in the L°°(0,T, H') norm (Ezample E}

In Figure @ we can see that the errors from the spatial discretizations are O(h?),
where the time stepsize is chosen to be 7 = 278 with k = 3, which guarantees that the
errors from the time discretizations are negligible in observing the spatial convergence
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(a) Amplitude of numerical solution at T=1 (b) Mass and energy conservations,
and the number of Newton iterations

Fig. 4.9. Amplitude, conservations, and number of iterations (Ezample B}

orders. In Figure @ we can see that the errors from the time discretizations are
O(7k*1), where the spatial mesh size is chosen to be h = 5 x 276 with p = 3, which
guarantees that the errors from the spatial discretizations are negligible in observing
the temporal convergence orders. These numerical results are consistent with the
theoretical results proved in Theorem P.1l.

The amplitudes of the numerical solution at 7" = 1 and errors in conserving the
mass and energy are presented in Figure @ by choosing L =10, k=2, p=3,T =1,
7 =0.05, h = 5x2~% We see that the mass and energy are conserved up to O(10712),
which is due to the tolerance errors for the Newton iterations and negligibly small
compared with the errors from the time and space discretizations. In the computa-
tions, about 10 Newton iterations are needed for the Gauss collocation FEM on every
time level, and only 2 iterations are needed for computing the parameters o and /.
In particular, the computational cost for the post-processing procedure is negligible
compared with that for the Gauss collocation FEM. Therefore, the additional com-
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putational cost in the post-processing correction procedure is cheap and acceptable
in exchange of the conservation of mass and energy in the numerical solutions.

5. Conclusion. We have proposed a new post-processing correction procedure
which, in combination with the Gauss collocation time-stepping method, yields a
class of high-order methods for the NLS equation with the desired mass and energy
conservation properties for solutions which are not standing waves (i.e., with initial
data not being eigenfunctions of the NLS operator). We have shown that the error of
the numerical solution is O(7**1 + hP) in the L°°(0,T; H') norm, where k and p are
the degrees of finite elements in time and space, respectively, which can be arbitrarily
large. In the numerical examples we have illustrated the performance of the proposed
new method in conserving the mass and energy, as well as its high-order convergence
in simulating solitons and bi-solitons.
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